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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

When an orbit of a differential system having a point in a set S is com-
pletely contained in S, we say that the set S is invariant for such a differential
system. The set S for a differential system in R? usually is a surface. Darboux
in [4] was one of first mathematicians to study invariant sets of the polynomial
differential systems. In fact he used the existence of invariant sets for studying
the integrability of the polynomial differential systems.

After Darboux, many authors have studied different differential systems
having many distinct kinds of invariant sets, including invariant circles [1, [10,
9], invariant spheres [2, 12| 13], and invariant tori [11} (15, 16]. In this paper
we want to study the simplest polynomial differential systems in the space R?
having some invariant cylinder.

A polynomial differential system in R? is a differential system of the form

&= P(x,y,2),
y=Q(z,y,2), (1)
z = R(x,y,2),
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where P, () and R are real polynomials in the variables z, y and z, and the dot
denotes derivative with respect to the time ¢. The degree of the polynomial
differential system is the maximum of the degrees of the polynomials P,
Q@ and R.

Here we shall work with the following three surfaces in R3, the hyperbolic
cylinder 22 —y? = 1, the parabolic cylinder 22 —y = 1, and the elliptic cylinder
22 +y? = 1. We say that one of these cylinders is invariant under the flow of
the differential system (|1)) if for every orbit (x(t),y(t),z(t)) of the differential
system having a point on that cylinder the whole orbit is contained in it.

Two natural questions about the invariant cylinders of polynomial differ-
ential systems are: What are the easiest polynomial differential systems
(1)) in R? having an invariant cylinder, and for such polynomial differential sys-
tems what are their phase portraits on the invariant cylinder? The objective
of this paper is to give an answer to these two questions.

Here to look for the easiest polynomial differential systems in R? having an
invariant cylinder, means that we are looking for the polynomial differential
systems in R? with the smallest degree having some of the mentioned three
kind of cylinders as an invariant surface. We shall see that such polynomial
differential systems will have degree one and two.

Let U be an open and dense set in R3. We recall that a C! function
H: U — R which is non-locally constant is a first integral of the differential
system if H is constant on all the solutions (x(t),y(t), 2(t)) contained in
U. In other words, on the solution (x(t),y(t), 2(t)) we have that

dH OH OH OH
dt_axp+ 6yQ+6zR_0' (2)

Let f(z,y,z) be a real polynomial. The algebraic surface f(z,y,z) = 0
is invariant for the polynomial differential system if there exists a real
polynomial k(x,y, z) satisfying the equality

or, 0f,, 0f
ox oy 0z
The polynomial k is called the cofactor of the invariant algebraic surface
f(x,y,2z) =0, and from it follows that the degree of the polynomial k is
at most the degree of the polynomial differential system minus one.
From ({3)) it follows that the gradient (0f/0x,df/0x, 0f/0z) of f is orthog-
onal to the vector field (P, @, R) of the polynomial differential system on
the points of the invariant algebraic surface f(z,y,z) = 0. Therefore the vec-
tor field (P, @, R) is contained in the tangent plane to the surface f(z,y,z) =0

Q+ =R = kf. (3)
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at every point of the invariant algebraic surface f(x,y,z) = 0. Hence the sur-
face f(x,y,z) = 0 is formed by orbits of the vector field (P, @, R), in other
words if an orbit has a point on the invariant surface f(z,y,z) = 0, then the
whole orbit is contained in it. This justifies the name “invariant algebraic
surface” for the surface f(z,y,z) = 0. For more details on first integrals and
invariant algebraic surfaces, see [5, Chapter §].

The existence of invariant surfaces in the polynomial differential systems
of R? many times force the existence of first integrals, this phenomenon was
studied by the Darboux theory of integrability, see for instance [4], Bl [7) [§].
Here we shall see that for the linear differential systems the existence of an
invariant cylinder it is sufficient for the existence of a first integral.

The phase portrait of the differential system on an invariant cylinder
is the decomposition of the cylinder as union of all its orbits. The best quali-
tative result for a differential system is to provide its phase portrait, i.e., the
decomposition of the domain of definition of the differential system as union
of all its orbits.

Certainly the most easiest polynomial differential systems in R3 are the
linear ones:

T = ag + a1z + asy + asz,
Y = bo + brx + bay + b3z, (4)

z=rco+ ci1x+ coy + c3z2,

i.e., the polynomial differential systems of degree one. After these linear differ-
ential systems, without loss of generality, the polynomial differential systems
of the form

T = ag+ a1x + asy + asz,
Y =bg + bix + by + b3z, (5)

z=cyg+cix+coy+c3z+ caz? + Cc5xY + CcTz - C7y2 + cgyz + 0922,

are the easiest ones.

In the next theorems we characterize the linear differential systems
and the polynomial differential systems having an invariant either hyper-
bolic, or parabolic, or elliptic cylinder, and we describe the dynamics of these
differential systems on those invariant cylinders.
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THEOREM 1. The linear differential systems in R? for which the hy-
perbolic cylinder x? — y? = 1 is invariant are

T = asy,
Y = asz, (6)
z2=co+cix+ coy + c3z.

These differential systems have the first integral H = H(z,y, z) = 2* — 42, so
R3 is foliated by the invariant hyperbolic cylinders H = h when h # 0 and by
one invariant surface H = 0, product of two planes.

(a) Assume ay = 0. Then every straight line parallel to the z-axis is invari-
ant by the flow of system (6.

(a.1)

If ¢3 # 0 every one of these invariant straight lines x = xg, y = Yo,
is formed by three orbits, one of them is the equilibrium point

co + c120 + C2Yo

- Y

C3

and the other two either start at infinity and ends at the equilibrium
point p, or start at the equilibrium point and end at infinity.

If ¢ = 0 then every one of these invariant straight lines x = xq,
y = yo is formed by a unique orbit starting and ending at infinity
if cg+crxo+coyo # 0. If cg+ c1x0+ coyg = 0 the invariant straight
line x = xq, y = yo is filled with equilibria.

(b) Assume ag > 0 (otherwise we change the time of sign).

(b.1)

(b.2)

Asssume h # 0 and c¢3 # 0. Then all orbits on the hyperbolic
cylinders start and end at infinity.

Asssume h = 0 and c3 # 0. Then the differential system @ has
a unique equilibrium point p = (0,0, —co/c3). The local phase
portrait of this equilibrium point on the invariant plane x —y = 0
is a hyperbolic saddle if ¢c3 < 0, or a hyperbolic unstable node
if c3 > 0. While on the plane © + y = 0 the equilibrium p is a
hyperbolic saddle if cs > 0, or a hyperbolic stable node if c¢3 < 0.

Asssume c¢3 = 0 and ¢y # 0. Then on the invariant hyperbolic
cylinders and on the invariant two planes every orbit starts and
ends at infinity.
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(b.4) Asssume h # 0 and ¢35 = cg = 0. Then on the invariant hyperbolic
cylinders every orbit starts and ends at infinity.

(b.5) Asssume h = 0 and c3 = cg = 0. The straight line of the intersec-
tion of the two invariant planes x —y = 0 and x + y = 0 is filled
with equilibria, and at each one of this equilibria either arrives two
orbits, or exit two orbits.

We note that when we say that an orbit “starts” on an equilibrium point
or at infinity we are saying that the a-limit of this orbit is an equilibrium
point or the infinity. For a definition of a-limit of an orbit see for instance [5].
In a similar way when we say that an orbit “ends” on an equilibrium point or
at infinity we are saying that the w-limit of this orbit is an equilibrium point
or the infinity.

THEOREM 2. The polynomial differential systems in R3 for which the
hyperbolic cylinder x? — y? = 1 is invariant are

T = agy,
y = a2, (7)
3 =co+ 1@ + ey + 32 + cax® + csxy + cexz + cry® + cgyz + coz

These differential systems have the first integral H = H (x,y,2) = 2 — 42, so

R3 is foliated by the invariant hyperbolic cylinders H = h when h # 0, and by
one invariant surface H = 0 product of two planes. These differential systems
have no periodic orbits.
Let A = (c3 + cex + ng)2 — 4o (co +c1x + coy + cqx® 4 csTy + C7y2) be.
(a) Assume ay = 0. Then all the orbits live on paralell straight lines to the
zZ-axis.
(a.1) If cg # 0 and A > 0, then every straight line parallel to the z-axis,

x = xg and y = 1o, is invariant containing two equilibria:

c3 + ez + csyo + VA » cs + oo + csyo — VA
J— 5 2:— .

p1 =

2cg 2¢9

Every invariant straight line is formed by five orbits, two of these
orbits are the equilibria p1 and ps. These five orbits are: one
orbit starts at infinity and ends at the equilibrium point p;, the
equilibrium point p;, another orbit starts at the equilibrium point
pj with j # i and ends at the equilibrium point p;, the equilibrium
point p;, and one orbit that starts in p; and ends at infinity.
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If cg # 0 and A = 0, then the invariant straight line x = xy and
y = yo contains the equilibrium point

a3 + cexp + C8Yo
209 '

This invariant straight line is formed by three orbits, one orbit
starting at infinity and ending at the equilibrium point p, the equi-
librium point p, and one orbit starting at the equilibrium pont p
and ending at infinity.

Ifcg # 0 and A < 0, then every one of these invariant straight lines
is formed by a unique orbit starting and ending at infinity.

If ¢cg = 0, then every invariant straight line parallel to the z-axis,
x = x9 and y = yo, with c3 + cgxo + csyo 7 0 contains one equilib-
rium
co + C1To + C2Yp + 041‘% + Cc520Yo + C7y§
c3 + cgTo + csyo '

This invariant straight line is formed by three orbits, one of them
is the equilibrium point q and the other two either start at infinity
and end at the equilibrium point q, or start at the equilibrium point
and end at infinity. If c3 + cgxo + csyo = 0 and cg + c1x9 + cayo +
caxd + esmoyo + cryd # 0, then on the invariant straight line there is
a unique orbit that starts and ends at infinity. If c3+cgxo+cgyo =0
and ¢y + c1xg + coyo + C4$(2) + c5xoyo + C7y8 = 0, then the invariant
straight line is filled with equilibria.

(b) Assume ag > 0 (otherwise we can change the time of sign).

(b.1) If h =0, cg # 0 and c% — 4coeg > 0, then the differential system @

has two equilibria

—c3 — \/cg — 4epeg
P =10,0,

269

and

) ) 269 )

contained in the straight line intersection of the two invariant planes
x—y = 0and x+y = 0. The local phase portrait at these equilibria
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(b.5)
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on the invariant plane x —y = 0 is a hyperbolic saddle for P; and
a hyperbolic unstable node for P», while on the invariant plane
x +y = 0 is a hyperbolic stable node for P; and a hyperbolic
saddle for P.

If h =0, cg # 0 and cg — 4cpeg = 0, then the differential system
(M) has only one equilibrium point P = (0,0, —c3/2cg) contained
in the straight line intersection of the two invariant planes. The
local phase portrait of this equilibrium on both invariant planes
x—y =0 and x +y = 0 is a semi-hyperbolic saddle-node.

If h =0, cg # 0 and ¢3 — dcgey < 0, then the differential system
@ does not present equilibria and all the orbits start and end at
infinity.

Assume h = 0 and cg = 0. Then if c3 # 0 the differential system
has the equilibrium point @ = (0,0, —co/c3) in H = 0. The local
phase portrait on the invariant plane x —y = 0 at this equilibrium
is a hyperbolic unstable node when c3 > 0, and a hyperbolic saddle
when c3 < 0. On the invariant plane x +y = 0 @Q is a hyperbolic
saddle when c3 > 0, and a hyperbolic stable node when c3 < 0. If
c3 = 0 then the system does not have equilibria and all orbits in
H = 0 start and end at infinity.

Assume h # 0. Then all orbits in H = h start and end at infinity.

THEOREM 3. The linear differential systems in R3 for which the

parabolic cylinder x> —y = 1 is invariant are

T =ag+ a1z,
Y = 2a1 + 2a0z + 2a1y, (8)

Z=co+crr+coy + c3z.

These differential systems have the first integral H (z,y,z) = H = 2% —y
when a; = 0, then R? is foliated by the invariant parabolic cylinders H = h,
where h € R.

(a) If ay = 0 and ag = 0 then system coincides with system () with

ag = 0, and consequently the statements (a.k) for k = 1,2 of Theorem

hold for system .

(b) If a1 = 0 and ag # 0, then the differential system has no equilibria

and every one of the orbits start and end at infinity.
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(c) Assume a; > 0 (otherwise we can change the time of the sign).

(c.1) If 3 # 0 then the differential system has a unique equilibrium
point

2 2 2 2
<_a0 ag —ai apaict — agee + aj(ca — co)>
9y

ar’ a2 ajes

that lives on the parabolic cylinder 2> — y = 1. Its local phase
portrait on this cylinder is a hyperbolic saddle when c3 < 0, and a
hyperbolic unstable node when c3 > 0.

(c.2) If c3 = 0 then the differential system has no equilibria and the
orbits start and end at infinity.

THEOREM 4. The polynomial differential systems in R3 for which the
parabolic cylinder x? — y = 1 is invariant are

. + bQQ?
r=a —_—
0 9 3
y - b2 + 2(10% + bgy, (9)

2 =co+c1x + ey + 3z + cax® + sy + cgxz + ery® + cgyz + co2’

Let A, p1, p2 and p be the constant and the equilibria defined in the statement
of Theorem [2

(a) Assume by = 0. Then the function H (z,y,z) = H = x> — y is a first
integral of the differential system @

(a.1) If ag # O then the differential system (9)) has no equilibria and all
the orbits start and end at infinity.

(a.2) If ag = 0 then system system @ coincides with system with
as = 0 and consequently all statements (a.k) for k = 1,2,3,4 of
Theorem |2| hold for system @

(b) Assume by > 0 (otherwise we change the time sign). We define

A = —bjes + 2a0b3ce — 4adbics + bycs,
B = A% — 4b3cyC,
C = —bico — 2apbscy + 4adbicy — bico + 4adbicy — Sajbacs

+ 2a0b305 + 16&%67 — 8a%b307 + 6307,

D= b%c;; — 2agbocg + 4a%(:g - 5508.
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(b.1) If cg # 0 and B > 0, then the differential system (9) has on the
parabolic cylinder 2 — y — 1 = 0 has no periodic orbits and two

equilibria
—2&0 4a% A— vB
Pi={——7 - L —5—
bg bQ 2()269

and

P, - —2ayp 4a(2) A++VB
2T\ e T 2bdey )
P, is a hyperbolic saddle and P» a hyperbolic unstable node.

(b.2) If cg # 0 and B = 0, then on the parabolic cylinder x> —y = 1
there are no periodic orbits and one equilibrium point,

—2ap 4a} A
P = ﬂa % - ]-a o014 . |
b2 b2 2()209
that is a semi-hyperbolic saddle-node.
(b.3) If cg # 0 and B < 0, then the differential system (9) on the

parabolic cylinder x> —y = 1 has no equilibria and the orbits start
and end at infinity.

(b.4) Assume cg = 0. Then, if D # 0 the differential system (9) has no
periodic orbits and a unique equilibrium point

—2aq 4a? C
Q: 707720_1727 9
by ' b2 b2D

in the parabolic cylinder 2> —y = 1. Q is a hyperbolic unstable
node if D > 0, a hyperbolic saddle. If D = 0 the system has no
equilibria and all orbits on H = 0 start and end at infinity.

THEOREM 5. The linear differential systems () in R? for which the elliptic
cylinder x? + y? = 1 is invariant are
T = a2y,
y = —ax, (10)
z2=co+c1x+ coy + c3z.
These differential systems have the first integral H = H(x,y,2) = 2? + y?,

so R? is foliated by the invariant elliptic cylinders H = h > 0, and by the
invariant z-axis when H = 0.
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(a) If ag = 0 then system coincides with system (6]) with az = 0, and
consequently the statements (a.k) for k = 1,2 of Theorem || hold for
system .

(b) Assume ag # 0. Then the dynamics on the invariant cylinders H =
22 + 4% = h > 0 and on the z-axis H = x> + 3> = h = 0 are described
in what follows.

(b.1)

(b.5)

(b.6)

Assume h > 0 and c3 # 0. Then on the cylinder H = h there is a
unique periodic orbit vy, and the orbits on the cylinder distinct to
this periodic orbit either start in ~y, and end at infinity, or start at
infinity and end at yp,.

Assume h > 0, ¢cs = 0 and ¢y # 0. Then on the invariant cylinders
H = h all orbits start and end at infinity.

Assume h > 0 and c¢3 = c¢g # 0. Then on the invariant cylinders
H = h all orbits are periodic.

Assume h = 0 and c3 # 0. Then on the invariant z-axis there is
the equilibrium point p = (0,0, —cy/c3), and two orbits that either
start at p and end at infinity, or start at infinity and end at p.

Assume h = 0, ¢3 = 0 and ¢y #= 0. Then on the invariant z-axis
there is a unique orbit that starts and ends at infinity.

Assume h =0, c3 = ¢g = 0. Then the invariant z-axis if filled with
equilibria.

THEOREM 6. The polynomial differential systems in R? for which the
elliptic cylinder x> + y?> = 1 is invariant are

T = agy,

’y = —az,];, (]‘]‘)

5 =co—+ 1 + ey + 32 + cax® + csxy + coxz + ey’ + cgyz + coz’.

These differential systems have the first integral H = H (z,y, z) = 2? + y>.
So R3 is foliated by the invariant elliptic cylinders H = h > 0 and by the
invariant straight line H = 0 (the z-axis).

(a) Assume ag = 0. Then all statements of (a) of Theorem 2] hold for system

(1.

(b) Assume ag > 0 (otherwise we can change the time of sign).
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(b.1) If h = 0, cg # 0 and cg — 4cgeg > 0, then the differential system
has the two equilibria

—c3 — \/c?.) — 4cpeg
P =10,0,

2c9

and

) ) 269 )

contained in H = 0. The local phase portrait of these equilibria
on the z-axis is formed by five orbits, two of these orbits are the
equilibria P; and P,. These five orbits are: one orbit starts at
infinity and ends at the equilibrium point P;, the equilibrium point
P;, another orbit starts at the equilibrium point P; with j # i and
ends at the equilibrium point P;, the equilibrium point P;, and one
orbit that starts in P; and ends at infinity.

(b.2) If h = 0, cg # 0 and cg — 4cgeg = 0, then the differential system
has only one equilibrium point p = (0,0, —c3/2¢9) contained
in H = 0. This invariant straight line is formed by three orbits,
one orbit starting at infinity and ending at the equilibrium point p,
the equilibrium point p, and one orbit starting at the equilibrium
pont p and ending at infinity.

(b.3) If h =0, ¢y # 0 and c3 — 4cgcg < 0, the differential system has
no equilibria and all orbits start and end at infinity.

(b.4) If h =0, c9g = 0 and c3 # 0, then the differential system has
the equilibrium point ¢ = (0,0, —co/c3) in H = 0. This invariant
straight line is formed by three orbits, one of them is the equilibrium
point q and the other two either start at infinity and end at the
equilibrium point q, or start at the equilibrium point and end at
infinity.

(b.5) If h = 0, cg = c3 = 0, then the invariant straight line H = 0 is
filled with equilibria.

(b.6) If h > 0 then all the orbits start and end at infinity.

2. PROOF OF THE THEOREMS

Proof of Theorem . A linear differential system having the invariant
hyperbolic cylinder f = f(x,y,2) = 22 — y? — 1 = 0 must satisfy the equality
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), ie.,
2z (ag + a17 + agy + azz) — 2y (bo + b1x + boy + b3z) = k(2 — y* — 1),

where k € R is the cofactor, because the differential system has degree
one. From the previous equality we obtain

a0:a1:a3:b0:b2:b3:k020, blzag.

Substituting these values in the differential system , we obtain the differ-
ential system @ of the statement of Theorem Using we obtain that
H = H(x,y,z) = x> —1? is a first integral of the differential system @ So all
hyperbolic cylinders H = h with h # 0 are invariant, and also are invariant
the two planes H = 0.

Assume a2 = 0 and c3 # 0. Then the planes x = xp and y = ¥, are
invariant under the flow of the differential system @, and consequently all
the straight lines parallel to the z-axis are formed by orbits of the differ-
ential system @ Every one of these invariant straight lines are formed
by three orbits, one starting at infinity and ending in the equilibrium point
p = (20, Y0, —(co + c1x0 + c2yo)/c3), this equilibrium point p, and one starting
at the equilibrium point p and ending at infinity. Statement (a.1) is proved.

Assume as = c3 # 0. Then every one of these invariant straight lines
T = xg, Yy = yo is formed by a unique orbit starting and ending at infinity if
co + c1xo + coyo # 0. If ¢ + c1xg + cayg = 0 then the invariant straight lines
x = xg, y = yp is filled with equilibria. Statement (a.2) is proved.

Assume a2 > 0, h # 0 and ¢3 # 0. Since on the invariant hyperbolic
cylinders there are no equilibrium points, also there are no periodic orbits be-
cause if a periodic orbit exists on one of these invariant surfaces, in the region
bounded by this periodic orbit must be an equilibrium point, see [5, Theorem
1.31]. Since the orbits of any differential system are either equilibrium points,
or periodic orbits, or homeomorphic to a straight line, it follows that on the
hyperbolic cylinders all orbits are homeomorphic to a straight line. These or-
bits y(t) = (x(t), y(t), z(t)) homeomorphic to a straight line are defined for all
time in R because are solutions of a linear differential system, see [14, Chapter
3]. Then, by [5, Theorem 1.2] it follows that v(¢) tends to the boundary of the
hyperbolic cylinder or to the boundary of the invariant planes when ¢ tends
to +o0o. In other words, all orbits on the hyperbolic cylinders start and end
at infinity. This proves statement (b.1).

Assume ag > 0, h = 0 and ¢3 # 0. Then the differential system @ has
a unique equilibrium point p = (0,0, —cy/c3). This equilibrium point lives in
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the intersection of the two planes H = (. On the invariant plane z —y = 0,
the equilibrium p has eigenvalues as and c3, so by [5, Theorem 2.15] p is a
hyperbolic saddle if c3 < 0, or a hyperbolic unstable node if ¢3 > 0. On
the invariant plane z + y = 0, the equilibrium p has eigenvalues —as and cs,
so by [B, Theorem 2.15] p is a hyperbolic saddle if ¢3 > 0, or a hyperbolic
stable node if ¢g < 0. Since these two planes are invariant we have two linear
differential systems with saddles or nodes, their phases portraits are very well
known. Statement (b.2) is proved.

Assume ag > 0, c3 = 0 and ¢y # 0. Since on the invariant hyperbolic
cylinders or in the invariant planes there are no equilibrium points, the same
arguments than in the case as > 0, h # 0 and ¢g # 0, it follows that all orbits
on the hyperbolic cylinders or on the two invariant planes the start and end
at infinity. This proves statement (b.3).

Assume a9 > 0, h # 0 and ¢35 = ¢ # 0. Since on the invariant hyperbolic
cylinders there are no equilibrium points, using again the same arguments
than in the case ag > 0, h # 0 and ¢y # 0, it follows that all orbits on the
hyperbolic cylinders start and end at infinity. Statement (b.4) is proved.

Assume as > 0, h = 0 and ¢3 = ¢y # 0. Then is easy to verify that
the straight line L of the intersection of the invariant planes x —y = 0 and
x4y = 0 is filled of equilibria. Since the eigenvalues of the Jacobian matrix
of the differential system @ are tao and 0, the straight line is a normally
hyperbolic manifold and consequently to each equilibrium point of this line
either arrives or exit two orbits, for more details see [6]. This proves statement
(b.5). Hence the theorem is proved. N

Proof of Theorem . The polynomial differential system having the
invariant hyperbolic cylinder f = f(z,y,2) = 22 — y?> — 1 = 0 must satisfy
the equality , ie.,

2z(ap + a1 + agy + asz) — 2y (bo + brx + bay + bs2)
= (ko + k1z + koy + k32) (2% —y* — 1),

where kg + k1x + koy + k3z, with ko, k1, k2, k3 € R is the cofactor, because the
differential system has degree two. From the above equality, we get

a0:a1:a3:b0:b2:b3:k0:k1:k2:k3:0, 51:a2.

Substituting these values into the differential system , we obtain the dif-
ferential system @ of the statement of Theorem
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Using we obtain that H = H (z,y,2) = 22 — y? is a first integral of
the differential system . So all hyperbolic cylinders H = h with h # 0 are
invariant, and also are invariant the two planes H = 0.

If as = 0 then the planes x = x¢ and y = yg are invariant for the differential
system @, and consequently all the straight lines paralell to the z-axis are
formed by orbits of the differential system . Moreover, since the restriction
of the differential system on the invariant surfaces H = h are linear or
quadratic polynomial differential systems that as we shall see have neither
foci nor centers, these systems can not have periodic orbits, because the linear
differential systems distinct from a center have no periodic orbits, and the
quadratic systems without centers or without focus also do not have periodic
orbits, see [3].

If ag = 0, cg # 0 and A > 0 (where the constant A is defined in the
statement of the theorem), every one of these invariant straight lines is formed
by five orbits, two of them are the equilibria p; and po (defined in the statement
of the theorem). This five orbits are: one orbit starting at infinity and ending
in p;, the orbit p;, the orbit starting in p; with j # 7 and ending in p;, the
orbit p;, and the orbit starting in p; and ending at infinity. Statement (a.l)
is proved.

If ap =0, cg # 0 and A = 0, then every one of these invariant straight
lines is formed by three orbits, one of them is the equilibrium p (defined in
the statement of the theorem). This three orbits are: one orbit starting at
infinity and ending in p, the equilibrium p, and the orbit starting in p and
ending at infinity. So statement (a.2) follows.

If ap =0, cg # 0 and and A < 0, then every one of these invariant straight
lines is formed by a unique orbit starting and ending at infinity. So statement
(a.3) is proved.

If as = 0 and c9 = 0, then the invariant straight line z = x¢ and y = yg
with ¢3 + cexo + cgyo # 0 contains the equilibrium ¢ (defined in the statement
of the theorem). Then, clearly this invariant straight line is formed by three
orbits, one of them is the equilibrium point ¢ and the other two either start at
infinity and end at the equilibrium point g, or start at the equilibrium point
and end at infinity. The rest of the statement (a.4) follows easily.

Assume as > 0, h =0, ¢cg # 0 and cg — 4egeg > 0. Then the differential
system has the two equilibria P; and P, (defined in the statment of the
theorem). These two equilibria live in the intersection of the two planes H = 0.
On the invariant plane z — y = 0 the equilibrium P; has eigenvalues a2 and

—y/c3 — 4cpeg, so by [5, Theorem 2.15] P is a hyperbolic saddle. Since P, has
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eigenvalues ay and +/c3 — 4coey, so by [B, Theorem 2.15] P is a hyperbolic
unstable node. On the invariant plane x + y = 0 the equilibrium P; has
eigenvalues —as and —y/c3 — 4cpeg and so it is a hyperbolic stable node and
P, has the eigenvalues —ao and \/cg — 4cgcg, hence it is a hyperbolic saddle.
Statement (b.1) is proved.

Assume ag > 0, h =0, cg # 0 and ¢Z — 4cocg = 0. Then we have only one
equilibrium point P. This equilibrium point lives in the intersection of the
two planes H = 0. On the invariant plane x — y = 0, the equilibrium P has
eigenvalues 0 and ag, so by [0, Theorem 2.19] P is a semi-hyperbolic saddle-
node. On the invariant plane z + y = 0, the equilibrium P has eigenvalues
0 and —ag, again by [5, Theorem 2.19] p is a semi-hyperbolic saddle-node.
Hence statement (b.2) follows.

Assume ag > 0, h =0, ¢g # 0 and ¢ — 4cpcg < 0. Then the system has no
equilibria and so all orbits start and end at infinity, as explained in the proof
of statement (b.1) of Theorem |1} This completes the proof of statement (b.3).

Assume h = 0 when c¢g = 0. Then the differential system presents only
one equilibrium point @ (defined in the statement of the theorem) that lives
in the intersection of the two planes H = 0, when c¢3 # 0. On the invariant
plane z — y = 0 the equilibrium @ has eigenvalues a2 and c3, so when ¢35 > 0
p is a hyperbolic unstable node, and when c3 < 0 then @ is a hyperbolic
saddle. On the invariant plane x + y = 0 the equilibrium ) has eigenvalues
—as and c¢3, which characterizes ) as a hyperbolic saddle when ¢3 > 0 and a
hyperbolic stable node when c3 < 0. If we have c3 = 0, the system does not
have equilibria and so all orbits on H = 0 start and end at infinity, as it was
explained in the proof of statement (b.1) of Theorem (1| Statement (b.4) is
proved.

Assume h # 0. Sine on the the hyperbolic cylinders H = h there are no
equilibria, by the arguments of the proof of statement (b.1) of Theorem [1] all
orbits start and end at infinity. Statement (b.5) is proved. Hence the proof
of the theorem is done. |

Proof of Theorem . A linear differential system having the invariant
parabolic cylinder f = f (z,y,2) = 22 —y — 1 = 0, must satisfy the equality
), ie.,

2z (ag + a1 + a2y + azz) — (bg + b1z + boy + b3z) :k‘(IQ -y — 1),
where k € R is the cofactor. From the previous equality we obtain

a():ag:b(]:bgzo, b0:2a1, 61220,0, b2:2a1, k:2a1.
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If a; = 0 by direct computations the function H (x,y,2) = H = 2> —y is a
first integral of system .

The proof of statement (a) is given in the proofs of statements (a) of
Theorem [1]

Assume a1 = 0 and ag # 0. Then the differential system does not have
equilibria and all orbits are homeomorphic to a straight line paralell to the
z-axis, as explained it has been explaned in the proof of statement (b.1) of
Theorem (1] So statement (b) follows. Assume that a; > 0 and ¢3 # 0. Then
the differential system has the unique equilibrium point p (defined in the
statement of the theorem). The equilibrium p lives on the invariant parabolic
cylinder 2 —y = 1. The differential system restricted to the this cylinder
becomes

T =ag+ ax,
) (12)
Z=co+c1x + co(x” — 1) + c3z2,

after subtituting y = 2 — 1. The Jacobian matrix of the differential system
at the equilibrium p has eigenvalues a; and c3. So statement (c.1) follows.

The proof of statement (c.2) is the same than the proof of statement (b.1)
of Theorem [I} This completes the proof of the theorem. 1

Proof of Theorem . The polynomial differential system having the
invariant parabolic cylinder f = 2% —y — 1 = 0, must satisfy the equality ,
ie.,

2x(ag + a1z + asy + aszz) — (bo + brx + boy + b32)
= (ko + k1z + koy + k3z) (2* —y — 1),

where kg 4+ kiz + koy + ksz, with ko, k1, ko, k3 € R is the cofactor. From the
previous equality we obtain

az =a3z =by=ky =ky=k3 =0, by =2ag, by =2a1, byg=0b2, ko= ba.

Therefore the differential system @D is obtained.

If by = 0, the function H (x,y,2) = H = x? — y is a first integral of the
system @D, because the cofactor of f = 0 is zero.

If by = 0 and ag # 0 this system does not have equilibria and all the orbits
start and end at infinity, using the arguments in the proof of statement (b.1)
of Theorem [} Statement (a.1) is proved.
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The proofs of statement (a.2) are given in the proof of Theorem with as =
0. If by > 0, cg # 0 and B > 0, then on the parabolic cylinder 22 —y —1 =10
there are the two equilibria P; and P, defined in the statement of the theorem.
The eigenvalues of P; are by /2 and —/B/ b3, so Py is a hyperbolic saddle. The
eigenvalues of P, are by/2 and VB / b%, hence P is a hyperbolic unstable node.
On this parabolic cylinder we can apply the arguments of the proof of Theorem
for proving the non-existence of periodic orbits. So statement (b.1) follows.
If by > 0, cg # 0 and B = 0, then system @ has on the parabolic cylinder
H = 0 only the equiilibrium point P. This equilibrium point P has eigenvalues
0 and b9/2, i.e., P is a semi-hyperbolic equilibrium point. By [5, Theorem
2.19] P is a saddle-node. Since the topological index of a saddle-node is zero,
the differential system restricted to the invariant parabolic cylinder can not
have periodic orbits, because a periodic orbit must surround equilibria with a
total index equal to one, for instance this result is a corollary of [5, Proposition
6.26]. Hence statement (b.2) is proved.

Ifbs > 0, ¢cg # 0 and B < 0, then system @D has no equilibria on 22—y = 1,
and all orbits on 22—y = 1 start and end at infinity, using previous arguments.
This completes the proof of statement (b.3). If by > 0 and ¢g = 0, then on
the parabolic cylinder 22 — y = 1 = 0 there is a unique equilibrium point
Q. The eigenvalues of Q are by/2 and D/b3, consequently @ is a saddle if
D > 0 and an unstable node if D > 0. Using the arguments of the proof of
the case by > 0, cg # 0 and B > 0 on the hyperbolic cylinder there are no
periodic orbits. Hence statement (b.4) follows. This completes the proof of
the theorem. 1

Proof of Theorem . A linear differential system having the invariant
elliptic cylinder f = f (x,y,2) = 2% +y? + 1 = 0 must satisfy the equality ,
ie.,

2z (ap + a1 + a2y + azz) + 2y (bo + bix + boy + byz) = k (2 +y* + 1),

where k € R is the cofactor, because the differential system has degree
one. From the previous equality we obtain

ap=a1=a3=byg=by=0b3=k=0, b = —ao.

Substituting these values in the differential system , we obtain the differ-
ential system of the statement of Theorem [5| Using we obtain that
H = H (x,y,2) = 22 + y? is a first integral of the system . So all elliptic
cylinders H = h with h > 0 are invariant, and also is invariant the z-axis
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when H = 0. The proof of statement (a) is given in the proofs of statements
(a) of Theorem

We write the differential systems in cylindrical coordinates (r,#6, z)
where x = rcosf, y = rsin 6, and we obtain the differential system

r= 0,

—

2= cog+ circosf + corsinf + c3z.
The restriction of this differential system on H = h taking 6 as the new
independent variable becomes the differential equation

d
d—z :co+01\/ﬁcosﬁ+02\/ﬁsin9+03z. (13)

Assume h > 0 and c3 # 0. Then the solution z(0, zg) of the differential
equation such that z(0, z9) = 2o is

_c3f
e 2 (a%co—ag@c;;\/E—i-coc%—i—clch/ﬁ—i—(a%c;;—l—cg)zo)
cs(a3+c3)

— c;;xfh((agcl + cocg) sin + (crc3 — ages) cos 0).

2(0, 20) = co (a3 + c3)

Therefore on the cyclinder H = h there is a unique periodic orbit z(6, zo)
when
_a3co — ageacsVh + cocd + c1c3vh

a%c;g + Cg '

zZ0 —

The rest of statement (b.1) follows.
Assume h > 0, ¢c3 = 0 and ¢y # 0. Then the solution z(0,zp) of the
differential equation such that z(0, zg) = z¢ is
20, 20) = —covVh + ayzo — cof + \/E(Cg cos @ — c; sin0) ' (14)

a2

So, clearly the orbits on the cylinder H = h start end end at infinity. State-
ment (b.2) is proved.

Assume h > 0 and ¢3 = ¢y # 0. From it follows that all the orbits on
the cylinder H = h are periodic. Statement (b.3) is proved.

Assume h = 0 and c3 # 0. Then the solution z(6, zp) of the differential
equation such that z(0, zg) = zp is

6*039/“2(00 + ¢c320) — ¢
C3 '

2(0,29) =
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Therefore on the invariant z-axis there is the equilibrium point p = (0,0,
—cp/c3), and two orbits that either start at p and end at infinity, or start at
infinity and end at p. Statement (b.4) follows.
Assume h = 0, ¢3 = 0 and ¢y # 0. Then the solution z(6,zp) of the
differential equation such that z(0, zg) = 2o is
2(0,20) = 29 — CL&. (15)
a2
Hence on the invariant z-axis there is a unique solution that starts and ends
at infinity. So statement (b.5) is proved.
Assume h = 0, ¢c3 = ¢y = 0. Then form the invariant z-axis if filled
with equilibria. Statement (b.6) is proved. This completes the proof of the
theorem. |

Proof of Theorem[6] The polynomial differential system having the
invariant elliptic cylinder f = f (2,9,2) = 22 + y?> — 1 = 0 must satisfy the
equality , ie.,

2x(ao + a1 + azy + azz) + 2y (bo + b1 + bay + b32)
= (ko + k1z + koy + k3z) (2* +y* — 1),

where kg + k1x + koy + k3z, with ko, k1, k2, k3 € R is the cofactor, because the
differential system has degree two. From the above equality, we get

a0:a1:a3:b0:b2:b3:k0:k1:k2:k3:0, b1:—a2.

Substituting these values into the differential system , we obtain the dif-
ferential system of the statement of Theorem @

Using (2)) we obtain that H = H (x,y,2) = 22 +y? is a first integral of the
differential system . So all elliptic cylinders H = h > 0 are invariant, and
also are invariant the z-axis H = 0.

If as = 0 then the differential system coincides with the differential
system , so statement (a) is proved.

Ifag >0, h =0, cg # 0 and cg — 4coeg > 0, every one of the invariant z-
axis is formed by five orbits, two of them are the equilibria P, and P» (defined
in the statement of the theorem). This five orbits are: one orbit starting at
infinity and ending in P;, the orbit F;, the orbit starting in P; with j # ¢ and
ending in P, the orbit P;, and the orbit starting in P; and ending at infinity.
Statement (b.1) is proved.
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If ags > 0, h =0, ¢g # 0 and cg — 4cgeg = 0, then the invariant z-axis
is formed by three orbits, one of them is the equilibrium p (defined in the
statement of the theorem). This three orbits are: one orbit starting at infinity
and ending in p, the equilibrium p, and the orbit starting in p and ending at
infinity. So statement (b.2) follows.

Ifas > 0, h =0, ¢g # 0 and c% — 4cpeg < 0, then the invariant z-axis is
formed by a unique orbit starting and ending at infinity. So statement (b.3)
is proved.

Ifap >0, h =0, cg = 0 and c3 # 0, then on the invariant z-axis there is
the equilibrium ¢ (defined in the statement of the theorem). Then, clearly this
invariant straight line is formed by three orbits, one of them is the equilibrium
point ¢ and the other two either start at infinity and end at the equilibrium
point ¢, or start at the equilibrium point and end at infinity. Statement (b.4)
follows.

Assume as > 0, h = 0, cg = ¢3 = 0. Then it is easy to verify that the
differential system has the z-axis filled with equilibria. So statement (b.5)
is proved.

Assume A > 0. Then on the elliptic cylinders H = h there are no equilibria.
Therefore using the arguments of the proof of statement (b.1) of Theorem
statement (b.5) follows. Hence the proof of the theorem is done. |
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