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Abstract: In this paper, we will prove a spectral theorem for self-adjoint compactoid operators.
Also, we will study the condition on which the coefficient field must be imposed. In order to get
the theorems, we will use the Fredholm theory for compactoid operators. Moreover, the property of
maximal complete field is important for our study. These facts will allow us to find that the spectral
theorem depends only on the residue class field, and is independent of the valuation group of the
coefficient field. As a result, we can settle the problem of the spectral theorem in the case where the
residue class field is formally real.
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1. INTRODUCTION AND PRELIMINARIES

1.1. INTRODUCTION The spectral theory on non-Archimedean functional
analysis has been studied by many researchers. In this paper, we will prove
the spectral theorem of self adjoint compactoid operators in the case where the
residue class field is formally real (Theorem Theorem Corollary [3.7)).
This claim was proposed in [2, Theorem 4.3], but the proof makes mistakes
and the claim must be modified. We will give a correct proof and the exact
condition in Section [Bl

For the study of the spectral theorem of compactoid operators, the Fred-
holm theory of compactoid operators (see [10]) will play an important role.
Schikhof proved that if the coefficient field is algebraically closed, a compactoid
operator is a spectral operator ([L0, Definition 6.5]).

In [10, section 6], the coefficient field is assumed to be algebraically closed,
but the assumption seems too strong for some results. Therefore, we will
modify this theory to remove the assumption that the coefficient field is alge-
braically closed. In Section [b| we summarize the discussion as an appendix.
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As a result, we can apply the method of operator analysis to the spectral
theory if the coefficient field K satisfies the condition (H)x (see Section [3)),
which is the condition on the diagonalization of a symmetric matrix.

In Section[d] we will study the condition (H)g. Keller and Ochsenius found
that a symmetric matrix over R((¢)) can be diagonalized by an orthogonal
matrix (see [6]). In this paper, we will extend this fact (Theorem [4.2)), and
get Corollary For the proof, we will use the spherical completion (c.f.
[12]), and the property of maximally complete field ([5]).

1.2. PRELIMINARIES In this paper, K is a non-archimedean non-trivially
valued field which is complete under the metric induced by the valuation
|| : K — [0,00). A unit ball of K is denoted by B := {z € K : |z| < 1}.
We denote by k the residue class field of K.

Throughout, (E,|| -||) is a non-archimedean Banach space over K. Let
a € E, r > 0, we write Bg(a,r) for the closed ball with radius r about
a, that is, Bg(a,r) := {z € E : |lv —al| < r}. For a subset X C E, we
denote by [X] the K-vector space generated by X. Let ¢t € (0,1]. A sequence
(xn)1<n<n € E\ {0}, N € NU {00}, is said to be a t-orthogonal (orthogonal
for t = 1) if for each sequence (\,)1<n<ny € K, the inequality

N
t- max || Nz;]| < H Zi:l i

1<i<N

holds.

A subset A of E is said to be a compactoid if for every r > 0, there exist
finite elements aq,...,a, of E such that A C Bg(0,r) + Bgaj + - -+ Bgan.

Let (F,| - ||) be a non-archimedean Banach space, we denote by L(E, F')
the Banach space consisting of all continuous maps from E to F' with the
usual operator norm. If (E,| -||) = (F,] - ||), we write L(E) := L(E,F). An
operator 1" € L(E, F) is said to be a compactoid operator if T'(Bg(0,1)) is a
compactoid. For details of compactoid operators, see [9] 10, [12].

For T € L(F), we define a spectrum of T as

o(T):={X € K : X —T is not invertible},
where I € L(F) is the identical operator on E, and we write
op(T) :={Ne K : Ker(\] - T) # 0}
for eigenvalues of T'. Also, we set

Ur:={\e€ K : I — AT is invertible},
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and
Dr:={rel|K|:r+#0,Bk(0,r) CUr}.

Let r € |K|, r # 0. A function f : Bg(0,7) — E is said to be analytic if
there exists a sequence ag, ai,az, ... € FE such that lim,_, ||a,|r"™ = 0, and
f can be represented by

) = Z:’:O an X" (A€ Bg(0,1)).

2. NON-ARCHIMEDEAN INNER PRODUCT ON ¢

Let (co, || - ||) be the Banach space of all null sequences & = (2, )nen in K,
and ||z|| := sup, ey |zn|. There exists a symmetric bilinear form (-,-) on ¢
defined by

(y) =) ey Tn¥n

where z = (), y = (yn) € co.
We denote by e, e, ... € ¢y the canonical unit vectors. Then, an operator
T € L(cp) can be written as a pointwise convergent sum

T = Zi,j agj - (6; X 62‘)

where e;- ®e;i(x) := (ej, x)e;. Applying this representation, we can characterize
compactoid operators.

THEOREM 2.1. (C.F. [0, THEOREM 8.1.9]) Let T =3, ;a;; - (ef®e;) €
L(co). Then T is a compactoid operator if and only if lim; o sup; |a; ;| = 0.

DEFINITION 2.2. We say that T" € L(cg) admits an adjoint operator S €
L(cp) if for each x,y € ¢y, S satisfies

(T'(z),y) = (x,5(y))-

If T admits an adjoint operator S, then, since S is uniquely determined by 7',
we write T* := S.

It is easy to see that T'=3_, - a;; - (¢} ® €;) admits an adjoint operator
if and only if for each i € N, we have lim;a; ; = 0. If T" admits an adjoint
operator T*, then T* can be represented by

"= Zz] aji - (€ ® i),

and [|[T*|| = ||T||. From Theorem we have the following theorem.
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THEOREM 2.3. Let T = 7, s a;; - (¢ ® e;) € L(co). Then, T' is a com-
pactoid operator which admits an adjoint operator if and only if

lim sup |a;;| = 0.
n—oo n<i,j

In general, the symmetric bilinear form (-,-) on ¢y does not satisfy the
equality ||z||* = |[(z,z)|. On the other hand, if the residue class field k of K
is formally real, (-,-) induces the norm || - || on ¢y (see [7]).

DEFINITION 2.4. A field F is called formally real if for any finite subset
(ai)i<i<n C F, Zlgz‘gn a? = 0 implies a; = 0 for each i.

THEOREM 2.5. ([7, THEOREM 6.1]) Suppose the residue class field k of
K is formally real. Then, we have ||z||?> = |(z, )| for each x € cy.

From now on, in this section, we suppose that the residue class field & of
K is formally real.

DEFINITION 2.6. A subset X C ¢ is called orthonormal if for each distinct
pair z,y € X, we have (z,y) = 0.

THEOREM 2.7. ([7, THEOREM 3.1]) Suppose that the residue class field
k of K is formally real. Then, an orthonormal subset X C ¢y is orthogonal,

that is, for any finite distinct elements x1, %o, ...,z, € X, the equality
n
11£;3£}2H)\le|| = HZZ’:I Nil; ()\1,)\2,...,)\,1 EK)

holds.

By the Gram-Schmidt procedure, we have the following theorem.

THEOREM 2.8. ([7, SECTION 7]) Let M C ¢ be a finite-dimensional sub-
space. Then, there exists a basis {z1,...,x,} C M as a K-vector space such
that it is an orthonormal set.

DEFINITION 2.9. Let X C cg. We denote by X+ := {y € ¢o : (x,y) =0
for each € X} the normal complement of X. A closed subspace M C ¢ is
called normally complemented if M & M+ = ¢.

Even if k is formally real, there exists a closed subspace M C ¢y which is
not normally complemented ([7, Remark 9.1]). On the other hand, if M is
finite-dimensional, it is normally complemented.
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THEOREM 2.10. ([7, COROLLARY 8.2]) Let M C ¢o be a finite-dimen-
sional subspace. Then, M is normally complemented.

We introduce a normal projection to characterize whether a closed sub-
space is normally complemented.

DEFINITION 2.11. ([1, DEFINITION 6]) An operator P € L(E) is called
a normal projection if P2 = P and P* = P.

THEOREM 2.12. ([1, COROLLARY 3]) Let M C ¢y be a closed subspace.
Then, M is normally complemented if and only if there exists a normal pro-
jection P onto M.

THEOREM 2.13. Let M C c¢g be a finite-dimensional subspace, and let
{z1,...,2,} € M be an orthonormal basis. Then, the normal projection P
onto M can be represented by

n

P(z) = Z (, i) ;.

2 (i, xy)

Proof. For each j (1 < j <n), we have

Therefore, we get P2 = P. Moreover, for each z,y € cg, we have

n

(o, Py)) = (&, 3" LT gy _§ 2 om) gy

which implies P* = P. Thus, the proof is complete. [}

3. THE SPECTRAL THEOREM

In this section, suppose that the residue class field k of K is formally real.
We say that an operator T' € L(cp) is self-adjoint if 7" admits an adjoint
operator 7%, and T = T*. We can prove the following propositions by the
classical way.

PROPOSITION 3.1. Let T € L(cg) be a self-adjoint operator. Then, ||T?|
= |T||?. In particular, the equality lim,, .o || T|*/™ = ||T|| holds.
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Proof. The inequality ||T?|| < ||T||? is clear. On the other hand, we have

IT|* = sup |T(2)|* = sup [(T(x),T(x))| = sup (T*T(x),)|

el <1 el <1 [zl <1
< sup [(TT(2),y)| = |T*T| = |IT?].
llll,llyll<1
Therefore, we get the equality | 72| = ||T||>. Moreover, we have

lim |77V = tim ||72" Y% = |7,
n—oo

n—oo
which completes the proof. 1
PROPOSITION 3.2. Let T' € L(cp) be a self-adjoint operator, and M C cgy
be a closed subspace that is normally complemented. Then, T(M) C M if

and only if TP = PT where P is a normal projection onto M. In particular,
T(M) C M implies T(M=+) C M*.

Proof. Let P be a normal projection onto M. If TP = PT, then we have
T(x)=TP(zx)=PT(x) e M for each x € M,

hence T(M) C M. Conversely, suppose T(M) C M. Then, for each 2 € M,
y € M, we have (y,T(x)) = (T(y),z) = 0. Since y € M is arbitrary, we
obtain T'(z) € M+, hence T(M~) C M*. For each z € ¢y, we have the trivial
equality

PT(2) 4+ (I — P)T(z) = T(z) = TP(z) + T(I — P)(2).
Now, from T(M) € M and T(M~*) C M=, it follows that TP(z) = PT(2). 1

PROPOSITION 3.3. Let T' € L(cy) be a self-adjoint operator, and let \p,
Xo € 0,(T) be distinct elements. Then, for each x; € Ker(MI —T), x2 €
Ker(Aol —T'), we have (z1,x2) = 0.

For a formally real field F', we consider the condition (H)p:

(H)Fr For each n € N and each symmetric matrix A € M, (F), A is diagonal-
izable over F,

where M,,(F) is the set of all n-dimensional square matrices over F'.
Before proving the main theorems, we recall Fredholm’s Alternative for
compactoid operators presented in [10].
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PROPOSITION 3.4. ([10, COROLLARY 3.3, THEOREM 5.6]) LetT € L(E)
be a compactoid operator. Then, we have the following:

(1) If Xe o(T'), A # 0 then X € 0,(T") and Ker(A\I —T) is finite-dimensional.
(2) If A1, Ao, ... € 0(T) are distinct, then lim, o, Ay, = 0.

In addition to the above proposition, we use the results of Section [5] for
the proof of the main theorems. For details, see Section

THEOREM 3.5. Suppose that the residue class field k of K is formally
real, and K satisfies the condition (H)g. Let T € L(cy) be a self-adjoint
compactoid operator. Then, we have the following:

(1) If K is densely valued, then we have

|71 = max{ |A] : A € 0,(T)}.

(2) If K is discretely valued, then we have
IT|| < ||~  max{ |\ : X € op(T)}
where m € B is a generating element of a maximal ideal of By .

Proof. We write T' := 3_, ;a;; - () ® e;), and let Ty, := 37 o, e, @i -
(¢j ®e;). Then by Theorem we have lim,,—, || T, — T|| = 0. Moreover, it
follows from the condition (H)g that for each n € N and each r € Dr,, the
function

A — (I = \T,) ™!

is analytic in Bg(0,7). Therefore, combining these facts with Theorem [5.9
we have that 17,75, ... and T satisfy the assumptions of Theorem Hence,
by Corollary we have the following:

(1) If K is densely valued, then lim,, . ||T7||"/" = SUPeo(r) [Al-
(2) If K is discretely valued, then lim,, o [|T7|Y/™ < |7|~? SUPeo(r) [Al-
Moreover, it follows from Proposition that lim,, e [|77|}/™ is equal to

|T||, and by Proposition we have supycq(r) Al = maxyeq,(r) [Al. This
completes the proof. 1
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THEOREM 3.6. With the same assumptions as those of Theorem|[3.5, there
exist an orthonormal sequence x1, o, ... € ¢y and (\,) € cg such that

o0
-1 xnaxn

Proof. We may assume T # 0. Then by Theorem we have
op(T) \ {0} # 0. By Proposition there exists a decreasing sequence
(rn)i<n<n (N € NU {oo}) of positive numbers such that

{IAN - Aeap(T)\{0}} ={rn : 1 <n < N}

Moreover, we have lim,,_,o 1, = 0 if N = o0.
For each n € N, we put {A\y1,..., Aom, } ={A € 0,(T) : [N =r,} and

No= > > Ker(Apl-T).

1<I<n 1<k<my

Then, we easily have T'(N,,) C N,. We shall prove the theorem in the case
N = oo (If N < o0, the same discussion works). By Proposition N,
is finite-dimensional and therefore, it follows from Theorem that there

exists a normal projection P, onto N,.
For each n € N, by Proposition [3.2] and Proposition we have

05(T) = 0p(TQu) U 0y (TP,), Gp(TQn)ZUP(T)\( U U {Am})

1<i<n 1<k<my

where Q,, := I — P, is a normal projection onto N,-. Since PQ, is a self-
adjoint compactoid operator, we have

ITQuI<C- | max |\ < Crun
by Theorem 3.5 where C'is a suitable constant independent of n. In particular,
we obtain lim,_, ||T'Qp| = 0 and therefore, we have T'(z) = limy, 00 TP, ()
for each = € ¢g.

Finally, for each I € N, 1 < k < my, let {a; : 1 < j < pi} be an or-
thonormal basis of Ker(\jxI —T"). Then by Theorem and Proposition
P, (x) can be represented by

-y Yy e,

x
1<I<n 1<k<m; 1<j<py (k) ”“J
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Hence, we have

x)zz Z > Ao Tikg) Likj
=1

l‘ kis L
<k<m; 1<j<pi lkj> lk]>
which completes the pI'OOf. I

Theorem [3.6] implies the following corollary which refines Theorem

COROLLARY 3.7. With the same assumptions as those of Theorem [3.5]
if K is discretely valued, then we have

17| = max |A]-
€op(T)

Remark 3.8. Theorem [3.6|is the modified result of [2, Theorem 4.3]. The
condition (H)g is necessary for Theorem Indeed, if K does not satisfy
the condition (H)g, there exist n € N and a symmetric matrix A = (a;;)i; €
M, (K) such that A is not diagonalizable over K. Let us define

T = Zi,j bi,j . (6; & 6i) € £(Co)

a;; if1<4,5<mn,
b 0 otherwise.

Then, T is a self-adjoint compactoid operator but does not satisfy the conclu-
sion in Theorem [3.6

Despite the counterexample above, the proof of [2, Theorem 4.3] is inde-
pendent of the condition (H)g. Hence, the proof makes a mistake. Specif-
ically, in the fifth step of the proof, it makes a fatal mistake. Similarly, the
proof of [3, Theorem 10] is wrong. On the other hand, we can apply a similar
method to that of this paper to [3, Theorem 10].

4. THE CONDITION (H)g

In this section, we study the condition (H)p. Let F' be a formally real field
(see Definition [2.6). A matrix U € M,,(F) is called an orthogonal matrix if
its transpose U* is equal to the inverse U~'. In addition to the condition
(H)p, we consider the condition (H')p:
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(H")p For each n € N and each symmetric matrix A € M, (F), A can be
diagonalized by an orthogonal matrix over F.

PROPOSITION 4.1. Let F' be a formally real field. Then, F' satisfies the
condition (H)p if and only if F satisfies the condition (H')p.

Proof. Suppose that F' satisfies the condition (H)g. Then, for each a,b €
F'| a symmetric matrix
b
4
a

is diagonalizable over F. Hence, we have va? + b2 € F, and by induction,
for any finite subset {a1,...,a,} C F, we have /a? +---+a2 € F. Let
A € M, (F) be a symmetric matrix. Then by the hypothesis, there exists
a subset {x1,...,2,} C F™ whose linear span is equal to F" such that each
x; is an eigenvector of A. Since A is symmetric, using the Gram-Schmidt
procedure, we can choose 1, . . ., x, satisfying that a matrix U := (x1,...,2y,)
is an orthogonal matrix. 1

Ao O

Let F be a formally real field, and let (', <) be a totally ordered abelian
group. A subset {cq.5}(a,8)erxr € F™* indexed by I x I is called a factor set
if it satisfies

® (00 =Coy=0Cy0=1,

® cazﬁ - cﬁ7a’

® CapCatpy = Ca,f+yCBy
for each «, 8,7 € I'. We denote by F((I',ca,)) the Hahn-field defined by a
factor set {cq 5}:

F((T,cap)):={f:T = F : supp f is a well-ordered set },
Fo9) = > f@gB)cas  (f.9€F((T,cap)),

a+pB=y

where supp f:={y eI : f(y) #0}.
The Hahn-field F'((I', ¢, 3)) is maximally complete with respect to a gen-

eral valuation V(f) := minsupp f, f € F((I',cqg)) (c.f. [1I]). The next
theorem is an extension of [6, Theorem 1].

THEOREM 4.2. Put L := F((I',ca,)), and suppose that F satisfies the
condition (H')g. Then, L satisfies the condition (H')r,.
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Proof. We write f = 27 f(y)tY for an element f € L. Let n > 2, and let
A € M, (L) be a symmetric matrix. Then, A can be represented by

A= Zwes At

where S C I is a well-ordered set, and A, € M, (F) is a symmetric matrix
for each v € S. To prove the theorem, we may assume that the expansion of
A is started from 0,

A=A+, SC{yel :~v>0},

and Ag is diagonal matrix, but not a multiple of the unit matrix I. Moreover,
after conjugating by some permutation matrix, we may assume that there
exists an r, 1 < r < n, such that Ag is of the form

where
ai; =ay for1 <i<r and ai; #ap; for r+1<i<n.
We shall prove that there exists an orthogonal matrix & € M, (L) such that

U* AU is of the form
A1 0
0 A

where A; € M, (L), A2 € M,,_.(L), then by an induction on size n, we com-
plete the proof. In general, we call an n-square matrix (r, n —r)-blockdiagonal

if it has the shape
B 0
0 C

where B is an r-square matrix and C' is an (n — r)-square matrix.

Let T:={vi+ - +7 :n€Ny,...7, € S} be the semigroup generated
by S. Then by [8, Theorem 3.4], T is a well-ordered set. By the transfinite
construction, we will construct a sequence Up,...,U,,... € M, indexed by
~v € T such that

(1) UsUo =1,
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(2) Ya+B=yUsUgcqp =0 foreach ye T,y >0,

a,BeET
(3) V4 = > atB+n=y Ut AgUyca gy is (r,n — r)-blockdiagonal for each
a,B.n€T
veT,
where ¢y 84 = Ca8CatBny = Ca,f+nCBy, heNCE Co gy = Cpa. Then, U =

27 U,t7 is the desired orthogonal matrix.

For v = 0, we put Uy = I. Let § € T, and suppose we have determined
Uog,...,Uy,..., v < 0, satisfying (1) — (3). Consider the condition (2) with
~v = 4. Since Uy = I, we can rewrite this condition as

Us +Us + E U;Ugcaﬂzo.
a+p5=9
a,B#6

Put

S5 = Z Uy Usca,p,
a+p=9
a,B#8

then it follows from c, g = ¢ that Ss is a symmetric matrix. Hence (2)
holds if and only if Us is of the form

1
Us = —55 + Qs

where (Js is any antisymmetric matrix. Therefore, the task is to choose an
antisymmetric matrix Qs such that Us = —(1/2)S5 + Qs satisfies (3) with
v = .

Now, we can rewrite Vj as

Vs = Us Ao + AoUs + Z Us AgUnca,pn

a+B+n=y
a,n#0

= —QsA0 + AoQs + T

where
1 %
T6 = —§(S§A0 + AOS§) + E Ua A/BUWCOCWBW'

a+B+n=y
a,n#0

Since S5 and all the A,’s are symmetric, combining ¢, g, = ¢y g,a, it follows
that Ty is symmetric. Notice that Tj is expressed in terms of matrices already
determined.
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Write
v11 0 q11 0 t11 0
Vs=1: . |, Q=1|: . |, Ts=1]": :
0 - u, 0 - G 0 - tm

Then, we have

Vij = —Qijaj; + aigij + ti; = —aij(aj; — i) + tij
foralll1 <i,7<n.Ifeitherl1<i<r<j<norl<j<r<i<n,then by
choosing a;;, we have a;; # a;;. Finally, we put

ajj—aii

{t” (1<i<r<j<nor 1<j<r<i<n),
qij =

0 otherwise.

Then, we can check that Qs is antisymmetric and Vj is (r, n—r)-blockdiagonal.
This completes the proof. |

By using the above theorem, we can characterize the condition for which
K satisfies the condition (H)g.

THEOREM 4.3. Suppose that the residue class field k of K is formally real.
Then, K satisfies the condition (H')k if and only if k satisfies the condition

(H')g-

Proof. The sufficiency is easy to prove by the reduction to the residue
class field. Conversely, suppose that k satisfies the condition (H')g. Let L be
an immediate extension of K which is maximally complete (c.f. [I2, Theorem
4.49]). Then by the well-known result (c.f. [4, Chapter 3, Corollary to Theorem
10]), K is algebraically closed in L. Therefore, if L satisfies the condition
(H)p, then K satisfies the condition (H)g, hence the condition (H')x by
Proposition On the other hand, by [5, Theorem 6], L is analytically
isomorphic to the Hahn-field k((G, cq,8)) where G is the valuation group of
K and {cop} C k* is a factor set. Hence, by Theorem L satisfies the
condition (H'), which completes the proof. 1

By Proposition [£.1] we have the next corollary. Surprisingly, the condition
(H)k is independent of the valuation group of K.
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COROLLARY 4.4. Suppose that the residue class field k of K is formally
real. Then, K satisfies the condition (H )y if and only if k satisfies the condi-
tion (H)y.

Combining Theorem with Corollary we can say that the spectral
theorem of self-adjoint compactoid operators holds if the residue class field k
satisfies the condition (H);. The condition is independent of the valuation
group of K.

THEOREM 4.5. Suppose that the residue class field k of K is formally real,
and satisfies the condition (H). Let T € L(cg) be a self-adjoint compactoid
operator. Then, there exist an orthonormal sequence x1,Zs,... € ¢y and
(A\n) € co such that (z,,x,) =1 for each n € N, and

T(z) = Z AT, Tp) T,

n=1

Proof. From Theorem and Corollary [£.4] it suffices to prove that for
each x € ¢g, © # 0, we have /(z,z) € K. By the proof of Proposition
we have \/af + ...a2 € k for each finite subset {ai,...,a,} C k. Therefore,
applying Hensel’s lemma, we have the claim. [

5. APPENDIX

In this appendix, we summarize the results of [I0, Section 6]. In [I0,
Section 6], the coefficient field K is assumed to be algebraically closed. On
the other hand, in this appendix, we give no condition on K. Hence, it can
be perhaps discretely valued.

PrOPOSITION 5.1. ([10, PROPOSITION 6.2]) Suppose K is densely val-
ued or the residue class field k of K is an infinite field. Let r € |K|, r # 0,
and f : Bk (0,r) = E, f(A) = >_,2,anA" be an analytic function. Then we
have

sup || f(N)]| = max [lan[|r".
AEB (0,7) n

Proof. In the case £ = K, the conclusion of Proposition [5.1]is well-known.
Hence, the same proof as that of [10, Proposition 6.2] works. 1
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COROLLARY 5.2. ([0, COROLLARY 6.3]) With the same assumptions as
those of Proposition the set of analytic functions Bk (0,r) — E is uni-
formly closed.

THEOREM 5.3. ([10, LEMMA 6.9]) Let Th,T5,... € L(F), and let T =
lim,, oo 17, in the sense of the operator norm. Suppose that

(1) for eachn € N and each r € Dy, (I — \T,,)~! is analytic in Bk (0,7),
(2) for each r € Dy, M, = supy<, (I — AT)7Y| < oo, and
(3) K is densely valued or the residue class field k of K is an infinite field.

Then, (I — AT)~! is analytic in By (0,r) for each r € Dr.
Proof. We can apply the same proof as that of [10, Lemma 6.9]. 1

COROLLARY 5.4. With the same assumptions as those of Theorem
we have the following:

(1) If K is densely valued, then we have
lim [|77|Y™ = sup{ || : A € o(T)}.
n—oo
(2) If K is discretely valued and the residue class field k of K is an infinite
field, then we have
lim [|[77|"/™ < |x| " sup{ |A| : A € o(T)}
n—oo
where m € By is a generating element of a maximal ideal of By .

Proof. For a sufficiently small r > 0, (I — AXT)~! is of the form Y (AT)"
in Bg(0,r). Therefore, by Proposition and Theorem we have (I —
AT)~t =% (AT)™ in Bk(0,r) for each r € Dp. Hence, we derive (1), (2). 1

For z1,...,2z, € E, we define the volume function of x1,...,x, € E by
n
Vol(z1, ..., xp) = | [ dist (2, [z : § <1i]).
i=i

These properties can be found in [13, Chapter 1].

From now on, when K is discretely valued, we assume that a Banach space
(E,|| - ||) satisfies || E| C |K].
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DEFINITION 5.5. ([10, DEFINITION 6.10]) Let E be infinite-dimensional,
let T € L(E). For n € N, we set

(T T
A, (T) :=sup Vol(T(z1), ..., T(zn)) : T1,...,%, linearly independent ¢,
Vol(z1, Tn)

A (T) = lim inf(A, (7)),

AL (T) := limsup(A, (7))

n—o0

By [13, Corollary 1.5], if [z1,...,2s] = [y1,...,Yn], then we have
Vol(z1,...,xn) = Vol(y1, ..., yn).
Thus, we obtain
An(T) = sup { Vol(T'(21),...,T(xy)) : ||a;]| < 1 for each i}.

PROPOSITION 5.6. ([L0, PROPOSITION 6.11]) Let T' € L(FE) be a com-
pactoid operator. Then, we have Ay (T) = 0.

Proof. See the proof of [10, Proposition 6.11]. 1

LEMMA 5.7. ([10, LEMMA 6.13]) Let x1,...,z, € E, ||a;|| <1 for each i
and 0 <e < Vol(xy,...,zpn). Ify1,...,yn € E, |lys — x;|| < € for each i, then
we have Vol(x1,...,z,) = Vol(y1,...,Yn)-

Proof. See the proof of [10, Lemma 6.13]. 1

The next proposition is proved in [I0], but the proof makes a little mistake.
We shall give a modified proof.

PROPOSITION 5.8. ([10, PROPOSITION 6.12]) LetT € L(E) be such that
My = sup|yj<, [|(I = AT) 7| = o0
for some s € Dr, then we have A_(T') > 0.

Proof. By assumption, there exists a sequence Aj, Ao, ... € Bg (0, s) satis-
fying that ||(I—\,T) || tends to co. Thus, there exists a sequence y1, 9, . .. €
E tending to 0 such that for

Ty o= (I = \T) Ly,
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we have inf,, ||z,|| > 0 and sup,, ||z,| < oco. It follows from the same reason
of part I of the proof of [10, Proposition 6.12] that Aj, Ag,... does not have
a convergent subsequence (part I of the proof of [10, Proposition 6.12,] is
correct). Thus, by taking a suitable subsequence, we may assume infy, 2y, | Ay, —
Am| # 0 and inf, |[\,| > 0. By replacing a norm || - || with a suitable norm
equivalent to || - ||, we may assume that ||z,| = 1 for each n € N. Also, it is
easy to see that we may assume ||T|| < 1.
Put i, := A, ! for each n, then we have

o [T <1,
|An| < s, |un| < C for each n,

0<p< infn;ém |,Ufn - Nm|7

|xn]| =1 for each n,

limy, o0 (2n, — MT(2)) = 0, limy, o0 (pnxn — T(2y)) =0,

where p < 1 and C > 1 are suitable constants. We claim that for each n € N,
there exists a positive number r(n) < 1 such that

r(n) < Vol(Tgt1,Trt2, - - - s Thtn)

for all but finitely many k € N. We prove the claim by the induction on n.
For n = 1, we can take r(1) = 1. Suppose that r(1),7(2),...,r(n — 1) have
been determined. Then, there exists a natural number ky € N such that for
each k > kg, we have

r(l) < Vol(xga1, Thios- - That) (1<i<n-1),

and

e — T(zp)|| <e
where 0 < ¢ < p-t2, t = H?:_ll (7). In particular, for each k& > ko,
Thil,---»Thin1 is t-orthogonal. Put 7(n) :== C~lp-r(n —1)-t < 1, and

we shall prove that r(n) is the desired constant. In fact, by the induction
hypothesis, we have

Vol(Zim41s Tm42y - -+ Tmtn)
= dist (xm+n, [Tty .- ,xm+n_1]) - Vol(Zpmt1, Tt 2, - -y Tntn—1)

> r(n—1) - dist (Tmn, [Tmtts - - Tmgn—1])
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for each m > kg. Thus, we have to show that for each choice of &i,...,
gnfl € K7
Y = Tm4n — (élwm—l—l + -+ gn—lxm—‘rn—l)

has norm > C~lpt. Since C7lpt < 1, we may assume 1 = ||Zpin| =
”gll'm-i-l +ee fn—lxm-i-n—lH' Then, we have

H Z i(Mman — fmi) Tmoi
n—1
= H,Um—l-n : (Zizl §i$m+i — J?m—l—n) + (,Um—l—nxm—l-n — T(xm—i-n))
n— 1
+ T(mm—&—n - Z gzxm—l—z) + Z (mm-l—z) Mm+ixm+i)

< . .
< Olllvevullv (s max eil)

|

=Cllyl|vev (e max |&l).

On the other hand, by t-orthogonality of xy,41,. .., Tm+n—1, We obtain

L= ll612mer £+ Gnoatmanall 2 £ max 16|

and

H Z i(Hm+n — Hm+i)Tmti|| > 1;{?5_1 |&il + [mtn — pmeil

> tp - .
> tp: max &l

>tp- H§1xm+1 + -+ gn—lwm—kn—lH = tp.

Consequently, we have
tp < Cllyll Vet

By our choice € < pt?, we must have
C ot < lyll,

which proves the claim.
Finally, we prove A_(T) > 0. Let n € N. Choose a positive number
¢/ with 0 < & < r(n), and choose a natural number ky € N such that
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Vol(Zg41, -y Thtn) > 7m(n) and ||z — MT(x)]] < € for all & > kyo. By
Lemma 5.7} we have

VOl(xko-i-l? s xko-ﬁ-n) = Vol ()‘k‘o-‘rlT(xk’o-‘rl)’ SR )\k‘o—‘rnT(xko—i-n))
= ’)\k0+1 s /\ko+n’ Vol (T<mk0+1)7 SRR T(xko+n))
< ’)\k0+1 NN )\k0+n| An(T) V01($k0+1, NN ,.’L’k0+n).

Therefore, we obtain
An(T) > ’Ak0+1 ce )\ko+n|71 > s "
As a consequence, we have the desired inequality A_(T) > s~ ! >0. 1

Combining Proposition [5.6] and Proposition [5.8] we obtain the following
theorem.

THEOREM 5.9. Let T' € L(E) be a compactoid operator. Then for each
r € Dr, we have M, = sup)y <, [|({ — AT) 1| < 0.
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