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Abstract: We consider a homogeneous degenerate center of order 2m + 1 and perturb it by a
homogeneous polynomial of order 2m. We study the Lyapunov constants around the origin to
estimate the number of limit cycles. To do it, we classify the parameters and study their effect
on the number of limit cycles. Finally, we find that the perturbed degenerate center without any
condition has at least two limit cycles, and the number of the bifurcated limit cycles could reach
2m + 3.
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1. INTRODUCTION

The 16th Hilbert problem is one of the 23 mathematical problems proposed
by D. Hilbert in 1900 at the Second International Congress of Mathematical,
cf. [I0]. The second part of this problem is to find an upper bound for the
number of limit cycles that bifurcates from planar polynomial ordinary differ-
ential systems. Since then, this problem has been studied by many authors,
cf. [6, [T, (17, [16).

The weakened 16th Hilbert problem is a weaker version of this problem
which was proposed by Arnold in 1977, cf. [I]. This problem is to find an up-
per bound for the number of bifurcated limit cycles from the period annulus of
systems near Hamiltonian ones. D. Hilbert conjectured that his 16th problem
could approach by perturbation techniques. Since then, some authors have
been studying the number of limit cycles by perturbing the periodic orbits
of a center. We remind that a fixed point of a system is called a center if it
is surrounded by a neighborhood filled with periodic orbits. When the cen-
ter is perturbed, the system may have limit cycles that bifurcate from some
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of the periodic orbits of the center. Therefore, these studies could approach
mathematicians to solve the 16th Hilbert problem. To this aim, some authors
studied the perturbed center by applying the methods such as averaging the-
ory, Melnikov function, or Poincaré map, cf. [4, [8 14 [I§].

There exist studies in which the authors used the Lyapunov constant to
estimate the number of limit cycles, cf. [5, O, [I7]. Investigating the Taylor
expansion of the corresponding Poincaré map is one way to compute the Lya-
punov constant. In this case, the coefficients of Taylor expansion are the
Lyapunov constants, cf. [I3], [19]. The idea to obtain k£ small amplitude limit
cycles is based on imposing conditions on Lyapunov constants V; such that
Vo="--= Vi1 =0and Vi # 0, and then performing a suitable perturbation
to have k small limit cycles.

Few papers consider this problem for degenerate centers. We remind that
a center of a polynomial differential system is a degenerate center if, after
applying a linear change of variables and a suitable time rescale, the system
can be written as & = Fy(z,y) and §y = Fy(z,y), where Fy(z,y) and Fy(z,y)
are nonlinear polynomials. Authors in [2] used Melnikov functions to study
the number of limit cycles for the perturbation of the degenerate center

) $2+y2 m ) a:2—l—y2 m

Authors in [12] used the averaging method of second order to study the per-
turbation of the cubic degenerate center

i=-y (322 +y?), g=z(2*-y?),
and prove the existence of at most three limit cycles.

In this paper, we will study the number of limit cycles for the perturbed
System

é: = X2m+1(§) + €X2m(§)? §= ($7y)a 0<ex, (11)

where Xopt1 = (Pomy1(2,9), Qam+1(z,y)) is the homogeneous polynomial
system with

m
P2m+1 . y Zal 2i, 2(m—1) 1’ Q2m+1($,y) _ Zbilﬂz-l—ly%m—z)’
1=0

such that a;b; < 0 for all i, and Xop, = (Pom(,y), sz(a:, y)) with

Pon(,y) = zakxk Mk Qo) = zﬁkmk omk
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The origin is a symmetric degenerate center for the unperturbed homogeneous
polynomial system (1.1]), cf. [13, Theorem 1(II)].

Such systems are known as one step polynomial perturbations. In these
systems, a homogeneous polynomial system is perturbed by another homoge-
neous polynomial term with one step bigger or smaller order. Such systems
receive attention from mathematicians and physicists due to their role in non-
linear mechanics, cf. [3 [7]. Here, we aim to estimate the number of limit
cycles for the perturbed system by studying the Lyapunov constants.
We compute the Lyapunov constants through the Taylor expansion of the
Poincaré map

"1 .90

_ _ I i n+1
P(ro,e) = r(2m,19,€) = Z j!G 5 (2m,7r0,0) + O(e")

of the system . Here, (r, 6) shows the polar coordinates around the origin.
The origin is assumed to be a perturbed symmetric degenerate center, and
r = r(f,rg,€) is the solution of equation such that r(0,rg,€) = r¢9 and
r(2m,79,0) = rg. Then, we will study the Lyapunov constants by considering
the coefficients of Xo,,, ags and (is, as the parameters.

The paper is oriented as follows. In Section we will compute
(8j /0 ) (0,70,0) for the perturbed system and prove the equality .
In Section |3 we will simplify (8jr/8ej ) (0,79,0) for 6 = 27 and classify the
parameters into two types agx+1, Bor and ok, Bopt1. In Section @, we will
present our main results and estimate the number of limit cycles for the per-
turbed degenerate center in Theorem We will see that the one step
perturbed degenerate center has at least two limit cycles, and the number
of limit cycles can reach 2m + 3. At last, we will consider our results for a
perturbed degenerate center of order 3.

2. PRELIMINARIES

Consider the perturbed system (1.1)). As [I3] Section 3], the corresponding
polar perturbed system is

dr =rS0)+er

o (2.1)

A(rA+eB)’

where
(ng, Xom+1(0))

(no A Xom+1(0))’

S(0) = A(0) = (ng N Xom+1(0)),
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B(8) = (ne A Xom(0)), C(0) = (Xam(0) A Xom1(0)),

such that ng = (cos(#),sin(0)), X;(0) = (Pi(cos(0),sin()), Qi(cos(0),sin())
for i = 2m,2m+1. Also, the notations (, ) and ( A) are respectively the inner
and the wedge product of vectors in R?, i.e.,

{(a,b), (c,d)) = ac + bd, ((a, b) A (c, d)) = ad — be.
Then by applying the relation [I3] (20)], we obtain (87r/d€’) (6, 70,0) for the
polar perturbed system as
dr
w (0, To, O) =

oS (7)) e ()
k

=01=0

where x () = Exp( f(f S(t)dt) is the fundamental matrix of the homogeneous
part of (2.1). Also, D and d are the linear functional operators DF(g(z),z) =
(9F/0g) (9(x), )¢ (x) and dF(g(x), z) = (OF/x) (g(x), v), see [I3, page 10]
for more details. Next, we consider the above relation more precisely. For
[ =0, we have

+ jX(9)§ COE) oo b o s )
=5 [0 o (o)

=L ,. 0 i—1—k Ve
NG (Jk1>/0 X—l(w)ugidw

0TI AB (r g+
j-1 ,. 0 i—1—k k
j—1 1, r C  (=1)%k!
= jx(0) < )/ X W) s di.
2o ) G g

So for € = 0, we have

Jj—1 . 0 nj—1—k k
e j—1\ K [P@'"h C (B 1
k::O( 1) x(0) ( i >7Jg+1 o 91k 22\ A ) ()2 dy.
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For the remaining (when [ > 1), we have

f:(j B 1) ( )/Oox_l(wgiji:,: ikt <M>dw

11=1
é o j—1-k k—1
j—1 I A (s Dl (!
0350 (s o (g )

k=11=1

j 1

=
Il
—

j_

From the formula of Faa di Bruno, we have

p( 1 li — (t)Blt or O 0T
(T% + )k +1 — E)k—l-l-l ) 86’ 862’ ’861—t+1

Z — 1+ t) B @ 8727. 8lft+1r
- 7“ e )k I+t+1 Pt Oe’ €2’ fel—t+1 )”

So for [ > 1, we get

YY) (0o [t

k=11=1 t=1
oi—1=kp 1 B or 0%r 8’ iy J
(‘-)6j—1—k E (T‘ +e %)k—l—&-t—&-l &7 @, .o aEl i1 ¢

Thus for € = 0, we have
j—1 k . "]
. Jj—1 k k—l+t(k_l+t)! -1
Sy (7)) e S ) 0

o1k ¢ (B 1 or *r 9ty
Dei—1-k AQ<A) x()F— e B (@6 862""’8€lt+1)d¢'

Finally, the following proposition is immediate.

PROPOSITION 2.1. Consider the system (2.1). We have

-1 =1 k 1

00,0 = Y I + NN Mg 0), (22)

0 k=11=1 t=1

<.

B
Il
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where

A

Iijr)(0) =
ks =1\ K [Pk ¢ /B\F 1 (2.3)
(=1)"j x(0) ( k >r§+1 0 Oei—1-k A2 X(w)k+2 di,

s G 1\ [k (k—1+1)!
M pa(0) = (1) x(9)< . >(Z)(Tkl+t+1)
0

0 gi-1=kp ¢ /B\*! 1 or oty
_1_zfz(> k—l—i—t-i—QBl’t<""’l—t+1) dy.
g O¢€ A2\ A x(¥) Oe Oe

LEMMA 2.2. Consider (2.3) and (2.4). We have
R].: I(]’ 0) =+ M(j,j*l,j*l,l) = O fOI' a]l j,

R2: M(j,j—1,j—1,i+ 1)+ 12 M(j, k, k, i) =0 for all j,1 <i < j—2.

Furthermore, (7r/0¢’) (0,70,0) is a j-th order homogeneous polynomial
w.r.t. ags or fBs.

Proof. The R1 and R2 prove by substituting indexes in and ([2.4),
and proportional use of B;; in appendix For the remain, consider .
The proof is obvious by induction on j and the second condition of Faa di
Bruno’s formula. We note that the power of the parameters in B(6) and C(6)
isone. |

In the following remark, we indicate the (8j7“/86j) (0,79,0) for j =1,2,3,4.

Remark 2.3.
or e
E(ear()ao) - X<9)/0 dea
0%r 2x() [? CB
@(077.070) - o /0 X2 A3 d¢;
O3r 6x(0) (¢ C B? 6x(0) [or CB
@(077’050) - 7"(2) /() X3 A4 d¢ + Tg 0 axg A3 dd}a
or 24x(0) (¢ C B 48x(0) [? or C B?
@(9,7“0,0) - - Tg /0 X4 A5d7p - Tg 0 &X4A4d¢
- 24x(9)/" or QCBCler 12x(0) [ 0*r CBCW
s o \Oe/) x*A3 r 0 0z y3A3°
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3. LYAPUNOV CONSTANT

In the following, we consider (8jr/8ej) (0,79,0) for § = 27w. We prove
some points to simplify them and apply for some j. Consider the following
lemma.

Lemma 3.1. ([I13, LEmMA 6]) Let f(6) > 0 (< 0) be an even m-periodic
function and i, j be nonnegative integers such that at least one of them is odd.

Then ) ( ) ( )
™ cos' () sin’ (0
A R

So we conclude the following lemma.

LEMMA 3.2. Let f(6) > 0 (< 0) be an even m-periodic function and i, j
be odd nonnegative integers. Then

™ cos'(@) sind (0)
/O o =0,

Proof. We have

2T nogt ind Tl g 21 i j
/ cos' () sin? (0) 40 :/ cos'(#) sin (G)dG +/ cos' () sin (H)dﬁ
0 0 s

f(0) f(0) f(0)
™ cos'(#) sin’ (9) T (—1)" cos'(zp) sin? ()
= ———~——=db di.
S T (@) v
Then by considering Lemma 3.1, we get
27 cos’ () sin’ (0) ™ cos'(#) sin’ (9)
0= ———dl =2 | —————=db.
L= | =5 :
Next, we consider Xo,,(0) = (Pon(0), Qam(0)) as
m m—1
Py, (0) = Z argp cos2F(9) sin?™ 2k (0) + Z g1 cosFHL(6) sin®m—2k—1(g),
k=0 k=0

m m—1
Qam(0) = Z Bo cos?(0) sin®™ 2% () +- Z Bor+1 cos?FL(9) sin®™~2k=1(g).
k=0 k=0
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Now, by defining Ds,, and Dy, as

m—1 m
Do, (0)= ( Z Qopy1 cosFHL(9) sin?m k1 () ,Z Bo cos?*(9) sin?m 2 (9)) ,
k=0 k=0

m m—1
Dy (0)= (Zazk cos?k(0) sin®™~2%(p), Z Bok41 cos?FTL(9) sin?m 2k 1 (9)) ,
k=0

k=0

we have Xo,, = Doy, +D2lm. This helps us to separate the parameters into two
collections. One collection contains awagy1s and Baxs, and the other collection
contains aggs and foi1s. Thus, we can decompose B(#) and C(6) as the
following,

B(#) :  (ng A Dop(6)) + (ng A Dy, () = B(6) + BX(6),
C(0) :  (Dam(0) A Xomi1(0)) + (Dayy(0) A Xomp1 (0)) = C(60) +C(0).

By considering B(#) and C*(6), we can see that the power of sin(f) is even,
and the power of cos(f) is odd. Also by considering B+(#) and C(f), we can
see that the power of sin(f) is odd, and the power of cos(f) is even.

This classification helps us to use Lemma [3.1] and Lemma We note
that we only use this classification when the relations could simplify. Next,
we introduce some particular cases.

Remark 3.3. Let K be a nonnegative integer and consider C' BX. Accord-
ing to C(A) and B(0), we can see that the multiplication of sin(f) and cos(6)
exists in C' BX, for all K. By applying an induction on K, we have the following
results:

- If K is even, then the sin(f) or cos(f) in C BX has odd order.

- If K is odd, then the sin(f) and cos(f) in C' B* are both have an even or
both have an odd order.

Remark 3.4. Consider (2.2 and note that (9°r/9¢%) (0, r,0) = x(0)ro. By
substituting the suitable conditions, one of the terms of (#’r/d¢’)(2x, g, 0)
fork=j—11is

) il 2m CBj—l
(1)1 i
it Jo AT (Y)
By applying an induction on j and according to Lemma [3.1] and the above
classification, this term is equal to zero when j is an odd integer number.

.
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In the following proposition, we use these remarks to investigate
(09r/0€) (2m,70,0) for j=1,2,3,4.

PROPOSITION 3.5. Consider (6jr/86j) (0,70,0) for j =1,2,3,4. We have

or re+ct
9 —(2m,70,0) = Az ——dy =0, (3.1)
0%r -2 [?"CtB+CB*t
9 -5 (2m,70,0) = 7"0/0 T EA dip, (3.2)
o3r 6 Or T CB+CtBt
De 3(27T 7'0,0) m&(ﬂ' 7"0,0)\/0 Wd'[/}, (33)
and also,
34
e 4(271' r0,0) =
24?7 (CB+ CLBL)(2BBY) + (CBX + CLB)(B% + BY)
) 4 A5 dyp
o Jo x*A
—24 (Or, \? 12 0% T CB+CtBt
= (== s Z et
+Q@ﬂm<&”0 *%mm&“m>ﬁ W -
48 37’()/ cpL 96 [TorCB ‘
rox( ) Oe 0 x3A4 7"8 o Oex*A4
48 Or Tor CB

+mﬁ>§(()&ﬁﬁ¢
48 / or\? CB i+ ™9%r CB .
e Jo \9e) xAA3 rg o 02343
Where the relations (3.2)), (3.3)), and (3.4)) are not generally equal to zero.

Proof. First, we note that A(f) and x(#) are m- periodic functions, and
also x(2r) = 1, cf. [13]. Now by considering Lemma and the above
classification, we obviously obtain and . Next, we consider
(837"/86 )(27T,r0,0). According to remark we get it as

3r 6 [ CB or
2 - - -
e 3( 7T TOaO) 7"(% / X3 A3 Oe d%
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where
™ or CB ™or CB
@XsA?,dw /0 EX3A3dw
" or C(¢+m) B(g+ )
— 0 do.
+/0 5@ T ™00 BT B

By considering C(6), B(6), and (0r/0¢)(0,19,0), we get C(6 + m) = —C(6),
B+ 7)=—DB(#), and

or x(0) or or
—(0 ==L ——(f .
66( +7T7T0a0) Xﬂ_)ae(ﬂ-vr(]ao) 86( 7T0a0)
Thus
™ or CB Tor CB 1 or ™ CB
EXS A3 _/0 EXS Agdw"‘ X(ﬂ')ae(ﬂ’ro’o)/ y2 A3 d¢
T Or CB

;s a(ﬁbﬂ“o,o)mfw

™ 1 1
1 (‘)r(mrﬁ)/ (C+CH)(B+B+)
x(m) De 0 x* A

Now by applying Lemma we have

2 CB or 1 or TCB+CtBt
Zdy = — ——d.
/0 x3 A3 Oe ¥ x () 86(7T’T0’0)/0 x2 A3 ¥

do.

So, (3.3) is immediate. Finally, by following the same process as above and
also by considering

o%r x(8) &%r 0r
@(9 + 7[',7’0,0) = ><E7r))862(7r,7"0,0) + @(9,7“070),

and Remark we obtain (3.4). Finally, we note that by considering

(13-2), (3.3) and (3.4), one easily concludes that they are not generally equal
to zero. |

4. ESTIMATING THE NUMBER OF LIMIT CYCLES
In this section, we represent our main results.

THEOREM 4.1. Consider the perturbed system (|1.1]).
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1) The system has at least two limit cycles.

2) The necessary condition that the system has more than two limit cycles is
that the perturbed part has the two types of parameters, i.e., the param-
eters of Doy, aopi1 or PBa, and the parameters of Djm, Qo or Popy1, for
arbitrary k.

We note that for simplicity, we consider the following notation in proof.
Again by considering K as a nonnegative integer, assume

¢'&T = cos? T (0) sin®™ N (9).
As an example
a9t €6 = oy COSZt(Q) Sinszﬂ(e)?

Boi €167 = By, cos?FHL(0) sin?™ 2k —1(p).

Proof. 1) Tt is obvious by conmdermg and (| .

2) For this part, we consider ) to find that under which necessary
condition this relation could be zero. By substituting C, B, C+, and B*, we
get

CLB + C’BL (D2m A X2m+1) (ne VAN ng) + (ng A X2m+1) (ne VAN DQLm) .
Then by considering ng and Xo,, 1, we have CB + CBt as

P (0)( D o) (37 B
+ Ponsa 0) (30 amn€6) (3 praete )
(X o) (X)) dance)
(X, e (X)) fanee)
0> ones) (X" Buc's)
Qi (3 omn@le ) (X rncte )
(%
(2

— Poppt1(0
— Popr1(6

+ Q2m+1(0

- Q2m+1

a%c@) (Z::Ol a2k+1¢16)
" ane6 )(Z::_Ol a2k+1€16_1>.

- Q2m+1
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As Lemma [2.2] we can see that the order of parameters in each term is two.
Also, all terms appear as the production of parameters of Dy, and Dé‘m. Now
let 0 <t < m be a fixed integer number and assume

D an€s = €&+ Y anls.
k=0 k=0,k#t

By considering the above relation, we can be zero (3.2) w.r.t. 9. In this
case, we find

1 / T AW)
ot — - dl/}, (41)
Ty S A

where A(%)) is the summation of all terms which are not dependent on the
parameter ag; (see appendix [5.2) and

() = (sin(v) Pomy1 () + cos(¥)Qamy1(¥)) <Z 5%6%62’”_2’5)
k=0

m—1
—2Qom+1(¢) (Z a2k+1€2t+162m2t> )

k=0

As we can see, (4.1)) is well defined if the parameters asii1 or [k are not
equal to zero for some k. It is worthwhile to note that we conclude the
same result by considering the other parameters, agiy1, Bor, and [ogt1, to

be zero (3.2). N

In the following, we study the perturbed system to estimate the
number of limit cycles. For this consideration, we have two points.

First, according to Theorem the perturbed system must have the
two types of parameters to study the existence of more than two limit cycles.
We can directly conclude the following lemma from Theorem

LEMMA 4.2. Consider the perturbed system and assume that the
perturbed part has two types of parameters. By considering the parameter
Qop as for a fixed integer t, the perturbed system has at least three
limit cycles.

In the following remark, we study the effect of assuming the specific pa-
rameter gy as (4.1) in considering the other Lyapunov constants.
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Remark 4.3. Consider . We obtain that the parameters aoy and Bopy1
appear in the numerator of and the parameters agr11 and [ appear
in the denominator of . Again we can see our classification of the pa-
rameters. Now by substituting in the other Lyapunov constants, we
can arrange the Lyapunov constants in the form of algebraic equations. The
variables of these algebraic equations are the parameters that appear in the
numerator of . The other parameters, the parameters in the denomina-
tor of , use to study the existence of zero for the algebraic equations.
We emphasize that we conclude the same result by considering the other pa-
rameters to be zero (0%r/9¢?) (2w). The only difference is the change of the
two types of parameters from the numerator and denominator.

Second, according to Lemma (09r/0€?) (2m,70,0) is a j-th order ho-
mogeneous polynomial w.r.t. ags or Bis. In the following lemma, we consider
the simplified (07r/9€’) (2m,70,0) for j > 3. We can see that these relations
have terms in which the order of a specific parameter is equal to j.

LEMMA 4.4. Forj > 3, (8jr/8ej) (2m,70,0) contains a parameter with an
exponent of the order of j.

Proof. We note two points: first, the parameters aor and fory1 exist in
C*(#) and B+ (0); and the parameters aop1 and By exist in C(6) and B(6).
Second, for the existence of a term with the coefficient, for example a;k, the
term must be the j times production of C+(#) or B+(f). For j = 3,
simplifies as

6 7TC—i—CLd TCB+CtBt
rox(m) Jo  xA? 0o x2A3

We can see that the relation has CCB and C*C+Bt. For j > 3, see the
following considerations. Let j be an even integer number and assume ([2.3))
for k=4 —2, i.e.,

dip.

.

j—1>(j—2)! 98r0<i>j2 1

Iii_oy(0) =7 x(0 , — = .
(G.5—-2)(0) = 3 x(0) <j _9 7%71 ) Oc A2 X()i
By simplifying the I(; ;_o)(27) even if (9r/0e) (7) comes out of the integral,
the C B2 does not decompose to C, C*, B, and B+. We note that the order
of B is even. The result is obvious according to remark[3.3] So the relation has
terms with C2B7~2 and also CL°BL7 2. Now let j be an odd integer number
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and assume (2.4) for k=j—1and [ =t =2, i.e,

_ J-NNG-D! P (BT 1 for)?
M(j,j—1,2,2)(9>—39<(0)( 2 > T /0 A?<A> X (1) <36> w

By following the same consideration as I(;; 2)(27), we conclude the
result. 1

Now we can conclude the following theorem.

THEOREM 4.5. Consider the perturbed system (|1.1)) and assume that the
perturbed part has two types of parameters. Then the number of the bifur-
cated limit cycles could reach 2m + 3.

Proof. According to Theorem the perturbed system could have
more than two limit cycles. We substitute the parameters ag; as and
study the other Lyapunov constants. From Lemma remark and
Lemma each Lyapunov constant, i.e., (8r/0€’) (2r) for all j, is an al-
gebraic equation of order j. Next, we use remark to study the existence of
zero for the algebraic equations. The number of the parameters which appear
in the numerator of is 2m + 1. So if we find the other parameters such
that these algebraic equations have real roots, then the perturbed system
could have 2m + 3 limit cycles. [}

In the following proposition, we consider the above results for the homo-

geneous degenerate center of order three.

Consider the perturbed system (1.1)) for m =1, i.e.,
i = apy® + a7’y + € (aoy® + a1y + asr?) (42)
§ = boxy® + b1z” + € (Boy® + Przy + Pax?) .

PROPOSITION 4.6. Assume the perturbed system such that oy and
Bk, k =0,1,2, is not equal to zero and consider the following conditions.

1. Let the parameters a1, By, and B9 exist such that

1) BaLos + BoLor + a1Lag # 0,
2) L311L321 # 0.

II. Define the parameter

_ B1 (B2La21 + BoLaz + a1 Los) + aa (B2Llog + BoLos + a1 Log)
B2Los + BoLar + a1 Log '

a0
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Respectively see Appendix (5.3)) and Appendix (5.4]) for Lo;s and Ls;s. If
conditions I(1) and I hold, then the perturbed system (|4.2]) has at least three
limit cycles. If the conditions 1(1,2) and II hold, then the perturbed system
(4.2) has at least four limit cycles. Finally, if the conditions 1(1,2) and II hold,
and also the parameters «ay, By, and [o exist such that the quantic algebraic
equation
3 (Lo + Laza + Laaa + Laos + Laz23)

+ &3 (Lars + Laos + Lazz + Laaz + Lags + Lars + Las3)

+ &3 (Lara + Lazz + Laz2 + Laaz + Lagz + Lara + Las22) (4.3)

+ ag (La11 + Lao1 + Laz1 + Laa1 + Lagr + Lar1 + Las21)

+ La10 + La20 + La30 + Laao + Laso + Lazo + Las20,

has a real root, then the perturbed system (4.2) has at least five limit cycles,
(the Ly;s are the coefficients of oy, i = 0,1,2,3,4).

Proof. By applying (3.2)) for the perturbed system (4.2]) and simplifying it
w.r.t. the parameters, we obtain it as
B1B2Lo1 + BoBi1Laz + azfalos + aaBoLog + a1f1Las (4.4)
+ aof2L26 + apPoLlar + arazLos + apar Lag, .

where Lo9;, ¢ = 1,...,9, are the coefficients of parameters. Now we consider
(4.4) as a quadratic algebraic equation and suppose that I(1) holds. We can
easily see that this algebraic equation has a real root

o — B1 (B2L21 + BoLaz + a1 Las) + ag (B2L23 + BoLaa + a1 Log)
0 B2Los + PoLar + a1Log

Thus according to this point that is not generally equal to zero, the
perturbed system has at least three limit cycles. Next, we study the
third Lyapunov constant, where we have the parameters ag as . For
simplicity in computation, we consider as

ap = f1 A+ B,

where A and B obtain by considering (4.5). By computing (3.3) for m = 1
and simplifying it w.r.t. the parameters $; and as, we have

B3 L311L321 + B3 (2 L312L391 + a2 L311 L322 + L311L320)
+ B1 (@3 L313L321 + a3 L312L320 + a2 L312L320 + L310L321)  (4.6)
+ a3 L313L320 + a3L313L320 + 2 L310L322 + L310L320,

. (45)
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where L3;s are the coeflficients of the parameters. We note that Ls;s are
dependent on the parameters «q, P2, and SBy. As we can see is the
cubic algebraic equation w.r.t. the parameters 5, and the parameters as. We
consider it as an algebraic equation w.r.t. 8;. This equation has at least one
real root if the coefficient of 31, i.e., £311L£321 is not equal to zero. Thus if
I(1,2) and IT hold, the perturbed system has at least four limit cycles. For
the last step, we study the fourth Lyapunov constant, , by substituting
the parameters ag and $1. Then by simplifying it w.r.t. the parameter s, we
obtain . So if the parameters «q, B2, and [y exist such that the quantic
algebraic equation has a real root, then the perturbed system has
at least five limit cycles. |

5. APPENDIX

5.1. THE FORMULA OF FAA DI BRUNO. Given two functions f and g,
the generalization of the chain rule is known as Faa di Bruno’s theorem.

ar - _
@) =3 P (g Bk (5@, 9@, - g @),
k=1
where B,, j, are the Exponential Bell polynomials. The partial or incomplete
exponential Bell polynomials are a triangular array of polynomials given by

By k(z1,22, ..., Zp—pt1) =
Z n! T Ji o J2 Lokt Jn—k+1
j1! ja! jn,kJrl' 1! 2! (n—k+1)' ’
Where the sum is taken over all sequences ji, jo2, j3, - - -, jn—k+1 Of nonnegative

integers such that these two conditions are satisfied:
L jit+je+is+ - +inkt1 =k,
2. j1+2j 4343+ -+ (n—k+1)jpgr1 =n.
For example
Big(z1) : j1=k,
Biyip(w,@2) « ji=k—1, ja=1,

Bipog(z1,22,23) © j1=k—1, jo=0, js=1,
jl:k_Qv j2:27 j3:07
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Biys(z1, 29, 23,24) @ j1=k—1, jo=0, j3=0, ja=1,
jlzk_Q)j2:1)j3:17j4:07
jlzk_37j2:3’j3207j4:0-

5.2.  The relation A() is

m m m—1
Z a2,CS {P2m+1(9) < 25%@(‘51) — Q2m+1(9)< Z 042k+1(’316>
k=0,k#t k=0 k=0
m—1 m
—Q2m+1(0) ( > 042k;+1€16> + Q2m+1(0) ( > B2k¢16> }
k=0 k=0
m—1 m—1
+ P2m+1(9)< Z Oé2k+1€16> < Z ﬁ2k+1¢16_1>
k=0 k=0
m m—1
— Pomy1(0) < > sz€16) < > 62k+1¢161>
k=0 k=0

m

m—1
— Pomy1(0) ( Zﬂ2k¢6> ( > 52k+1¢261>
k=0 k=0
m—1 m—1
+ Q2m+1(0)( > a2k+1¢16—1> ( > 5%“626—1).
k=0 k=0

5.3. THE COEFFICIENTS IN THE (|4.4)):

—2 (27 —2P3(¢) sin(¢)) cos’ (1))

£21 = E 0 X2 A3 dwﬂ
_ =2 (7T —2P3(¢) sin’ () cos’(¢)
£22 - E 0 X2 AS d/l/)7
_ 2 7 P)sin() cos(9) + Q(1) co’(v)
o Jo x> A

=2 [T By(y) sin® () cos®(¢) + Q3 (1) sin®(¢) cos® (1)
To Jo X2 A3

dip,
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Lo = /27r Ps (1) sin® (1) cos? (1)) ;—Agg(w) sin? () cos3 (1) .
22 27 Py(u)sind (1) cos? (1) + Qa() sin? () cos’ (1)
Log = A dip,
o Jo A
o E 027r Ps3(a) sin®(¢) + Cgi(fgp) sin*(v)) cos (1)) .
—2Q3(v ) cos® (¢
tn = 22 [ B ),
—2 %" —2Q3(¢) sin(¢)) cos(¢))
Log = o ) ZAT di.

5.4. THE COEFFICIENTS IN THE (4.6)). Consider ag = AB; + aaBB.
We have

Jpp— / ™ 1 Ba Py (1) sin? (1) cos () + a1 Bo Py (1) sin (1) cos(1)
0T () o e

| BiPs(v) sin (1) (— cos(1))) — B3 Ps(¥)) cos® ()
X2 AB
—28082P3 (1) sin’ (1)) cos® (1)) — a3 Qs (v) sin® (1)) cos? ()
x2 A3

a1 82Q3(¢) sin(1) cos® (1) + a1 BoQs (1) sin® (1) + cos? ()

+

o6 / AP; (1)) sin (1) cos(1)) — Py (1) sin? () cos® (1))
() x> A3

—l—AQg(z/J) sin® (1) cos? (1) — A%Q3(1)) sin <w>>d1/)

2A3

6 /( P3(1) sin® (1) cos® (1) + BPs () sin’ () cos (1))
o 2A3

Qs(v) sin(y) cos* (¥) — 2AQ3(¢) sin’ (1) cos? ()
2A3

| —2ABQs() sin® (1) + BQs (1) sin®(8) cos” w)) it
x2 A3 ’

+
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Lotn 6 /” —Q3(v) sin(v)) cos*(v) — B2Q3(v) sin5(1/))
X o X A3

_|_

—ng(w);;rigw) cos2<w>> .

Loy = /0 ™ —BoP3(v) sin® (1) — 52P3(w);(j22(w) + a1Q3(¥) sin(y) cos(¢) .
o /Ow AQ3 (1) sin’ () ;jz(w) sin(v)) cos(v)) m
o /Ow Qs(v) coSQ(z/});AleB(w) sin?(¢)) 0.
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