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Abstract: The aim of this manuscript is to understand the dynamics of products of nonnegative
matrices. We extend a well known consequence of the Perron-Frobenius theorem on the periodic
points of a nonnegative matrix to products of finitely many nonnegative matrices associated to a
word and later to products of nonnegative matrices associated to a word, possibly of infinite length.
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1. INTRODUCTION

Given a family F of functions on a set €2, an element wy € 2 is said to
be a common fixed point for F if f(wg) = wp for all f € F. The existence
and computation of such a point has been a topic of interest among several
mathematicians, for instance see [2 [I1]. Of particular interest is when the
collection is a multiplicative semigroup or a group M of matrices, where a
more general question on the existence of common eigenvectors arises. A
classic example of a multiplicative semigroup of matrices is the collection
of matrices whose entries are nonnegative real numbers. In a recent work,
Bernik et al. [3] determined certain conditions that ensures the existence of a
common fixed point and more generally the existence of a common eigenvector
for such a collection M. The existence of common eigenvectors for a collection
of matrices is in itself a nontrivial question and plays a major role in many
problems in matrix analysis. For recent results on periods and periodic points
of iterations of sub-homogeneous maps on a proper polyhedral cone, we refer
the reader to [I] (for instance, see Theorem 4.2) and the references cited
therein.
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We work throughout with the field R of real numbers. Let M,,(R) denote
the real vector space of n x m matrices. The subset of M,(R) consisting
of matrices whose entries are nonnegative real numbers (such a matrix is
usually called a nonnegative matriz) is denoted by M, (R;). For any matrix
A € M,(R), we denote and define the spectrum, the spectral radius and the
norm of A respectively, as follows:

spec(A) = the set of all eigenvalues of A, some of which may be
complex numbers;

p(A) = max {|A| : X € spec(A)};

||A|| = the operator norm of A, induced by the Euclidean
norm of R".

For any N < oo, we fix a finite collection of matrices, {Al, Ao, ..., AN

A, € Mn(R+)} and define the following discrete dynamical system: for xg €
R™, define

Tjy1 = Aw, g, for w; € {1,2,...,]\7}. (1.1)

That is, from a point x; at time ¢ = j, we arrive at the point ;11 at time
t = j + 1 in the iteration of any generic point in R”, by randomly choosing
one of the matrices from the above mentioned finite collection and the action
by the chosen matrix. Observe that in order to achieve proper meaning to
the above mentioned iterative scheme, one expects to understand nonhomo-
geneous products of matrices.

Recall that given a self map f on a topological space X, an element x € X
is called a periodic point of f if there exists a positive integer ¢ such that
f%(x) = x. In such a case, the smallest such integer g that satisfies f9(z) = x
is called the period of the periodic point . The starting point of this work is
the following consequence of the Perron-Frobenius theorem, as can be found
in [8, Theorem B.4.7].

THEOREM 1.1. Let A € M,(Ry) with p(A) < 1. Then, there exists a
positive integer q such that for every x € R™ with (HAka)keN bounded, we
have

lim A*y = ¢, ,
k—o00

where &, is a periodic point of A whose period divides q.

The spectral radius condition in Theorem [1.1] can be dispensed with, only
at the cost of looking at the orbits of points in the positive cone R”}. An
illustration to this effect, can be found in [2, page 321].
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We are interested in a generalization of Theorem [I.I} when the matrix A
in the above theorem is replaced by a product of the matrices A,’s, possi-
bly an infinite one, drawn from the finite collection of nonnegative matrices,
{Al, LA N}. Besides generalizing Theorem as described above, we also
bring out the existence of common periodic points for the said collection of
matrices.

This manuscript is organized as follows: In Section [2] we introduce basic
notations, however only as much necessary to state the main results of this
paper, namely Theorem and Theorem In Section [3, we familiarise
the readers with some results from the literature, on adequate conditions to
impose on a collection of matrices that ensures the existence of common eigen-
vectors. In Section[d] we prove Theorem [2.1]and highlight a special case of the
theorem as Corollary when the collection of matrices satisfy an additional
hypothesis. We follow this with Section [5] where we write a few examples, that
illustrate the theorems. In Section[6] we focus on words of infinite length based
on the finite collection of matrices that we have considered so far and write
the proof of Theorem

2. MAIN RESULTS

In this section, we introduce some notations, explain the underlying set-
tings of the main results and state our main results of this paper. As ex-
plained in the introductory section, we fix a finite set of nonnegative matrices
{Al, e ,AN}, N < oo. For any finite M € N and p € N, we denote the set
of all p-lettered words on the set of first M positive integers by

¥, = {w:(wlwg---wp) : wTG{l,...,M}}.

For any p-lettered word w := (wiwa---wp) € Xk;, we define the (finite)
matrix product

Ay = Ay X Ay X X Ay X Ay (2.1)

A key hypothesis in our first theorem assumes the existence of a nontrivial
set of common eigenvectors, say E = {’Ul, Vo, ..., vd} for the given collection of
matrices, {Al, LA N}- These common eigenvectors may be vectors in R™ or
C™. A sufficient condition that ensures the existence of common eigenvectors
for the given collection is to demand the collection to be partially commuting,
quasi-commuting or a Laffey pair when N = 2, or the collection to be quasi-
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commuting when N > 3. Each of these terms is explained in Section [3] Define
LC(E) = {aqv1 + -+ + aquq : o € C satisfying
a5, = O, for all vs, = Tg, (2.2)

and aj € R otherwise}.

We now state our first result in this article.

THEOREM 2.1. Let {Al,Ag,...,AN}, N < 00, be a collection of n xn
matrices with nonnegative entries, each having spectral radius 1. Assume that
the collection satisfies at least one of the following conditions, that ensures
the existence of a nontrivial set of common eigenvectors.

1. If N = 2, then the collection is either partially commuting, quasi-
commuting or a Laffey pair.

2. If N > 3, then the collection is quasi-commuting.

Let E denote the set of all common eigenvectors of the collection of matrices.
For any finite p, let w € X% and A,, be the matrix associated to the word w.
Then, for any vector x € LC(E), there exists an integer q,, > 1 such that

lim Afr = &, (2.3)

k—o0

where &, ) Is a periodic point of Ay, whose period divides q,,. Moreover,
when p > N and w is such that for all 1 < r < N, there exists 1 < j < p such
that wj = r, the integer q,, and the limiting point {, ;) € R" are independent
of the choice of w.

Careful readers may have already observed that, subject to the spectral
radius condition as found in the hypothesis of Theorem we have LC(E) C
{x € R" : sup HAZ:UH < oo} However, since the spectral radius of A, can
not be determined in general, we are forced to only work with vectors in
LC(E). Nevertheless, when the collection of matrices satisfy the spectral
radius condition and are simultaneously diagonalizable, the above two sets
coincide and is equal to R™. We will look at examples of this kind, later in
Section [5} We now illustrate the case when the above set inclusion is proper.

Consider the following pair of non-commuting, diagonalizable nonnegative
matrices both having spectral radius 1, with one common eigenvector, namely
e1.

1 3 00 1 3 00
Alzg 01 2 and A2:§ 01 4
0 21 011
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Consider the two-lettered word w = 12 € E%. Then, the spectrum of A,

given by {2+3\/§, 1, %} has corresponding eigenvectors

u=(0,1+V3,-1), e, v=(0,2-V3-1)

that form a basis for R3. Since the largest eigenvalue is larger than unity, we

observe that the sequence (||A%ul) is unbounded. Thus, lim A¥u does

keN k—o00

not exist. Further, in this case, we note that

LC(E) = {aje1 : a € R} C {x eR?: supHAfJxH < oo}
k
= {are1 + agv 1 aj,ay € R}.

We now denote the interior of the nonnegative orthant of R™ by (R"})°, a
convex cone and define the logarithm map and the exponential map, that ap-
pear frequently in nonlinear Perron-Frobenius theory as follows: log : (R’})° —
R™ and exp : R" — (R’)° by

log(z) = (logzy,...,logxzy) and exp(z) = (e*,...,e").

As one may expect, these functions act as inverses of each other in the
interior of R’}. More on these functions and their uses in nonlinear Perron-
Frobenius theory can be found in the monograph [8]. A nonnegative matrix,
when viewed as a linear map on R", preserves the partial order induced by
R%. A map f defined on a cone in R" is said to be subhomogeneous if for every
A € [0,1], we have A\ f(x) < f(A\x) for every x in the cone and homogeneous if
f(Ax) = Af(z) for every nonnegative A and every z in the cone. It is then easy
to verify that the function f := exp oA olog is a well-defined subhomogeneous
map on (R’ )°. We now state a corollary to Theorem for an appropriate
subhomogeneous map, f,.

COROLLARY 2.2. Let {Al, .. .,AN}, N < oo be a set of n X n matrices
satisfying all the hypotheses in Theorem For any finite p, let w € Zi’v
and A, be the matrix associated with the word w. Consider the function
fo: (RT)® — (R)° given by f,, = expoA, olog. Then, for any y = e* €
(R%)° where x € LC(FE), there exists an integer ¢ > 1 such that

lim fAy = 7, , (2.4)
k—oo

where 1, is a periodic point of f,,, whose period divides q.



228 S. JAYARAMAN, Y.K. PRAJAPATY, S. SRIDHARAN

Our final theorem in this paper concerns the orbit of some x € R™ under
the action of some infinitely long word, whose letters belong to {Al, LA N}.
In order to make our lives simpler, we shall assume that the given collection of
matrices are pairwise commuting, with each matrix being diagonalizable over
C. This ensures the existence of n linearly independent (over C) common
eigenvectors E = {1)1, . ,vn} for the given collection. Let the first x of these
common eigenvectors correspond to eigenvalues of modulus 1 for every matrix
Ay, in the collection. Observe, in this case that LC(E) = R". Further, for any
vector z € R™ given by = =) | asvs obeying the conditions mentioned in
Equation , we define the support of the vector = as

I(z) = supp(z) = {1<s<n:a,#0}.

We now give a brief overview of the space of infinite-lettered words on
finitely many letters. According the discrete metric on the set of letters
{1, 2,...,N } using the Kronecker delta function, one can topologize XX, with
the appropriate product metric. When p = oo, notice that the basis for the
topology on the space of infinite-lettered words on /N symbols, namely %7,
is given by the cylinder sets that fixes the set of initial finite coordinates, i.e.,
given any w € X% for some p € ZT, the corresponding cylinder set is given by

[W1W2"'wp] = {TGE?VO DT = wj forlgjgp}.

For more details on the spaces X4 or £%7, one may refer [6].

For any p-lettered word w € X%, we denote by @, the infinite-lettered
word obtained by concatenating w with itself, infinitely many times, i.e., W =
(ww --+). Under the topology defined on X%, one may observe that

£ = U{w:weEé’V}.

p>1

We know, from Theorem [2.1], that upon satisfying the necessary technical con-
ditions, klim ARz = ¢, whenever z € LC (E). Thus, the following definition
— 00

makes sense. Let
A, = Ay = (AD*  as k— oo.

However, since Theorem 2.1 only asserts &, to be a periodic point whose period
divides ¢, we shall consider the map A, : R™ — (R™)?. The precise action of
A, on points in R" is given by

Ay(2) = (&0, Aty .., ATTEE,) . (2.5)
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Let 7 = (7'1 Ty T3 ) € X% be any arbitrary infinite lettered word that
encounters all the N letters within a finite time, say m. It is easy to observe
that the sequence

((7'1 o Tm), (71 Tg1), ) converges to T,

in the topology on X%7, as described above. For any p > m, denote by Tlpl,
the infinite-lettered word (71 - - - 7,) that occurs in the sequence, written above
that converges to any given 7 € X%7. Moreover, from the discussion above,
we have that

Aw = (& A AT NG ).

Notice that the first component of the vector in (R™)? is always &, for all
p > m. Further, we define for every r € {1, e ,N},

Q) (p) = # of Apin A .

We now state our final theorem in this paper.

THEOREM 2.3. Let {Al, e ,AN}, N < o0, be a collection of n X n simul-
taneously diagonalizable nonnegative matrices each having spectral radius at
most 1. Suppose 7 € X} encounters all the N letters within a finite time,
say m. Then, for any r € R", there exists an increasing sequence {p7}7>1
(depending on x), of positive integers and a finite collection of positive integers
{A(T,s)} for1 <r < N and 1 < s < k such that

N

> Mg (@) (Py) = iy (p7)] = 0 (mod g),
r=1

for all s € I(x)N{l,...,Kk},

where p., and Dy,, are any two integers from the sequence {py}.

The above result may appear to be explaining an arithmetic property in a
paper that deals with random dynamical systems generated by finitely many
matrices; however, the authors urge the readers to note the following. As

explained earlier, we know that m : R" — (R™)?. Observe that pli_)r{)lo 1/4:; T

does not necessarily exist. However, from the proof of Theorem we will
obtain the following corollary:
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COROLLARY 2.4. For each x € R", there exists an increasing sequence

{pV}wzl (depending on x) such that {AT[M]x}yx is a constant sequence and

—_—

therefore, lim A_j,.x exists.
y—oo T

3. COMMON EIGENVECTORS FOR A COLLECTION OF MATRICES

A key ingredient in our main results in this work is the existence of a
nontrivial set of common eigenvectors for a given collection {Al, LA N} of
matrices. It is a well known result that if every matrix in the collection is diag-
onalizable over C with the collection commuting pairwise, there is a common
similarity matrix that puts all the matrices in a diagonal form. A collection
of non-commuting matrices may or may not have common eigenvectors. The
question as to which collections of matrices possess common eigenvectors is
extremely nontrivial. In what follows, we give a brief account of this question
that is essential for this work. We begin with the following definition.

DEFINITION 3.1. A collection {Al, ceey AN} of matrices is said to be quasi-

commuting if for each pair (r,r’) of indices, both A, and A, commute with
their (additive) commutator [A,, A./] == A A — A A,

A classical result of McCoy [5, Theorem 2.4.8.7] says the following:

THEOREM 3.2. Let {Al, ey AN} be a collection of n x n matrices. The
following statements are equivalent.

1. For every polynomial p(t1,...,tx) in N non-commuting variablesty, ...,
ty and every v, =1,...,N, p(Aq,..., An)[Ar, Ay] is nilpotent.

2. There is a unitary matrix U such that U*A,U is upper triangular for
everyr=1,...,N.

3. There is an ordering )\gr),...,)\q(f) of the eigenvalues of each of the

matrices A, 1 < r < N such that for any polynomial p(ty,...,tx)
in N non-commuting variables, the eigenvalues of p(Ai,...,An) are

p()\gl),...,)\gN)>, s=1,...,n.

If the matrices and the polynomials are over the real field, then all calcu-
lations may be carried out over R, provided all the matrices have eigenvalues
in R. It turns out that a sufficient condition that guarantees any of the above
three statements is when the collection of matrices is quasi-commutative (see
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Drazin et al. [4]). Moreover, the first statement implies that the collection
{Al, LA N} has common eigenvectors. There are also other classes of ma-
trices which possess common eigenvectors.

A pair (A1, A2) of matrices is said to partially commute if they have com-
mon eigenvectors. Moreover, two matrices Ay and A, partially commute iff

n—1
the Shemesh subspace N' = ﬂ ker ([Alf ,AIQD is a nontrivial maximal in-
k=1
variant subspace of Ay and As over which both A; and As commute (see
Shemesh [10]). The number of linearly independent common eigenvectors of
the pair cannot exceed the dimension of N. A pair (Aj, A2) of matrices is
called a Laffey pair if rank ([A1, A2]) = 1. It can be shown that such a pair of
matrices partially commute, but do not commute.

4. PROOF OF THEOREM 2.1

In this section, we prove Theorem 2.1} after stating a theorem due to
Frobenius. Suppose A is an irreducible matrix in M, (R;.) such that there are
exactly k eigenvalues of modulus p(A). This integer « is called the index of
imprimitivity of A. If kK = 1, the matrix A is said to be primitive. If kK > 1,
the matrix is said to be imprimitive.

THEOREM 4.1. ([I2, Theorem 6.18]) Let A be an irreducible nonnegative
matrix with its index of imprimitivity equal to k. If Ay,..., \; are the eigen-
values of A of modulus p(A), then Ai,...,\; are the distinct k-th roots
of [p(A)]".

Proof of Theorem 2.1, Recall that £ = {vl, e ,vd} is a set of d common
eigenvectors of the matrices Ay,..., Ay that satisfies A,vs = A(; 5)vs, where
A(r,s) is an eigenvalue of the matrix A, corresponding to the eigenvector vy,
1 < s <d. Observe that for any p-lettered word w = (w1 - - - wy), we have

AVs = Awys) " Awr,s)Vs = A(w,s)Vs » where A 5) = Aw,s) " Awr,s)-
We now rearrange the common eigenvectors {vl, ... ,vd} as
{vl, ey Uk U ly - - - ,vd},
where £ is defined as

K = #{vs D Apvs = A g)Us With })\(m)‘ =1forall 1<r< N}. (4.1)
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It is possible that x = 0, in which case, the limiting vector is the zero vector
(as you may observe by the end of this proof). Recall from Equation ([2.2)
that

LC(E) = {aqv1 + -+ 4+ aqug : o € C satisfying
g, = g, for all vy, =7,

and a; € R otherwise}.

Owing to the hypotheses on the spectral radius in the statement of the theo-
rem, we have that for every z € LC(E), the sequence { || AXz|| }k>1 is bounded.
In fact, a

1452l = llenAGer + - + aadgual| < feal[for] + - + Jaal[|val]-

Let q1,...,qn be positive integers that satisfies the outcome of Theorem
for the matrices Aq,..., Ay respectively. For some p > N, let w be a
p-lettered word in 2713\, such that for all 1 < r < N, there exists 1 < j < p
such that w; = r. Define ¢ to be the least common multiple of the numbers
{a, - an}-

For every s € {1, .. .,d} and r € {1, . ,N}, we enumerate the following
possibilities that can occur for the values of A(,. ,:

Casel. (/\(,nys))q = 1 for every r and for some s with A(.,) € R. This implies
that the corresponding eigenvector v lies in LC(E).

Case 2. (A(rvs))q = 1 for every r and for some s with A,y € C. This implies
that there exists eigenvectors vs; and v with corresponding eigenvalues
conjugate to each other such that a,vs + a,v; lies in LC(E).

Case 3. ‘)\(T,S)‘ < 1 for some s and for some r. In this case, the iterates of v,
under the map A, goes to 0; that is, klim Akv, = 0.
—00

For any = € LC(F) that can be written as * = ajv1 + - - - + aqvg, we have

) ka. . kq . kq
klggo Al = oy klggj ()\(%1)) v+t ag klggo ()‘(w,d)) Yd

= oqU1 + - Uk

: g(x,w)'

Observe that §(, ) and ¢ are independent of the length of the word and
in fact, the word w itself. We denote {(, .y = &. Moreover, {, € LC(E).
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Further, for £, = ajv1 + -+ + axve and 1 < r < N, we have

Alréy = aiAlror + -+ ag A" v,
= a1 (M) ot s (Agm) " v

Since &, is a periodic point of Ay, ..., Ay with periods ¢1, ..., qN respectively,
we have £, to be a periodic point of A, with period ¢q. |1

We now state a corollary to Theorem where we include conditions
in the hypotheses that ensures LC(E) = R™. The corollary can be proved
analogously to the above theorem. However, we present a simpler proof in
this case.

COROLLARY 4.2. In addition to the hypothesis of Theorem [2.1], assume
that the considered collection of matrices is pairwise commuting with each
matrix being diagonalizable over C. Then, for any x € R", the same conclu-
sion, as in Theorem holds.

Proof. We first observe that the extra hypotheses in the statement of
the corollary ensures that the matrices A1,..., Ay are simultaneously diag-
onalizable, i.e., there exists a nonsingular matrix @ such that the matrix
A, = Q7'D,Q, for D, = diag ()‘(7"71)7)‘(7‘,2)7 . vA(r,n))v where A, ) are the
eigenvalues of the matrix A,, arranged in non-increasing modulus.

Let w € X%, with corresponding matrix product A,. Then, 4, = Q'D,Q.
By Theorem we have )\qm) = 1 for every eigenvalue of modulus 1. Hence,
for every x € R, we have

: kg, — 1; —1 nkgq —
Jim Alte = Jim (Q7IDIQ) = &,

where &, is a periodic point of A, for every 1 < r < N and is given by
&x = a1V +. .. + vy, the definition of k, as in the proof of Theorem |

We now show that the diagonalizability condition can not be weakened
in the hypothesis of Corollary However, since the matrices in the collec-
tion {Al, LA N} commute pairwise, we still obtain a collection of common
eigenvectors, £ = {vl, e ,vd}. For example, consider the following pair of
non-diagonalizable, commuting matrices:

11 1 2
A1 = |:0 1:| and A2 = |:0 1:| .
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Observe that e; = (1,0)" is a common eigenvector for A; and As, whereas
ea = (0,1)! is a common generalized eigenvector for A; and Ay. We further
note that for any word w that contains both the letters, the orbit of es under
A, is unbounded while that of e; is bounded.

Remarks 4.3. A few remarks are in order.

(a) If all the matrices Aj, ..., Ay are pairwise commuting nonnegative
symmetric matrices, subject to the spectral radius assumption in Corollary
then the periods of all the periodic points corresponding to the eigen-
values 1 and —1 for all A,’s is at most 2. Hence, for a matrix product A,
corresponding to a word w, we have ¢ = 2.

(b) We have proved Theorem for a special choice of w that contains
all the IV letters. Suppose ' is any arbitrary p-lettered word. Then we can
take the appropriate subset of {1, o, N }, whose members have been used
for the writing of the word w’ and the same result as above follows for w’.

Suppose the p-lettered word w = (rr---7r) for some 1 <r < N. Then the
above theorem reduces to a particular case, as one may find in [7, 9]. We now
state the same as a corollary.

COROLLARY 4.4. Let A be an n x n matrix with nonnegative entries that
is diagonalizable over C and of spectral radius 1. Then there exists an integer

q > 1 such that for every x € R", we have klim A%y = ¢, where &, is a
—00

periodic point of A with its period dividing q.

5. EXAMPLES

In this section, we provide several examples that illustrate the various
results, that have been proved until now. We first fix a few notations. We
denote the standard basis vectors of R™ by eq,...,e,, while I,, denotes the
identity matrix of order n. We write the permutation matrices of order n in
column partitioned form denoted by P,; for instance, we denote the 2 x 2
permutation matrix [ez | e1] by P. The matrix of 1’s (of order n) is denoted
by J,. The diagonal matrix of order n with diagonal entries dy,...,d, is
denoted by diag(dy,...,d,). Our first example is a fairly simple one and
illustrates the scenario in Corollary [4.4]

ExXAMPLE 5.1. Consider the diagonalizable matrix A = P, with spectral
radius 1. If = ey € R?, then observe that
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& eo, if kiseven,
Afr =
e1, ifkisodd.

In this example, we obtain g = 2.

The next two examples illustrate Corollary The first one involves a
pair of 6 X 6 commuting nonnegative matrices.

ExXAMPLE 5.2. Consider

A Fo 0 here Py = [eq]e1 ] e ]es]
= wher g
1 0 AP ere Py = [es]er|ea]es
111 2
and A§22):3[2 J,
01 01
AN o an  1[1 0 1 0
2
1 01 O
22 1 [3 V7
andAg):m[ﬁ 3].

It can be easily seen that the matrices A; and As commute and are di-
agonalizable over C and therefore, are simultaneously diagonalizable. The
following table gives the common eigenvectors of A; and As and the corre-
sponding eigenvalues of the matrices A; and As.

Eigenvectors U1 () V3 V4 Vs Ve
Eigenvaluesof A || 1 | =1 | —i| 4 | 1 | =1/3
Eigenvaluesof A5 || 1 | =1 | 0 | 0 | A\¢ Ao

3 7 3—V7
where \; = 4;()[ and Ay = 10\[. The common eigenvectors are given
by
v = (1,1,1,1,0,0), ve = (1,-1,1,—1,0,0)¢,
vy = (1,4,—1,—14,0,0), vy = (1,—14,-1,4,0,0),

vs = (0,0,0,0,1,1)!, v = (0,0,0,0,1,—1)t.
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Following the lines of the proof of Corollary we consider the nonsingular
matrix (written in column partitioned form) @ = [v1]---|vg]. Then, for
r =1,2 we have 4, = QD,Q ™!, where D, is the diagonal matrix consisting
of the eigenvalues of A,. Looking at the table of eigenvalues, one can see

6
that ¢ = 4 and ¢ = 2. Consider any x € RY given by # = Y_ a;v; where
i=1
a1, a0, 05,06 € R and as,aq € C with ag = @z. For any word A, that
contains both A; and Ay , we have
lim Afikx = (Q lim DikQ1> T = a1v1 + agvg,
k—o00 k—o00
a periodic point of A, with period at most 2, that divides the least common
multiple of ¢; and g¢s.

We now present another pair of commuting and diagonalizable matrices,
this time in R7, where we exhibit a periodic point of A,,, whose period is equal
to the least common multiple of the relevant g;’s.

EXAMPLE 5.3. Let

(I3 0 O 11
Ay =10 P 0 where D; = diag <2, 3) ;

10 0 Dy

(P3 0 07 11
Ay = |0 I O where Dy = diag (5, 6)

LO 0 Do

and P3 = [63|€1‘€2].

As earlier, we write a table with the common eigenvectors and the corre-
sponding eigenvalues for the matrices A7 and As.

Eigenvectors v | vy | v3 | vg | vs | Ug e
Eigenvaluesof A; | 1 | 1 | 1 |1 |—-1|1/2]1/3
Eigenvaluesof Ao || 1 | w |w? | 1 | 1 |1/5|1/6

where w is the cubic root of unity and the v;’s are
v = (1,1,1,0,0,0,0)", vo = (1,w,w?,0,0,0,0),
v3 = (1,w? w,0,0,0,0)", vy = (0,0,0,1,1,0,0),
vs = (0,0,0,1,-1,0,0), vg = €g, v = er.
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In this example, we have ¢ = 2 and ¢ = 3. Consider z € R” given by
T = 21'721 a;v; where aq,ay, a5, a6, a7 € R, ag,a3 € C with as = @z and
a2, a5 being non-zero. Then, for the word A, = A" A with p; # 0 (mod 2)
and pa # 0 (mod 3), we have kl;rglo Agkx = £, a periodic point of A,, of period
6, the least common multiple of ¢; and g». If p; violates the above condition,
then the period of &, is 3; if ps violates the above condition, then the period
of &, is 2 and if both p; and po violate the above conditions, then the period
of &, is 1, all three numbers being factors of the least common multiple of ¢;
and go.

We now write two examples in the non-commuting set up that illustrates
Theorem 2,11

EXAMPLE 5.4. Let

[P0 ;o 1/5 1/6
A = [0 A’J where A] = [1/6 15

and Py, = [64161|62|63};

P 0 0
Ay = |0 P 0 where Al = E;; i?ﬂ
0 0 A

Observe that the matrices A; and Ao do not commute, but partially com-
mute giving rise to the existence of a set of common eigenvectors that are
given by

v = (1,1,1,1,0,0)" , v = (1,-1,1,—-1,0,0)" , w3 = (0,0,0,0,1,1)" .

The corresponding eigenvalues of the respective matrices are given in the
following table.

Eigenvectors vl | Vg V3
Eigenvalues of A || 1 | =1 | 1/5+1/6
Eigenvalues of Ao | 1 | =1 | 1/7+1/8

In this case, we obtain ¢ = 4 and ¢o = 2. Here,

LC(E) C {x eRY : supHAfJxH < oo}7
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where A, contains both A; and As. Suppose z € LC(E) given by = =

a1v1 + ague + agvg for a; € R. Then, we have klim Af)kx = &, a periodic
— 00

point of A, however with period at most 2, that divides the least common

multiple of ¢; and g¢o.

As in the commuting case, we now present an example in the non-com-
muting setup and exhibit a periodic point for a particular choice of A, whose
period is equal to the least common multiple of the appropriate ¢;’s.

EXAMPLE 5.5. Let

I3 0 0 P3 0 0
A1 =10 P 0 and A = |0 I 0|, where A, = Ejz 51]
0 0 3J 0 0 4

and Ps is the permutation matrix as defined in Example
In this example, A; and As form a Laffey pair. They have the following
six common eigenvectors:

v = (1,w,w?,0,0,0,0)" va = (1,w?,w,0,0,0,0)"
v3 = (1,1,1,0,0,0,0)" , vy = (0,0,0,1,1,0,0)" ,
vs = (0,0,0,1,—1,0,0)" , vg = (0,0,0,0,0,1,1)" .

As earlier, we write the corresponding the eigenvalues of the matrices in
the following table:

Eigenvectors U1 () V3 | U4 Vs Ve
Eigenvaluesof A | 1 | 1 | 1 | 1 | -1 1
Eigenvalues of Ay | w |[w? | 1 | 1| 1 [1/3+1/4

Here, g1 = 2 and g9 = 3. Let A, be a matrix product such the matrix
A, occurs p, times in A, and satisfies p; # 0 (mod 2) and p2 # 0 (mod 3).
For any vector x = ajv; 4+ -+ + agug with a1,as € C satisfying a1 = am,
asz, a4, 05,06 € R and ag,as being non-zero, we obtain kli_>m Agka: =&, a

o0

periodic point of A, of period 6, the least common multiple of ¢; and ¢o. If
p1 violates the above condition, then the period of £, is 3; if po violates the
above condition, then the period of &, is 2 and if both p; and ps violate the
above conditions, then the period of &, is 1, all three numbers being factors
of the least common multiple of ¢; and qs.
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At this juncture, we write one more example that showcases the depen-
dence of the limiting periodic point on the word w, in the non-commuting
set-up, even when the non-common eigenvectors have a bounded orbit.

EXAMPLE 5.6. Let

171 2 171 4
A1:3{2 1] and A2:5[2 3}

It can be easily seen that Aj Ay # AsA;. The eigenvalues of Ay and Ay are
1, —% and 1, —% respectively. The vector (1,1)! is a common eigenvector for
Aj and As corresponding to the eigenvalue 1. Moreover, the eigenvalues of
A1 Ag are 1, % (and so the same is true for AsA;). It easily follows from
this that any = € R? has a bounded orbit. The eigenvector corresponding to
the eigenvalue —% for Ay is (1,—1)" and the eigenvector corresponding to the

eigenvalue —% for Ag is (2, —1)!. Note that
(A142)" — (A241)* = [_a(k) a(k)] for k>1,

and therefore the commutator has rank 1, making this a Laffey pair. It is now
obvious that
lim (A1 A42)" (1,1)" = lim (A24,)% (1,1)¢

k—o0 k—o0

since ((AlAg)k — (AQAl)k) (1,1)t = (0,0)*. Nevertheless,

((AlAg)k - (AgAl)k) (2,-1)" = —3a(k)(1,1)!  whereas

((4142)" = (A240)%) (1,-1)" = —2a(k)(1,1)".

Therefore, if x is one of the points (2, —1)! or (1, —1)¢, then, klim (AlAg)k x
—00
# lim (A24,)" z, since lim a(k) # 0.
k—o0 k—o0

It is possible to study these examples under the action of the appropriate
non-homogeneous map, described in Corollary

We conclude this section by describing another way of writing Theorem
Recall that X% denotes the set of all infinite-lettered words on the
set of symbols {1, . ,N}. Considering the Cartesian product of the sym-
bolic space X% and R", one may describe the dynamical system discussed
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in this paper thus: Given a collection {Al, LA N} of n x n matrices, let
T:X =X xR* - X be defined by T(r, z) = (o7, Ar ) where 7 =
(7'17'27'3 .- ) and o is the shift map defined on X% by (o7),, = 741 for n > 1.
We equip X with the corresponding product topology and study T as a
non-invertible map.

THEOREM 5.7. Let {Al, .. .,AN}, N < 00, be a collection of n X n ma-
trices that satisfy the hypotheses of Theorem 2.1 Suppose E denotes the
set of all common eigenvectors of the collection of matrices. Let 7 € X% be
any arbitrary infinite lettered word that encounters all the N letters within

a finite time, say m. Let {ﬂ} N be a sequence of infinite-lettered words
p=-m

that converges to 7. Let A_j, be the matrix associated to the p-lettered word
Tl e YR,. Then, for every p > m and any vector z € LC(E), there exists an
integer q > 1 such that

lim T*P4 (W, x) = (m, §x> ,

k—o0

where (W, 53;) is a periodic point of T', whose period divides the least com-
mon multiple of p and q.

6. WORDS OF INFINITE LENGTH

We conclude this paper with this final section where we write the proof of
Theorem Recall that the hypotheses of Theorem and Corollary
are one and the same.

Proof of Theorem Recall from Equation that whenever x €
LC(E) =R" (in this case), we have

—_~

—1
A px = (&Jc s A &e s aAZ[p] fz) ) for p>m,

where m is the finite stage by when the word 7/P! encounters all the letters
in {1,2,...,N}. In general, it is not necessary that A_mé&: = A minée.
However, owing to £, being a periodic point of AT[p} for p > m, whose period
divides ¢ (> 1, say), a simple application of the pigeonhole principle ensures
A e = A_pn&s, for some m' > m. We choose m’ that guarantees

—~— e~

Amr = A_pnx, as vectors in  (R™)7.
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Proceeding along similar lines, one obtains an increasing sequence, say {p~}
such that {A mm} is a constant sequence of vectors in (R™)? for every
v21
r € R™. Thus, for any two integers p,, and p,,, from the sequence {p,}, we
K
have Ai[pwklgx = Ai[pwk,]gx for every 0 < 5 < ¢ — 1. Since &, = Z%Us, we

s=1
obtain

A(T[ka],s) = )\(T[pvk,]ﬂs) for every s € I(z)N{l,...,Kk}.

This implies that for every s € I(z) N{1,...,x}, we have

H )\‘I)(-r T) p’yk H )\CP(T T) p’Yk/) H )\ ‘rr)(p"/k ‘r,r)(p"/k/) _ 1 )

() (r,s)

Since the numbers A, ;)’s are g-th roots of unity, we obtain positive integers
A5 that satisfies

N
ZA(T,S) [‘I)(T,T) (p’yk) - CI)(T,T) (pvk/)] =0 (mOd CI)

r=1

for all s e I(x ﬂ{l } |

As pointed out after the statement of Theorem in Section [2] and as

—_—

one may observe from the proof above, {AT[M].% is constructed to be a
y>1

constant sequence, thus proving Corollary
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