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Abstract: Let (M,w) be a symplectic manifold induced by an integrable G-structure P on M. In
this paper, we characterize the symplectic manifolds induced by the tangent lifts of higher order
r > 1 of G-structure P, from M to T" M.
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1. INTRODUCTION

Let M be a smooth manifold of dimension n > 1. The tangent bundle of
order r of M is the n(r + 1)-dimensional manifold 7" M of r-jets at 0 € R of
differential mapping ¢ : R — M. We denote by 7, »s : T"M — M the canon-
ical projection defined by m, a1 (j50) = 0(0). Let (U,z") be a local coordinate
system of M, we denote by (z*, %) the adapted local coordinate of T"M over
the open set T"U, we have:

2 (jhe) = g9 (@ 0 0)(t) li=o -

The differential geometry of the tangent bundles of higher order has been
extensively studied by many authors, for instance I. Kolar ([1]), Morimoto ([3]
and [4]). Tt plays an essential role in the description of a Lagrangian formalism
of higher order. On the other hand, we denote by F'M the frame bundle of M,
it is GL(n)-principal bundle, where GL(n) is a linear Lie group of R". Let G be
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a Lie sub-group of linear group, we recall that, a G-structure on M is a sub-G-
principal bundle (P, M, pas) of FM. We know that some structures of classical
differential geometry can be described by some G-structures. For instance,
the almost complex structures, the Riemannian structures, the symplectic
structures and regular foliations. That why, the study of tangent lifts of higher
order of these structures has their importance in the calculus of variations and
some problems connected as the Hamiltonization problems of higher order.

By the canonical linear action p,, : GL(n)xR™ — R", we define an injective
morphism of Lie groups j7<f> : T"(GL(n)) — GL(n(r 4+ 1)) such that, for any
manifold M, we have (see [3]) a natural principal bundle morphism j]\?
T"FM — FT"M over idprp;. The mapping is an embedding. Let (P, M, pas)
be a G-structure, we set

G" = ]1<1T> (TT‘G)7
TP =j\{)(T"P).

The principal bundle (7"P,T"M,G") is a G"-structure on T" M. 1t is called
tangent G-structure of order r. In [3], it has showed that the tangent G- struc-
ture of order r is integrable if and only if the initial structure is integrable.
In particular, this prolongation generalize simultaneously the tangent lifts of
higher order of almost complex structures, Riemannian structures, symplec-
tic structures and regular foliations. In the particular case where r = 1,
A. Morimoto has shown the following result.

THEOREM 1. ([2]) Let G be a Lie group generated by all elements u €
GL(n) invariant with respect to a bilinear form f on R?>™. We denote by
(TP, TM, Tpyr) the tangent lift of integrable G-structure (P, M,pyr). Let wg
be a symplectic form induced by P and wg1 the symplectic form induced by
(TP, TM,Tpur). We have:

war = (wa)® (1)

where (wg)\© is the complete lift of wg from M to TM.

In the case where r > 2, we do not have similar result. In this paper,
we propose a generalization of this result. Thus, this paper is structured as
follows. In Section [2] we recall some prolongations of differential forms from
a manifold M to T"M. In Section (3| we prove the main result of this paper.
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2. COMPLETE LIFT OF DIFFERENTIAL FORMS

In this section we recall briefly the main result of A. Morimoto [4], about
lifts of functions, vector fields and differential forms to the tangent bundle of
higher order. These results will be used in the main section. Let M be a
smooth manifold of dimension m > 1. Let f be a function of class C*° and
a € {0,...,r}, we define the a-lift f(@) as the function on T"M given by the
formula

F50) = L4 (fo0)(t) |0 -

If o is negative, then we set f(®) = 0.

The family of a-lifts of functions is very important because, if X and Y
are vector fields such that X (f(®) = Y (f(®) for all functions f on M and
a=0,...,r,then X =Y.

PROPOSITION 1. Let X € X(M) and 0 < a < r. There is one and only
one vector field X(® on T"M such that:

x (@) (f(ﬂ)) = (X f)F)
for any f € C®(M) and 0 < 5 <r.

Proof. See []. 1

The vector field X (@) is called a-prolongation of X. For some properties
of X(® see for instance [I] or []. Let (U, z%) be a local coordinate system of
M and (2%, x%) be a local coordinate system on T"M over T"U induced by

(U, z%) such that X = a’ a?gi’ with a’ € C°°(U) we have:

0
8:%

X (@ = (g%)B=e)

PROPOSITION 2. Let w be a differential form of degree p. It exists on T" M
one and only one differential form of degree p denoted by w(®) verifying:

w(C) <X£ﬁ1)7 s 7XPSBP)) = (W(Xh ceey Xp))(r_(ﬁl"'"""ﬁp)) (2)
for all X1,...,X, € X(M) and B1,...,8, €{0,...,7}.

Proof. See []. 1



282 P.M.K. WAMBA, G.F. WANKAP NONO

DEFINITION 1. The differential form w(© is called complete lift of w from
M toT"M.

Let {xl, e ,m"} be a local coordinates system of M such that, the local
expression of w is given by:

w= wil...ipdxil A Adz.
The local expression of w(© is given by:

o 3 (wil..‘ip)(ﬁ)dxiﬁll Ao Ndag (3)
,31+"'+ﬁp+6z7‘

In the particular case where p = 2, ie., w = wijdaci Adx?, then the differential
form w(® has the matrix form

(i)™ Wiy

wij e 0

It is called matrix representation of the complete lift w(9). In particular, if w
is non degenerate, then w(® is also non degenerate.

COROLLARY 1. Let w be a differential form of degree p on M. We have:

d(w) = (dw)®. (4)
Proof. See []. 1

Remark 1. This corollary shows that, if w is closed (resp. exact) then w(®)
is closed (resp. exact). Thus, if w is a symplectic form on M then w(® is a
symplectic form on T"M. On the other hand, the method employed for the
description of the complete lifts of differential forms can be extended to a
symmetric tensor. In particular for a symmetric tensor g of type (0, 2) on M,
if locally g = g;jdx; ® dx;, then the complete lift ¢l is given by:

g(c) = (gij)(r_a_’a)da:fx ® da:]é.
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3. THE MAIN RESULT

Let f be a bilinear symmetric (resp. skew symmetric n = 2m) non degen-
erate form on R™. In [3], the author shows that: if G is a Lie sub-group in
I(f), where I(f) is the Lie sub-group of all elements u € GL(n) such that, for
any x,y € R,

flu(z),uly)) = fz,y),
then G" is the Lie sub-group in the Lie group I(f <7">), where 7. : T"(R) = R
is defined by 7,(jio) = X d" (o) (t) |i=o and the bilinear form f{") =7, 0 T" f is

ol dr
symmetric (resp. skew symmetric).

Remark 2. Let (P, M,pyr) be a G-structure, where G C I(f) as above,
f is skew symmetric and non degenerate (n = 2m). Let ¢ : M — P be a
section, for any x € M the map

T.MxT,M — R
(uxyva:) — f(¢($)_1(ux)7¢(x)_l(vx))

is bilinear, skew symmetric and does not depend of ¢. We denote it by wg(z),
in particular we obtain an almost symplectic form wg on the manifold M.
If (P, M,pyr) is integrable, then w¢g is a symplectic form on M. It is called
symplectic form induced by (P, M, par).

THEOREM 2. Let f and f) be as above. Let G be a Lie subgroup of the
Lie group I(f). Let (P, M,pur) be an integrable G-structure on M (dim M =
n = 2m). We denote by wg and wgr the symplectic forms induced by P and
T" P respectively. We have:

wer = (wa)'©. (5)

Let ¢ € I'(P), where I'(P) denote the space of smooth sections of P, we
have: 9

o@)(e;) = (@) (55) - (6)

By the same process defined in [3], we prolong ¢ from P to 7" P and we obtain
the section ® on 7" P. The matrix form of ® is given by:

¢§, e 0

(¢;’,)(r) ¢§,
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Thus, we deduce that, for any ,j € {1,...,n} and «, 8 € {0,...,r}, we have:

i+na __ i\ (a—B)
s = (05)" (7)
LEMMA. We denote by (€¢ina)r,a the canonical basis of R+ Using

the matrix form of ®, we deduce that:

(8)

gy O
®(ejina) = (¢@)( B) .
! I dxy

for any j € {1,...,n} and a € {0,...,r}.

Proof. It comes from previous equation. N

Proof of Theorem |2l We denote by f : R xR"™ — R the bilinear skew sym-
metric, non degenerate form and (a;j)1<; j<n its matrix form (n = 2m). The
matrix form of the bilinear skew symmetric form f{ : R+ x Rr(r+1) 5 R

is given by:
0 - a

aij - 0

We have, for any 4,j € {1,...,n} and o, 3 € {0,...,7},
(9)

f<r>(ei+nav ej+n/3) = 5?—5“@'

is the Kronecker symbol. We denote by wgr the symplectic

where 67?‘_B
form induced by an integrable G"-structure 7"P. For any X € T"M and
a,p€{0,...,1},
f<r> (ei+nayej+nﬁ) =
= @(x)! ((bk)(’Y*a)i o(X)! ((bs)(ufﬁ)i
! Bx’fy ’ J 8;(;;

- 0 s -8B 0
:wGr<(qﬁf)(7 )83;};’(%)(# )amz>

NS Ry S A
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We deduce that:

B (=0) (s (=5) 0 9\ _sa
(¢i) ’ (¢j) war <8ac§’ M) = 0, 3ij- (10)
We set
o 0
o | = : 1
we (axg’ axz> Tt )
In this case the equation [10| becomes:
((bic) (v—a) . (gb;)(ﬂiﬁ)warn’y,ern,u — (5?:5612‘]‘. (12)

Fact 1. For a =r. If 8 =r, then the equation [12| becomes

Qbf : ¢§'wk+nr,s+nr = 0. (13)

We deduce that
Wk+nr,s+nr = 0. (14)

Let 8 # 0, we suppose that, for any 1 > 8 , @Witnr,s4nu = 0. We have:

st ' ((ZS;)(H_B)warnr,ern,u =

,
el S S 0 e
p=pB+1
= ¢ O Thrnrsing = 0.
We deduce that:
Whtnr,s+ng = 0 for any 8 # 0.
For g =0, we have:

r r
ng),lf . (Qﬁ‘;)(wwk-i-nr,s—f—n'y = st : d’;wk-i-nr,s + ZQf : (gb‘;‘)(ﬂy)wkﬂ-nr,sﬂ-nW
pn=0

p=1

k
= & ’¢;wk+n7“,s = Qjj-
Now ¢F - ¢iwk,s = aij, we deduce that:

Wk+4nr,s — Wk,s- (15)
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Fact 2: If o« = r — 1. By a similar calculus we obtain: for any g €
{1,...,7}, we have:

{wk—f—n(r—l),s-l—n,ﬁ =0 if 8>2,
Wk4n(r—1),s+n8 = Wks if g=1.

For 8 =0, in the equation [I2] we have:

(qﬁf)(vfa) ] (¢§)(“)wk+n’y,s+nu _
= ((;Sf:)(l) : (¢j)(u)wk+nr,s+nu + Qbf : (¢;) (M)wk—i-n('r—l),s—l—n,u
= (¢f)(1) ) ¢§wk+nr,s + ¢f : (ﬁb}?)(l)wk—&-n(r—l),s—i—n + (Z)f : ¢§wkz+n(r—1),s

— ()Y - gty + 88 - (62) Vwns + 0F - Dm0
= —¢F - 93 (ws) D + ¢F - Bl = O

We deduce that:
Wk+n(r—1),s — (wk,s)(l)' (16)

Fact 3: We conjecture that @iina,s+ng = (wk’s)(r*a*m. By induction,
we fix a and we suppose that for any v > o and A > 3, we have:

Wk+ny,s+n\ — (wk,s)(ri’yi)\)- (17)
Thus,
(qbf:)(’Y—Oé) : (¢;)(M_6)wk+n'y,s+nu

= ¢F. O Dhtnasns + Z ((pf)(vfa) ) (¢§)(A75)wk+n%s+n)\
¥,A>a,f8

= QZ)f ’ @Z);wk-‘rna,s-i-n,@ + Z (QZ)QC)(W_O[) ’ (¢§)(A_ﬁ) (wk,s)(T_,y_)\)
Y,A> o,

= gbf“ . qu'wk—&-na,s—l—nﬁ 4+ (¢:IL€ . ¢§wk7s)(r_a_/8) _ ¢f . ¢§(wk7s)(’f’—a—ﬁ)
= ¢i€ : ¢;‘wk+na,s+nﬁ + 53—,8aij - ¢i€ : ij (wk,s)(r_a_ﬂ).
Using the equation [I0} we deduce that:

¢f ) ¢§wk+na,s+n5 = ¢f : ¢j’(wk,8)(r_a_ﬁ)- (18)
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Therefore @iina,s4ng = (wm)(“o‘_ﬂ). Thus, we deduce that

WGr = Witna,j+nBdTh N dmig

= () Dz, A d,

Thus wagr = (wg)(c).

Intrinsic second proof of Theorem . Let (P, M,pyr) be an integrable
G-structure as above. Because of the integrability of P and the naturality,
we may assume M = R"™ and P = R" x G C R" x GL(n) = LR™. Then
TR™ = R" x R" and wg = idgn X f : TR™ xgn TR™ = R" x (R" x R") — R.
More T"R” = R™"™1) TP = TTR™ x G € T"R" x GL(T'R") = L(T"R")
and T(T"R") = T"R™ x T"R" and wgr = idprgn x f : T'R” x (T"R" x
T'R") = T(T"R") xprgn T(T"R™) — R, where f{") = 7, 0 T"f : T"R™ x
T'R™ — R and 7, : T"R — R is the respective functional. Further, (wg)(© =
Tr 0 T"(wg) modulo the exchange isomorphism T(T"M) = T"(T'M) and the
product preserving identification T"(T'M X py TM) = T" (T M) Xprpf TT(T'M).
Then

(we)® = 70 T (idrn x f)

= idprgn X (1 0 T"f) = idgrgn x f7) = wer.
The proof is complete. I

COROLLARY. Let G be a Lie group generated by all elements of linear
group invariant with respect to some bilinear symmetric non degenerate form
f. Let (P, M, pys) be a G-structure on M. We denote by g and ggr the pseudo
Riemannian metric on M and T" M induced by P and T" P respectively. We
have:

gor = (96)". (19)
Proof. The proof is similar to the proof of Theorem [2| [
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