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Abstract: For any flag manifold M = G/K of a compact simple Lie group G we describe non-
collapsing ancient invariant solutions of the homogeneous unnormalized Ricci flow. Such solutions
emerge from an invariant Einstein metric on M, and by [I3] they must develop a Type I singularity
in their extinction finite time, and also to the past. To illustrate the situation we engage ourselves
with the global study of the dynamical system induced by the unnormalized Ricci flow on any flag
manifold M = G/K with second Betti number by (M) = 1, for a generic initial invariant metric. We
describe the corresponding dynamical systems and present non-collapsed ancient solutions, whose a-
limit set consists of fixed points at infinity of .# . Based on the Poincaré compactification method,
we show that these fixed points correspond to invariant Einstein metrics and we study their stability
properties, illuminating thus the structure of the system’s phase space.
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INTRODUCTION

Given a Riemannian manifold (M", g), recall that the unnormalized Ricci
flow is the geometric flow defined by

dg(t)

7825 = -2 Ricg(t) s g(O) =g, (0'1)

where Ricy () denotes the Ricci tensor of the one-parameter family g(t). The
above system consists of non-linear second order partial differential equations
on the open convex cone .# of Riemannian metrics on M. A smooth family
{g(t) : t €[0,T) C R} € A defined for some 0 < T < oo, is said to be a
solution of the Ricci flow with initial metric g, if it satisfies the system
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for any x € M and ¢ € [0,T"). The Ricci flow was introduced in the celebrated
work of Hamilton [33] and nowadays is the essential tool in the proof of the
famous Poincaré conjecture and Thurston’s geometrization conjecture, due to
the seminal works [48], 49] of G. Perelman.

In general, and since a system of partial differential equations is involved,
it is hard to produce explicit examples of Ricci flow solutions. However, the
Ricci flow for an initial invariant metric reduces to a system of ODEs. More
precisely, homogeneity implies bounded curvature (see [2I]), and thus the
isometries of the initial metric will be in fact the isometries of any involved
metric. Hence, when ¢ is an invariant metric, any solution g¢(t) of is
also invariant. As a result, in some cases it is possible to solve the system
explicitly and proceed to a study of their asymptotic properties, or even spec-
ify analytical properties related to different type of singularities and deduce
curvature estimates, see [16], 28] [7, 29, 18|, [38] 11}, 13| 1, B0], and the articles
quoted therein. Especially for the non-compact case, note that during the
last decade the Ricci flow for homogeneous, or cohomogeneity-one metrics,
together with the so-called bracket flow play a key role in the study of the
Alekseevsky conjecture, see [47, 41, [42] [43], 39, 1401, 12, [14].

In this work we examine the Ricci flow, on compact homogeneous spaces
with simple spectrum of isotropy representation, in terms of Graev [31, [32], or
of monotypic isotropy representation, in terms of Buzano [I§], or Pulemotov
and Rubinstein [52]. Nowadays, such spaces are of special interest due to their
rich applications in the theory of homogeneous Einstein metrics, prescribed
Ricci curvature, Ricci iteration, Ricci flow and other (see [4], 53], 10, 15 311 &,
9, 18, 32, 24, [1T], 50, 52, B0]). Here, we focus on flag manifolds M = G /K of a
compact simple Lie group G and examine the dynamical system induced by the
vector field corresponding to the homogeneous Ricci flow equation. On such
cosets (even for G semisimple), the homogeneous Ricci flow cannot possess
fixed (stationary) points, since by the theorem of Alekseevsky and Kimel’fel’d
[3] invariant Ricci flat metrics must be flat and so they cannot exist. However,
as follows from the maximum principle, the homogeneous Ricci flow on any
flag manifold M = G/K must admit ancient invariant solutions, which in
fact by the work of Béhm [II] must have finite extinction time (note that
since any flag manifold is compact and simply connected and carries invariant
Einstein metrics, e.g., invariant Kahler-Einstein metrics always exist, the first
conclusion above occurs also by a result of Lafuente [38, Corollary 4.3]).

To be more specific, recall that a solution g(¢) of the Ricci flow is called
ancientif it has as interval of definition the open set (—oo,T'), for some T' < 0.
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Such solutions are important, because they arise as limits of blow ups of
singular solutions to the Ricci flow near finite time singularities, see [25]. For
our case it follows that for any flag manifold M = G/K one must be always
able to specify a G-invariant metric g, such that any (maximal) Ricci flow
solution g¢(¢) with initial condition g(0) = ¢ has an interval of definition of
the form (t4,7T), with —oco < t, < 0 and T' < oo. Indeed, for any flag space
below we will provide explicit solutions of this type, which are ancient. They
arise by using an invariant Kahler-Einstein metric, which always exists, or any
other possible existent invariant Einstein metric gg, and they are defined on
open intervals of the form (—oo,T"), where

1 n 1
T = ﬁ = §Sca|(g0) s

with A = SC%(QO) > 0 being the corresponding Einstein constant (see Propo-
sition . All such solutions become extinct when ¢ — T, in the sense that
g(t) — 0, i.e., they tend to 0. As ancient solutions, they have positive scalar
curvature Scal(g(t)) (J20]) and the asymptotic behaviour of Scal(g(t)), at least
for the trivial one, can be easily treated, see Proposition which forms a
specification of [38, Theorem 1.1] on flag manifolds (see also Example [3.3|and
Example . Moreover, for any invariant Einstein metric on M = G/K with
ba(M) = 1, we show the existence of an unstable manifold and compute its
dimension. For the invariant Einstein metrics which are not Kéhler, we obtain
a 2- or 3-dimensional unstable manifold, depending on the specific case, which
implies the existence of non—trivial ancient solutions emerging from the corre-
sponding Einstein metric. Actually, by [13], it also follows that these ancient
solutions develop a Type I singularity. This means (see [25] 18| 111, 144])

im([t] - sup,eprl R (g(0) g0 (1)) < o0,

where Rm(g(t)) denotes the curvature tensor of (M = G/K,g(t)), or equiva-
lently that there is a constant 0 < Cy, < oo such that

(T" =) - supps[[Rm(g ()l g¢) < Co

for any ¢ € (—oo,T = 5). Finally, by [I3] we also deduce that the predicted
non-trivial ancient solutions are non-collapsed (and the same the trivial one,
see Corollary . In this point we should mention that not any compact
homogeneous space M = G/K of a compact (semi)simple Lie group G ad-
mits (unstable) Einstein metrics (see for example [55, [46] for non-existence
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results). So, even assuming that the universal covering of M"™ = G/K is not
diffeomorphic to R™ (which for the compact case is equivalent to say that M"
is not a n-torus), the predicted solutions of Lafuente can be in general hard
to be specified.

Note now that for any flag manifold M = G/K of a compact simple Lie
group G, the symmetric space of invariant metrics .#© is the phase space of
the homogeneous Ricci flow and it is flat, i.e., .#¢ = R’ for some r > 1.
Therefore, the dynamical system of the homogeneous Ricci flow can be con-
verted to a qualitative equivalent dynamical system of homogeneous polyno-
mial equations and the well-known Poincaré compactification ([51]) strongly
applies. The main idea back of this method is to identify R™ with the northern
and southern hemispheres through central projections, and then extend X to
a vector field p(X) on S™ (see Subsection [2.2)). Here, for any (non-symmetric)
flag manifold M = G/K of a compact simple Lie group G with bo(M) = 1,
we present the global study of the dynamical system induced by the vector
field corresponding to the unnormalized Ricci flow for an initial invariant met-
ric, which is generic. In particular, the main contribution of this work is the
description via the Poincaré compactification method, of the fixed points of
the homogeneous Ricci flow at the so-called infinity of .#¢ (see Definition
and Remark . Based on this method we can study the stability
properties of such fixed points, which we prove that are in bijective corre-
spondence with the existent invariant Einstein metrics on M = G/K, and
moreover that coincide with the a-limit set of an invariant line, i.e., a solution
of the homogeneous Ricci flow which has as trace a line of .#Z%. It turns out
that such solutions are ancient and non-collapsed, and develop Type I sin-
gularities. Note that through the compactification procedure of Poincaré, we
are able to distinguish the unique invariant Kéhler-Einstein metric from the
other invariant Einstein metrics in terms of (un)stable manifolds, in particular
for every invariant Einstein metric we compute the dimension of the corre-
sponding (un)stable manifold. Moreover, for the case r = 2 we discuss the
w-limit of any solution of the homogeneous Ricci flow, for details see Theorem
[B-1] Since we are interested in the unnormalized Ricci flow on flag mani-
folds with bo(M) = 1, we should finally mention that this dynamical system
has been very recently examined by [30], for flag spaces with three isotropy
summands (however via a different method of the Poincaré compactification),
while a related study of certain examples of flag manifolds with two isotropy
is given in [29]. Note finally that for flag manifolds with » = 2, this work is
complementary to [I§], in the sense that there were studied homogeneous an-
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cient solutions on compact homogeneous spaces with two isotropy summands.
However, the specific class of flag manifolds with » = 2 was excluded (see at
the end of the article [I8]), and the filling of this small gap was a motivation
of the present work.

The structure of the paper is given as follows: In Section [I| we refresh
basics from the theory of homogeneous spaces, introduce the homogeneous
Ricci flow and recall some details from the structure and geometry of flag
manifolds. Next, in Section [2] we shortly present some basic results for ancient
solutions emerging from an invariant Einstein metric, and also the Poincaré
compactification adapted to our scopes. Finally, Section [3]is about the global
study of the homogeneous Ricci flow for all non-symmetric flag manifolds
M = G/K of a compact simple Lie group G with by(M) = 1, where a proof
of our main theorem, i.e., Theorem [3.1] is presented.

1. PRELIMINARIES

We begin by recalling preliminaries of the homogeneous Ricci flow. After
that we will refresh useful notions of the structure and geometry of generalized
flag manifolds.

1.1. HomMOGENEOUS Ricct FLOW. Recall that a homogeneous Rieman-
nian manifold is a homogeneous space M = G/K (see [30] 19, [5] for details
on homogeneous spaces) endowed with a G-invariant metric g, that is 7' = g
for any a € G, where 7 : G x G/K — G/K denotes the transitive G-action.
Equivalently, is a Riemannian manifold (M, g) endowed with a transitive ac-
tion of its isometry group lso(M,g). If M is connected, then each closed
subgroup G C Iso(M, g) which is transitive on M induces a presentation of
(M, g) as a homogeneous space, i.e., M = G/K, where K C G is the stabilizer
of some point o € M. In this case, the transitive Lie group G can be also
assumed to be connected (since the connected component of the identity of
G is also transitive on M). Usually, to emphasize on the transitive group
G, we say that (M, g) is a G-homogeneous Riemannian manifold. However,
note that may exist many closed subgroups of Iso(M, g) acting transitively on
(M, g). Next we shall work with connected homogeneous manifolds.

As it is well-known, the geometric properties of a homogeneous space can
be examined by restricting our attention to a point. Set o = eK for the
identity coset of (M™ = G/K, g) and let T,G/K be the corresponding tangent
space. Since we assume the existence of a G-invariant metric g, K C G can be

identified with a closed subgroup of O(n) = O(T,G/K) (or of SO(n) if G/K is
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oriented), so K is compact and hence any homogeneous Riemannian manifold
(M™ = G/K,g) is a reductive homogeneous space. This means that there
is a complement m of the Lie algebra ¢ = Lie(K) of the stabilizer K inside
the Lie algebra g = Lie(G) of G, which is Adg(K)-invariant, i.e., g =@ m
and Adg(K)m C m, where Adg = Ad : G — Aut(g) denotes the adjoint
representation of G. Note that in general the reductive complement m may not
be unique, and for a general homogeneous space G/K a sufficient condition
for its existence is the compactness of K. On the other hand, once such a
decomposition has been fixed, there is always a natural identification of m
with the tangent space T,G/K = g/¢t, given by

. d
Xecme— X = %‘tZOTeXth(O) cT,G/K,

where exp tX is the one-parameter subgroup of G generated by X. Under the
linear isomorphism m = T,G/ K, the isotropy representation x : K — Aut(m),
defined by x(k) := (d1y), for any k € K, is equivalent with the representation
Adg |k : K x m — m. Hence, x(k)X = Adg(k)X for any k € K and X € m.
In terms of Lie algebras we have x,(Y)X = [V, X], for any Y € £ and X € m,
or in other words x.(Y) = ad(Y)|m.

The homogeneous spaces M = G/K that we will examine below (with K
compact), are assumed to be almost effective, which means that the kernel
Ker(7) (which is a normal subgroup both of G and K), is finite. Thus, the
isotropy representation y is assumed to have a finite kernel, and then we
may identify ¢ with the Lie algebra y.(¢) = Lie(x(K)) of the linear isotropy
group x(K) C Aut(m). When only the identity element e € G acts as the
identity transformation on M = G/K, then the G-action is called effective
and the isotropy representation y is injective. If we assume for example that
G Clso(M, g) is a closed subgroup, then the action of G to G/K is effective.
Note that an almost effective action of G on G/K gives rise to an effective
action of the group G’ = G/ Ker(7) (of the same dimension with G), so we
will not worry much for the effectiveness of M = G/K.

Recall that the space of G-invariant symmetric covariant 2-tensors on a
(almost) effective homogeneous space M = G/K with a reductive decompo-
sition g = ¥ @ m, is naturally isomorphic with the space of symmetric bilinear
forms on m, which are invariant under the isotropy action of K on m. As a
consequence, the space .# % of G-invariant Riemannian metrics on M = G /K
coincides with the space of inner products ( , ) on m satisfying

(X, Y) = (x(B) X, x(R)Y) = (Adg (k) X, Ada(F)Y)
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for any £ € K and X,Y € m. The correspondence is given by (X,Y) =
g(X,Y),. Moreover, when K is compact and m = h* with respect to B =
— By, where By is the Killing form of g, then one can extend the above cor-
respondence between elements ¢ = ( , ) € .#% and Adg(K)-invariant B-
selfadjoint positive-definite endomorphisms L : m — m of m, i.e, (X,Y) =
B(LX,Y), for any X,Y € m. To simplify the text, whenever is possible
next we shall relax the notation Adg(K) to Ad(K) and scalar products on m
as above, will be just referred to as Ad(K)-invariant scalar products. Note
that the Ad(K)-invariance of ( , ) implies its ad(£)-invariance, which means
that the endomorphism ad(Z)|m : m — m is skew-symmetric with respect to
(, ), for any Z € . When K is connected, the inclusions Ad(k)m C m and
[, m] C m are equivalent and hence one can pass from the Ad(K)-invariance
to ad(f)-invariance and conversely. From now on will denote by P(m)4d(¥)
the space of all Ad(K)-invariant inner products on m.

Given a Riemannian manifold (M", g), a solution of the Ricci flow is a fam-
ily of Riemannian metrics {g;} € .# satisfying the system (0.1). If the initial
metric g = ¢g(0) € A is a G-invariant metric with respect to some closed
subgroup G C lIso(M, g), i.e., (M = G/K,g) is a homogeneous Riemannian
manifold and so g € .4, then the solution {g(t)} is called homogeneous, i.e.,
{g(t)} € .#C. Indeed, the isometries of g are isometries for any other evolved
metric, and by [37] it is known that the isometry group is preserved under the
Ricci flow. Thus, after considering a reductive decomposition g = £ & m of
(M = G/K,g), the homogeneity of g allows us to reduce the Ricci flow to a
system of ODEs for a curve of Ad(K )-invariant inner products on P(m)A4(K),
where m = T,G/K is a reductive complement. In particular, due to the iden-
tification .#¢ = PAYK) (m) we may write g(t) = (, )¢ and then takes
the form

d .
£<7>t:_2RIC<7>t7 (v )0=(,)=y,

where Ric , denotes the Ad(K)-invariant bilinear form on m, corresponding
to the Ricci tensor of g(t). Note that since gy = ¢g(0) is an invariant metric,
the solution g(t) of must be unique among complete, bounded curvature
metrics (see [21]).

Remark 1.1. When one is interested in more general homogeneous spaces
M = G/K and a reductive decomposition may not exist, the above setting
can be appropriately transferred to g/¢ = T,G/K. However, the “reductive
setting” serves well the goals of this paper and it is sufficient for our subsequent
computations and description.
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1.2. FLAG MANIFOLDS. Let GG be a compact semisimple Lie group with
Lie algebra Lie(G) = g. A flag mam’folcﬂ is an adjoint orbit of G, i.e.,

M =Ad(G)w ={Ad(G)w : g€ G} C g

for some left-invariant vector field w € g. Let K = {g € G : Ad(g)w = w} C
G be the isotropy subgroup of w and let £ = Lie(K) be the corresponding Lie
algebra. Since G acts on M transitively, M is diffeomorphic to the (compact)
homogeneous space G/ K, that is Ad(G)w = G/K. In particular, ¢ = {X € g :
[X,w] = 0} = kerad(w), where ad : g — End(g) is the adjoint representation
of g. Moreover, the set S, = {exp(tw) : t € R} is a torus in G and the
isotropy subgroup K is identified with the centralizer in G of S, i.e., K =
C(Sw). Hence rank G = rank K and K is connected. Thus, equivalently a
flag manifold is a homogeneous space of the form G/K, where K = C(S) =
{9 € G : ghg™' = h forall h € S} is the centralizer of a torus S in G.
When K = C(T) = T is the centralizer of a maximal torus 7" in G, the
G/T is called a full flag manifold. Flag manifolds admit a finite number of
invariant complex structures, in particular flag spaces G/K of a compact,
simply connected, simple Lie group G exhaust all compact, simply connected,
de Rham irreducible homogeneous Kéhler manifolds (see for example [4, [
23, 2] for further details).

So, for any flag manifold M = G /K we may work with G simply connected
(if for instance a flag manifold of SO(n) is given, one can always pass to its
universal covering by using the double covering Spin(n)). For our scopes, it is
also sufficient to focus on the de Rham irreducible case, which is equivalent to
say that G is simple, see [36]. Hence, in the following we can always assume
that M = G/K satisfies these conditions, and as before we shall denote by
By the Killing form of the Lie algebra g. The Ad(G)-invariant inner product
B := —By induces a bi-invariant metric on G by left translations, and we
may fix, once and for all, a B-orthogonal Ad(K)-invariant decomposition g =
t@dm. G-invariant Riemannian metrics on G/ K will be identified with Ad(K)-
invariant inner products (, ) on the reductive complement m = 7,,G/K. Note
that the restriction B‘m induces the so-called Killing metric g € .#¢, which
is the unique invariant metric for which the natural projection 7 : (G, B) —
(G/K,gp) is a Riemannian submersion.

The second Betti number of any flag manifold M = G/K is encoded in
the corresponding painted Dynkin diagram. To recall the procedure, let g€ =
h¢ @ Y wch g% be the usual root space decomposition of the complexification

! Also called complex flag manifold, or generalized flag manifold.
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g® of g, with respect to a Cartan subalgebra h© of g©, where R C (F)C)* is the
root system of g€. Via the Killing form of g* we identify ([)C)* with hC. Let
= {a,...,ar} (dimh® = ¢) be a fundamental system of R and choose a
subset IIx of II. We denote by R = {B €ER:pB= ZaieHK kiai} the closed
subsystem spanned by IIx. Then, the Lie subalgebra € = hC @ > BeRy g%
is a reductive subalgebra of g€, i.e., it admits a decomposition of the form
€ =7 (EC) @ £, where Z(£C) is its center and €5, = [PC, PC] the semisimple
part of €€, In particular, Rx is the root system of €, and thus IIx can be
considered as the associated fundamental system. Let K be the connected
Lie subgroup of G generated by ¢ = £© Ng. Then the homogeneous manifold
M = G/K is a flag manifold, and any flag manifold is defined in this way, i.e.,
by the choise of a triple (gC,H, HK), see also [4, [8, 23, [2].

Set 11y, = I\IIx and Ry; = R\Rg, such that II = IIx U I/, and
R = Rg U Ry, respectively. Roots in Rjys are called complementary roots.
Let I' = T'(IT) be the Dynkin diagram of the fundamental system II.

DEFINITION 1.2. Let M = G/K be a flag manifold. By painting black
the nodes of I' corresponding to Iy, we obtain the painted Dynkin diagram
of G/K (PDD in short). In this diagram the subsystem Ilx is determined as
the subdiagram of white roots.

Remark 1.3. Conversely, given a PDD, one may determine the associated
flag manifold M = G/K as follows: The group G is defined as the unique
simply connected Lie group generated by the unique real form g of the com-
plex simple Lie algebra g€ (up to inner automorphisms of g©), which is re-
constructed by the underlying Dynkin diagram. Moreover, the connected
Lie subgroup K C G is defined by using the encoded by the PDD splitting
IT = Ik UTTs. The semisimple part of K is obtained from the (not necessar-
ily connected) subdiagram of white simple roots, while each black root, i.e.,
each root in ITy;, gives rise to a U(1)-summand. Thus, the PDD determines
the isotropy group K and the space M = G/K completely. By using certain
rules to determine whether different PDDs define isomorphic flag manifolds
(see [4]), one can obtain all flag manifolds G/K of a compact simple Lie group
G (see for example the tables in [2]).

PROPOSITION 1.4. ([17), [4]) The second Betti number of a flag manifold
M = G/K equals to the totality of black nodes in the corresponding PDD,
i.e., the cardinality of the set 1.
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Note that for any flag manifold M = G/K, the B-orthogonal reductive
complement m decomposes into a direct sum of Ad(K)-inequivalent and irre-
ducible submodules, which we call isotropy summands, see [4, 8, 2] and the
references therein. This means that when m = T, M is viewed as a K-module,
then there is always a B-orthogonal Ad(K)-invariant decomposition

m=m @ Sm,, (L.1)

for some r > 1, such that:
e K acts (via the isotropy representation) irreducibly on any my, ..., m;;
e m; ¥ mj; are inequivalent as Ad(K)-representations for any i # j.

In fact, a decomposition as in satisfying the given conditions must be
unique, up to a permutation of the isotropy summands, see for example [52].
When r = 1, M = G/K is an isotropy irreducible compact Hermitian sym-
metric space (HSS in short), and all these cosets can be viewed as flag man-
ifolds with be(M) = 1. Note that from the class of full flag manifolds only
CP! = % = SU(2)/U(1) is an irreducible HSS, and hence a flag manifold
with ba(M) = 1. In this text we are mainly interested in non-symmetric flag
manifolds M = G/K with by(M) = 1, and in this case r is bounded by the
inequalities 2 < r < 6 (see below).

Lemma 1.5. ([4, 8]) Let M = G/K be a flag manifold of a compact
simple Lie group. Then, the isotropy representation of M is monotypic and

decomposes as in (1.1)), for some r > 1. Moreover, any G-invariant metric on
M = G/K is given by

9=1{,)=>_wi B, (1.2)
i=1

where x; € Ry are positive real numbers for any ¢ = 1,...,r. Thus, ME
coincides with the open convex cone R, = {(x1,...,2,) € R" : x; > 0 for
anyi=1...7}.

Invariant metrics as in are called diagonal (see [55] for details). By
Schur’s Lemma, the Ricci tensor Ric, of such a diagonal invariant metric g,
needs to preserve the splitting and consequently, Ric, is also diagonal,
i.e., Ricg(m;,m;) = 0, whenever i # j. As before, Ric, is determined by
a symmetric Ad(K)-invariant bilinear form on m, although not necessarily
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positive definite, and hence it has the expression

r

\
Ricy = Ric( y =Y i+ B|, =Y (z:-ric;)- B,
i=1 =1

L)

for some y; = z; - ric; € R, where ( , ) € PAYE)(m) is the Ad(K)-invariant
inner product corresponding to g € .4 & and ric; are the so-called Ricei com-
ponents. There is a simple description of ric;, and hence of Ricy (and also of
the scalar curvature Scaly = trRicy), in terms of the metric parameters x;, the
dimensions d; = dimg m; and the so-called structure constants of G/K with
respect to the decomposition ,

o = ij] =Y B([Xa,Ys), Zy)?,  igkefl,....r},
a,Byy

where {X,}, {Y3}, {Z,} are B-orthonormal bases of m;, m;, my, respectively.
These non-negative quantities were introduced in [55] and they have a long
tradition in the theory of (compact) homogeneous Einstein spaces, see for
example [46] (53], 10, 15, 24]. Following [32], next we shall refer to rational
polynomials depending on some real variables ml,:pfl, ooy T, ! for some
positive integer m, by the term Laurent polynomials. If such a rational polyno-
mial is homogeneous, then it will be called a homogeneous Laurent polynomial.
Now, as a conclusion of most general results presented by [55] [46], one obtains
the following

ProPOSITION 1.6. ([55], [46]) Let M = G/K be a flag manifold of a com-
pact simple Lie group G. Then,

(i) The components ric, of the Ricci tensor Ric, corresponding to
g =i 12 Blm € A G are homogeneous Laurent polynomials in

T1,%] sooos e,y b of degree —1, given by

: 11 <~ a [k 1 7 [

Ck=—+— - , k=1,...,r).
rcg ka+4dki§::1$i1‘j [Zj:| Qdkiglmkxi k1 ( 7’)

(ii) The scalar curvature Scaly = Y7, d;-ric; corresponding to g = > i, ;-
Blm, € MC s a homogeneous Laurent polynomial in 1, :1:1_1, e, T, X
of degree —1, given by

I—d 1 ¢ m| x
Scaly = = J—*Z [ ] -,
2 — 4 Wyl NARZES,

Note that Scal, : M — R is a constant function.
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2. THE HOMOGENEOUS RICCI FLOW ON FLAG MANIFOLDS

In this section we fix a flag manifold M = G/K of a compact, simply
connected, simple Lie group GG, whose isotropy representation m decomposes
as in . Since .#% endowed with the L?-metric coincides with the open
convex cone R’ , for the study of the Ricci flow, as an initial invariant metric
we fix the general invariant metric g = > ;- B|m,; This often will be simply
denoted by g = (z1,...,2,) € R, = M. Then, the Ricci flow equation
with initial condition ¢g(0) = g descents to the following system of ODEs (in
component form):

{:'Ek:—ka-rick(:nl,...,acr),: 1 gk:gr}. (2.1)

Since g € .#¢, and any invariant metric evolves under the Ricci flow again
to a G-invariant metric, every solution of the homogeneous Ricci flow needs
to be of the form

o) =S wilt) Bluy,  9(0)=g=1{, ),
=1

where the smooth functions z;(t) are positive on the same maximal interval
t € (tq,tp) for which ¢(¢) is defined. Usually, solutions have a maximal interval
of definition (t4,t), where 0 € (t4,t), —00 < t, < 0 and ¢, > +00. Next we
are mainly interested in ancient solutions.

2.1. INVARIANT ANCIENT SOLUTIONS. Recall that (see for example
[18, 138]).

DEFINITION 2.1. A solution ¢(t) of (2.1)) which is defined on an interval
of the form (—o0,t,) with ¢, < 400, is called ancient.

Note that ancient solutions typically arise as singularity models of the
Ricci flow and it is well-known that all ancient solutions have non-negative
scalar curvature, see for instance [20), Corollary 2.5]. We first proceed with
the following

LEMMA 2.2. The homogeneous Ricci flow ([2.1)) on a flag manifold M =
G /K, does not possess fixed points in A G o~ R’ . In other words, considering
the associated flow to (2.1)), i.e., the map

wt:%GH%G7 g'—>g<t)7
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where t € (—e,¢) for some € € (0,00), there is no g € .#% = R", such that
Yi(g) = g for all t.

Proof. Obviously, fixed points of the homogeneous Ricci flow need to cor-
respond to invariant Ricci-flat metrics, and conversely. Since M = G/K is
compact, according to Alekseevsky and Kimel’fel’d [3] such a metric must be
necessarily flat. But then M must be a torus, a contradiction. [

However, the system can admit more general solutions, different than
stationary points. Indeed, any flag manifold M™ = G/K is compact and
simply connected, and hence its universal covering is not diffeomorphic with
an Euclidean space. Hence, by [38, Corollary 4.3] it follows that

ProPOSITION 2.3. ([38]) For any flag manifold M = G /K of a compact,
simply connected, simple Lie group G, there exists a G-invariant metric g
such that any Ricci flow solution g(t) with initial condition ¢g(0) = g, has an
interval of definition of the form (tq,tp), with —oo < t, < 0 and t; < oc.

In the following section, for all flag manifolds M = G/K with ba(M) =
1 we will construct solutions of , specify the maximal interval of their
definition (4,t,) and study their asymptotic behaviour at the infinity of the
corresponding phase space .# ¢ (in terms of the Poincaré compactification, see
Definition . These solutions, both trivial and non-trivial, emerge from
invariant Einstein metrics, in particular the trivial are shrinking type solutions
of , in terms of [22| p. 98] for instance. Moreover, they are ancient and
hence the scalar curvature along such solutions is positive, while they extinct
in finite time. In fact, for any flag manifold M = G/K one can state the
following basic result.

PROPOSITION 2.4. Let M = G/K be a flag manifold of a compact, con-
nected, simply connected, simple Lie group G, with MC = R, for some
r > 1. Let gy be any G-invariant Einstein metric on M = G /K with Einstein
constant \ and consider the 1-parameter family g(t) = (1 — 2At)go. Then,

(i) g(t) is an ancient solution of (2.1)) defined on the open interval (—oo, 35)
with g(t) — 0 as t — 55 (from below). Hence, its scalar curvature
Scal(g(t)) is a monotonically increasing function with the same interval
of definition, and satisfies

lim Scal(g(t)) =0, lim Scal(g(t)) = +o0.
t——o0 1

t—=355

In particular, Scal(g(t)) > 0 for any t € ( — 00, %)
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(ii) Similarly, the Ricci components ric! = ric;(g(t)) corresponding to the
solution g(t) = (1 — 2At)go, satisfy the following asymptotic properties:

lim r|c =0, hm r|c = 400.
t——00 t—}*

In particular, rici > 0, for any t € (— 00, 55).

Proof. (i) Let go be a G-invariant Einstein metric on M = G/K
(e.g., one can fix as gg an invariant Kéhler-Einstein metric, which always
exists). Set ¢(t) = (1 — 2At) and note that c(t) = (1 — 2At) > 0 for any
t € (— 00, 55). Then, since g(t) = c(t)go is a 1-parameter family of invariant
metrics, we have

T s

g(t) = Z(l - 2)\t)$? * Blw, = Z c(t)x B’mz Zfﬁz + Blm,

i=1 i=1

where z;(t) := c(t)z?, for any 1 < i < 7 with 2;(0) = 29, where without loss
of generality we assume that gy = (29,...,22) for some z¥ € R, ', and some
N> r > 1. As it is well-known from the general theory of Ricci flow, and it
is trivial to see, g(t) is a solution of (2.I)) which has as interval of deﬁnition
the open set ( 00, 5 /\) Hence it is an ancient solution, since 0 < 5 /\ < 400
(recall that A > 0 is the Einstein constant of an invariant Einstein metric
on a compact homogenous space), and moreover lim; ,_ o, g(t) = +oo and
lim, L g(t) = 0. On the other hand, by Proposition the scalar curvature

Scalg, = Scal(go) is a homogeneous Laurent polynomial of degree —1. Hence,

Scal(c(t)go) = c(t)~* Scal(go) = Scal(go) -

(1-2x)

Consequently Scal(g(t)) = ﬁ Scal(go) > 0, for any ¢ € (— o0, 55), since
Scal(go) > 0. Obviously,

2\ Scal(go)

Scal'(g(t)) = 1= 272 >0,

for any (—o0, 55 ) and when ¢ tends to 5 from below, we see that Scal(g(t)) —
+o0. Since Scal(g(t)), as a smooth function of ¢, is defined only for ¢ €
(— 00, 35), we conclude. Moreover, for t — —oco we get Scal(g(t)) — 0.
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(ii) Similarly, by Proposition the components ric; = ric;(go) = ric?

(1 <i <) of the Ricci tensor of gg are homogeneous Laurent polynomials of
degree —1. Hence,

_ 1 1
ric;(c(t)go) = @ rici(go) = @ ric;

i.e., ric;(g(t)) = c(t)~tric?. The conclusion now easily follows, since go is
Einstein and so ric? = A, which is independent of ¢, for any 1 <i <r. 1

Remark 2.5. (i) The conclusions for the asymptotic behaviour of scalar
curvature for the solutions g(t) verify a more general statement for the limit
behaviour of the scalar curvature of homogeneous ancient solutions, obtained
by Lafuente [38, Theorem 1.1 (i)] in terms of the so-called bracket ﬂowﬂ Later,
for the convenience of the reader, in Section [3| we will illustrate Proposition

by certain examples (see Example and Example .
(ii) Recall by [22, p. 545] that

A

Ric; = Ric(g(t)) = Ric(g(0)) = Ago = mg(t).

Thus, the trivial solutions g(¢) given in Proposition being homothetic
to invariant Einstein metrics, they also satisfy the Einstein equation (and
therefore the Ricci flow equation), and hence

lim Ricg =Agp = lim Ric.
t——o00 t%(%)—
The Ad(K)-invariant g(t)-self-adjoint operator ry;) = r; : m — m (Ricci endo-
morphism) corresponding to the Ricci tensor Ric; is defined by Ric,(X,Y) =

gt(re(X),Y) for any X, Y € m. It satisfies the relation r, = %t)At = Mg = rg,

for any t € (—o0, 55), where Ag = Y_7_; 2¥-ldy, is the positive definite Ad(K)-
invariant go-self-adjoint operator corresponding to the diagonal metric gg. The
endomorphism of the 1-parameter family g(t) = ¢(t)go, given by Ay = ¢(t) Ao,
is also positive definite for any ¢ € (—oo, %), and the same satisfies r;.

(iii) Obviously, Propositionand the above conclusions can be extended
to any homogeneous space G/ K of a compact semisimple Lie group G modulo
a compact subgroup K C G, with a monotypic isotropy representation admit-
ting an invariant Einstein metric gg. A simple example is given below. On the

2 The solutions ¢(t) described above have as maximal interval of definition the open set
(=00, 55-), so the second part of [38, Thmeorem 1.1] does not apply in our situation.
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other side, there are examples of effective compact homogeneous spaces, with
non-monotypic isotropy representation, i.e., m; = m; for some 1 <7 # j <,
for which the invariant (Einstein) metrics are still diagonal. To take a taste,
consider the Stiefel manifold Va(R*t!) = G/K = SO(¢ +1)/SO(£ — 1) and
assume for simplicity that ¢ # 3. This is a compact homogeneous space,
admitting a U(1)-fibration over the Grassmannian

Grf (R“1) =SO(£ +1)/SO(£ — 1) x SO(2) .

Let so0(¢+1) = so({—1)®m be a B-orthogonal reductive decomposition. Then,
it is not hard to see that m = my @ m; ® mo, where mg is 1-dimensional and
my = my are two irreducible submodules of dimension £—1, both isomorphic to
the standard representation of SO(¢ — 1). Hence, the isotropy representation
of Va(R*!) is not monotypic. However, the invariant metrics on Va(R1)
can be shown that are still diagonal. This is based on the action of the
generalized Weyl group (gauge group) Ng(K)/K on the space P(m)Ad(K)
of Ad(K)-invariant inner products on m (see for example [45] 6]). For the
specific case of Vo(R!), the group Ng(K)/K is isomorphic to a circle and this
action was used in [34] p. 121] to eliminate the off-diagonal components of the
invariant metrics (note that for £ # 3, Vo(R*1) admits a unique SO(2¢ + 1)-
invariant Einstein metric). Hence, the results discussed above can also be
extended in that more general case.

EXAMPLE 2.6. Let M = G/K be an isotropy irreducible homogeneous
space of a compact simple Lie group G. Consider a B-orthogonal reductive
decomposition g = ¢ & m. Then, .#¢ = R and the Killing form gp = Bln
is the unique invariant Einstein metric (up to a scalar). Hence, g(t) = (1 —
2Apt)gp is a homogeneous ancient solution of the corresponding homogeneous
Ricci flow, defined on the open interval (—oo, ﬁ), where Ap > 0 is the
Finstein constant of gg. This applies in particular to any symmetric flag
manifold M = G/K of a compact simple Lie group G (i.e., a compact isotropy
irreducible HSS where r = 1).

DEFINITION 2.7. A homogeneous ancient solution of ({2.1]) is called non-
collapsed, if the corresponding curvature normalized metrics have a uniform
lower injectivity radius bound.

Non-collapsed homogeneous ancient solutions of the Ricci flow on compact
homogeneous space have been recently studied in [13]. In this work, among
other results, the authors proved that:
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o (x) If G, K are connected and does not exist some intermediate group
K C L C G such that L/K is a torus, i.e., if G/K is not a homogeneous
torus bundle G/K — G/L over G/L, then any ancient solution on G/K
is non-collapsed ([I3] Remark 5.3]).

e (p) Non-trivial homogeneous ancient solutions of Ricci flow must develop
a Type I singularity close to their extinction time and also to the past
(see [13, Corollary 2, page 2, and pages 24 —25]).

Hence we deduce that

COROLLARY 2.8. Let M=G/K be a flag manifold as in Proposition .
Then any non-trivial ancient solution of the homogeneous Ricci flow, if it
exists, emanates from an invariant Einstein metric, is non-collapsed and de-
velops a Type-I singularity close to the extinsion time (and also to the past).
In particular, the trivial ancient solutions of the form g(t) = (1—2X\t)go, where
go € MG is an invariant Einstein metric on M with Einstein constant \, are
non-collapsed and as t — 55 the volume of M=G/K with respect to g(t)

tends to 0, Voly4)(G/K) — 0, i.e., M=G/K shrinks to a point in finite time.

Proof. For the record, let us assume that there exists some intermediate
closed subgroup K C L C G such that L/K is torus T* for some s > 1. Then
obviously, it must be rank L > rank K. But rank K = rank G and then inclusion
L C G gives a contradiction. Hence, M = G/K cannot be homogeneous torus
bundle. Thus, according to (&) any possible homogeneous ancient solution
of on M = G/K must be non-collapsed. The other claims and the
assertions for Type I behaviour, follow now by (). 1

Remark 2.9. Recall that on a compact homogeneous space M = G/K the
total scalar curvature functional

S(g) = /M Scal(g)dv,

restricted on the set .2 ¢ of G-invariant metrics of volume 1, coincides with the
smooth function .#¢ > g +— Scal(g) = Scaly, since the scalar curvature Scal,,
of g is a constant function on M. In this case, G-invariant Einstein metrics
of volume 1 on G/K are precisely the critical points of the restriction S| G
A G-invariant Einstein metric is called unstable if is not a local maximum of
S|.///§. By [13, Lemmma 5.4] it also known that for any unstable homoge-

neous Einstein metric on a compact homogeneous space G/K, there exists a
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non-collapsed invariant ancient solution emanating from it. For general flag
manifolds, up to our knowledge, is an open question if all possible existent
invariant Einstein metrics are unstable or not. However, by [9, Thmeorem
1.2] it is known that on a flag manifold with r = 2, i.e., with two isotropy
summands, there exist two non-isometric invariant Einstein metrics which are
both local minima of S| Vi and hence unstable in the above sense. Thus, for
r = 2 the existence of non-collapsed ancient solutions of system can be
also obtained by a direct combination of the results in [9] [13].

2.2. THE POINCARE COMPACTIFICATION PROCEDURE. To study the
asymptotic behaviour of homogeneous Ricci flow solutions, even of more gen-
eral abstract solutions than these given in Proposition|2.4] one can successfully
use the compactification method of Poincaré which we refresh below, adapted
to our setting (see also [28| [7, 29]). Indeed, the Poincaré compactification
procedure is used to study the behaviour of a polynomial system of ordinary
differential equations in a neighbourhood of infinity, see [27, 54] for an explicit
description. We describe it here, in a form suitable for our purposes.

Let (M = G/K,g) be a flag manifold with .#% = R, for some r >
1. By using the expressions of Proposition [I.6] and after multiplying the
right-hand side of the equations in , with a suitable positive factor, we
obtain a qualitative equivalent dynamical system consisting of homogeneous
polynomial equations of positive degree. Let us denote this system obtained
from the homogeneous Ricci flow via this procedure, by

{&r = RFy(21,...,2y) : k=1,...,7}. (2.2)

So, for any 1 < k < r, RFg(z1,...,x,) are homogeneous polynomials, whose
mazximum degree is defined to be the degree d of the system (2.2). Let us
proceed with the following definition.

DEFINITION 2.10. The vector field associated to the system (2.2]) will be
denoted by

X(x1,..., @) = (RFl(ZL'l,...,xr),...,RFT(l‘l,...,I‘T))

and referred to as the homogeneous vector field associated to the homogeneous
Ricci flow on (M = G/K, g).

Consider the subset of the unit sphere S” C R"™! containing all points
having non-negative coordinates, i.e.,

L={yeR™ |yl =1, 4>0i=1...,r+1}CS".
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It is also convenient to identify R with the subset of R™*! defined by
T:= {(yl,...,yr,yrﬂ) eR™ iy =1, 4, >0, Vi= 1,...,7"} ~RS.

Consider now the central projection f : RS = T — SL, assigning to every
p € T the point T(p) € S%, defined as follows: T(p) is the intersection of the
straight line joining the initial point p with the origin of R"*!. The explicit
form of f is given by

f(ylvw-vyral):H( (ylw--vyral)’

ylv"‘7y7“7]-)H

Through this projection, RL can be identified with the subset of ST with
Yi+1 > 0. Moreover, the equator of SL, that is

ST ! {Z/ € S> Yr+1 = 0}7

is identified as the infinity of RS. To be more explicit, let us state this as a
definition.

DEFINITION 2.11. A point at infinity of M4 = RY is understood to be
point of the equator ST>_1.

Note that St is diffeomorphic with the standard r—dimensional simplex

Ar:{(yl,...,yr+1)€Rr+l : Zly221, VyZZ(), Z:1,,7“+1}

and thus with the so-called non-negative part of the real projective space
RPZ = (RZ\{0})/ Ry (see [26, Chapter 4]). Via push-forward, the central
projection carries the vector field X onto SL. The vector field obtained by
this procedure, i.e., the vector field -

P(X)(y) = 4 fe X ()

is called the Poincaré compactification of X, and this is an analytic vector
field defined on all SL. Actually, in order to perform computations with p(X)
one needs its expressions in a chart. Thus, consider the chart

U={yeS :y >0}

of S”, and project it to the plane { Yl Yry1) € RTFL =1) } ~ RL.
Then, via the corresponding central projection, assign to every pomt of U the



118 S. ANASTASSIOU, I. CHRYSIKOS

point of intersection of the straight line joining the origin with the original
point. This second central projection denoted by F': U — RY, has obviously
the form F(y1,y2,...,Yr41) = (1,%,...,%). We can now compute the

local expression of p(X) in the chart U; As above, let us denote by x; the
coordinates on RY. Then, we obtain

PROPOSITION 2.12. The local expression of the Poincaré compactification
p(X) of the homogeneous vector field X associated to the Ricci flow on (M =
G/K,g), reads as

l"i:xg(—]}iﬁl—‘rﬁi_l’_l) forany i=1,...,r—1,

_ 2.3
jsr:%‘?(—xrRFl), 23)

whereP|

1 —
RFi(wl""’xT) = RF; (7787-“,1.7‘ 1).
Ty Ty Ty

Remark 2.13. In the expressions given by , the factor z¢ is canceled
by the dominators of the rational polynomials RF;(x1,...,2,). After doing
so and by locating the fixed points of the resulting dynamical system, under
the condition x, = 0, we obtain the so-called fixed points at the infinity of

M =~ R’ of the homogeneous Ricci flow on (M = G/K, g).

EXAMPLE 2.14. For r = 2 the expression of p(X) in the local chart U is
given by

i’lzl'g(—l‘lﬁl —I—Wg), i‘gzl‘g(—l‘zﬁl),
where RF;(x1,72) = RF; (z%, %) for any ¢ = 1,2. We may omit the term

m, by using a time reparametrization. Fixed points of the homoge-

neous Ricci flow on (M = G/K,g) at infinity of .#“ = R2, can be studied
by setting 29 = 0. For r» = 3 the expression of p(X) in the local chart U reads
by

ilzxd(—$1ﬁ1 +W2), a‘cg:xg(—xgﬁl —|—W3), i3:1‘g(—$3ﬁ1),

where RF; = RF; (;13, %, %), for any i = 1,2,3. In an analogous way, fixed

points at infinity can be studied by setting x3 = 0, while similarly are treated
cases with r > 3.

3 Here, we have omitted the term since it does not affect the qualitative

1
: [CEsu
behaviour of the system.
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3. GLOBAL STUDY OF HRF ON FLAG SPACES
M =G/K wWiTH by(M) =1

We turn now our attention to the global study of the classical Ricci flow
equation for an initial invariant metric on (non symmetric) flag manifolds
M = G/K with by(M) = 1. Again we can work with G simple. Let us begin
first with a few details about this specific class of flag spaces.

3.1. FLaGc MANIFOLDS M = G/K WITH bo(M) = 1. According to
Proposition flag manifolds M = G/K of a compact simple Lie group G
with by(M) = 1 are defined by painting black in the Dynkin diagram of G only
a simple root, i.e., IIpy = {a;, } for some a;, € II. The number of the isotropy
summands of a flag space M = G/K with by(M) = 1 can be read from the
PDD, at least when we encode with it the so-called Dynkin marks of the simple
roots; These are the positive integers coefficients appearing in the expression
of the highest root of G as a linear combination of simple roots. For flag
manifolds with ba(M) = 1, i.e., Iy = /Il = {a;, : 1 <i, < ¢ =rankG}
we have the relation » = Dynk(w;,) (see [23, 24]), where r is the integer ap-
pearing in (L.I). In other words, a flag manifold M = G/K with by(M) = 1
and r isotropy summands is obtained by painting black a simple root «;, with
Dynkin mark 7, and conversely. Since for a compact simple Lie group G the
maximal Dynkin mark equals to 6 (and occurs for G = Eg only), we result
with the bound 1 < r <6.

So, from now on assume that M = G/K is a flag manifold as above
with bo(M) = 1 and 2 < r < 6. The classification of such flag manifolds
can be found in [24]; There, in combination with earlier results of Kimura,
Arvanitoyeorgos and the second author [35, [8, 9] is proved that any such
space admits a finite number of non-isometric (non-Kéhler) invariant Einstein
metrics, a result which supports the still open finiteness conjecture of Bohm-
Wang-Ziller ([15]). Note that M = G/K admits a unique invariant complex
structure, and thus a unique invariant Kahler-Einstein metric, with explicit
form (see [I7, 24])

T
9xkE =Y i Bln, = Blm, +2Blm, + ...+ 7 Blm, . (3.1)

)

The isotropy summands satisfy the relations

[E,m] Cmy,  [my,m] CE+my,  [mymy] Cmgy+myy (1 7).
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Hence, the non-zero structure constants are listed as follows:
r || non-zero structure constants cfj

([

C%l? 6?2 ([357 7])

C%la C%Q? 0‘113, 032 ([81)

C%la C%Q? 0‘113, A1, 0327 633 ([24])

2 3 4 5 6 4 5 6 6
€115 €125 €135 C145 Ci5y C225 €235 Co45 C33 ([241)

Sy Ot W N

For r = 2,3, the use of the Kahler-Einstein metric is sufficient for an explicit
computation of ij, and this yields a general expression of them in terms of
d; = dimm; (see [35, 9, [7]). For 4 < r < 6 more advanced techniques are
necessary for the computation of c*

i;» which depend on the specific coset (see
[8, 24]).

CAsE r = 2: All flag manifolds M = G/K with G simple and r = 2 have
ba(M) =1, see [9] for details. We recall that:

2 = dydy
U dy +4dy
riclzi—c2L ricQ:L 0211<x2_2>
2561 1 2d11‘% ’ 2:62 4d2 l‘% xT9 ’
2
. 1 dl dg 62 X9 2
Scaly = » d;- ':7(— —)—ﬁ<— —). 3.2
Cag ; it e 2 1}1+$2 4 x%—i—.ilig ( )

CAsE r = 3: Let M = G/K be a flag manifold with by(M) = 1 and
r = 3. Such flag spaces have been classified by [35], see also [7, [30]. They all
correspond to exceptional compact simple Lie groups, but the correspondence
is not a bijection. One should mention that not all flag manifolds with » = 3
are exhausted by this type of homogeneous spaces; This means that still one
can construct flag spaces with r = 3 and ba(M) = 2. We recall that

2 dids + 2dyds — dods
1 di +4dy +9d3

3 ds(dy + da)
12 = 5T T 7 La7
dy + 4do + 9d3

2 3
Y

MU ou T 2di2? T 24 N

23 13 12
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1 C%1<$2 2)_{_0%’2( 9 Tl I3 )

rico = — — | — — — —
2 2$2 4d2 :U% €T 2d2 13 ToI3 Tr1T2
- 1 cil)’2< T3 x1 x9 >
ricg = — + —— — —
3 2:(:3 2d3 Tr1x2 T2X3 1,3 ’
1 d1 d2 d3 C%l T2 2
Scaly = (S + 2+ 2) - AL 4 =) 3.3
g 2$1+£L'2+:E3 4 Qj‘%—l_l‘Q ( )
3
C x X X
_ ﬁ( 1, T2, 73 )
2 \xox3 T1T3 T1T2

CASE r =4: Let M = G/K be a flag manifold with G simple, r = 4 and
ba(M) = 1. There exist four such homogeneous spaces and all of the them
correspond to an exceptional Lie group. To give the reader a small taste of
PDDs, we present these flag spaces below, together with the corresponding
PDD and Dynkin marks. As for the case r = 3, one should be aware that still
exist flag manifold with r» = 4, but by(M) = 2.

M =G/K with by(M) =1 and r = 4 PDD
a1 Qg Q3 Oy
o—O0—8—0
F./SU(3) x SU(2) x U(1) Sy
a1 g 3 g4 Q5 Qg
E- /SU(4) x SU(3) x SU(2) x U(1) 1 2 34 3 2
20ar
a1 Qg 3 04 Q5 Qg Q7
o—0—
Es /SO(10) x SU(3) x U(1) 2 3 4 5 6] 4 2
30asg
a1 Qg 3 04 Q5 Qg Q7
—oO
Eg/SU(?)xSU(Q)xU(l) 2 3 4 5 6 4 2
3oasg
We also recall that
e 1} ae ci”2< T T T3 )
Ic] = — — —— + —= — —
! 21‘1 2d1 x% 2d1 oI35 1,3 T1T2
0413( T w3 x4)
2d; \x324 X174 x1T3/
ey = L _ c%(xzﬂ) Ci”z( mo_n T
2 21‘2 2d2 x% 4d2 :L'% I 2d2 1,3 ToI3 T1T2 ’
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3 4
. Cio T3 X9 I Ci3 T3 T T4
rney = —+ —— - - P - -
2:63 2d3 T1T2 Tr1x3 T3 2d3 14 Tr3T4 Tr1x3
4 4
ric4zi+0272(%_3>+cﬁ< T4 ;o T3 )
204 Ady \ 2 2ds \x123 X304 T1T4/
1 4 d; c%Q 1 T9 T3 01113 T T3 T4
Scaly, = ~ E — = == + + - == + +
2~ x; 2 \xox 1T 1T 2 \x3x 1T 1T
=1 i 243 143 142 344 144 143

2 4

c T 2 c T 2
_11(;+ )_22(;1+ )

4 x7 xT9 4 x5 X4

Let us finally present the values of cfj and the corresponding dimensions:

M =G/K ca | 3|y |

F4/SU(3) x SU(2) x U(1) 2 2 |1 |2/3

E;/SU(4) x SU(3) x SU(2) x U(1) | 2 8 |4 |4/3

Es /SO(10) x SU(3) x U(1) 2 16 |8 |8/5

Es /SU(7) x SU(2) x U(1) 14/3 |14 |7 | 14/5
di | dy |ds | dy

F, /SU(3) x SU(2) x U(1) 12 [18 |4 |6

Er/SU(4) x SU(3) x SU(2) x U(1) |48 |36 |16 |6

Es /SO(10) x SU(3) x U(1) 96 (60 |32 |6

Es /SU(7) x SU(2) x U(1) 84 |70 |28 |14

CASE r =5: According to [24], there is only one flag manifold M = G/K
with G simple, ba(M) = 1 and r = 5; This is the coset space

M =G/K =Eg/U(1) x SU(4) x SU(5)

and is determined by painting black the simple root a4 of Eg, i.e., IIy; = {4},
with Dynk(ayg) = 5 (and hence r = 5). The Ricci components ric; are given
by

2 3
1 i1 T2 cla [ T1 i) T3
e =s—— 5. —5+ - -
21 2dix12  2d; \xox3  x1T3 X1T2
613<x1_x3_$4>+c?4(x1_x4_:c5)
2d1 T3X4 14 1,3 2d1 T4 1T 14
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2 4 3
. ciy [ *2 2 Coy T4 Ciy [ T2 1 T3
rncg = — + —— o )= ) - -
2332 4d2 T T2 2d2 T2 2d2 Tr1x3 o3 ol
i 033 ( ) _ T3 _ T5 )
2d2 I35 ToIs ToI3 ’
4
e 1 N 3y ( T3 X9 x1 ) cis ( x3 1 x4 )
3= — _ — — —
2{L'3 2d3 T1X2 3,1 Tr3T92 2d3 T1T4 3,4 13
5
4 2 ( r3 T2 s )
2 d3 oI5 T3Ts5 xr3x2
. 1 032 Ty 2 04113 Ty T T3
Ny =s—+—(—75——)+ - -
204  4dy \x9 T4 2ds \T113  T3T4  T4Tq
N 3, ( Ty T T )
2d4 15 T4 T1T4 ’
5
e 1 N 023( T5 Z9 x5 ) ci( x5 x1 T4 )
5 — = — — — — .
21‘5 2d5 T2X3 3T oI 2d5 T1T4 TATs T1T5

The non-zero structure constants have been computed in [24, Proposition 6]
and it is useful to recall them:

A =12, &,=8, =4, &,=4/3, =4, c3=2.
Moreover, d; = 80, do = 60, d3 = 40, dy = 20 and d5 = 8.

CASE r = 6: By [24] it is known that there is also only one flag manifold
M = G/K with G simple, ba(M) = 1 and r = 6. This is isometric to the
homogeneous space

M =G/K =Eg/U(1) x SU(2) x SU(3) x SU(5),
which is determined by painting black the simple root a5 of Eg, i.e., IIy; =
{as}, with Dynk(as) = 6. We know that d; = 60, da = 60, d3 = 40, dy = 30,

ds = 12 and dg = 10. Also, the values of the non-zero structure constants
have the form (see [24, Proposition 12])

and the components ric; of the Ricci tensor Ric, corresponding to g are given
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by
2 3
e 1 i T2 clo ( 1 i) 3 )
1 = - —— —_ —_
21 2dyx12  2di; \xox3  x1T3  X1T2
4 5
i ClS( 1 _ T3 _ Ty )Cl4( I _ T4 _ x5 )
2d1 T3T4 T1T4 13 2d1 T4 T1Ts5 T1T4
6
4+ G5 ( U )
)
2di \z5r6 T1T6  T1T5
2 4 3
e n ¢l <:1:2 2) Coy T4 Clo ( ) 1 x3 )
2 = —— _— - — — —_— —_— —
2r9  4ddo \z12 19 2ds x92  2dy \wiT3 ToT3 ToT
1 Cg3< i) _ T3 _ Is ) Cg4< ) _ T4 _ T6 >
2d2 3T ToIs ToI3 2d2 T4Xg T2Xg T2X4y ’
e — 1 s w6 3y ( 3 ) T )
3= — — 22 — —
21‘3 2 d3 .7}32 2 d3 T1T92 3,1 3T
4 5
i 613< 3 _ T _ T4 >+ 023< I3 - ) - Ty )
2d3 T1T4 Tr3T4 r1x3 2d3 Tols r3Ts 32 ’
e 1 032 (CL‘4 2 ) n 0%3 ( T4 T T3 )
4 = — _— - — — —_— — —
24 Ads\zo?2 14 2ds \T1T3 T3T4 T4T]
+c?4(x4_ac1_w5)+cg4<w4_a:2_a?6>
2d4 1T T4Ts 14 2d4 ToXg T4Zg T2X4y ’
P 3, ( T5 T T4 >+ 35 ( 5 T2 T3 )
5= — I —_ —_ —_ —
21‘5 2d5 T1X4 T4y 15 2d5 T2X3 T35 o5

6
L A5 ( Tz T1 g )
2d5 T1%¢ T5T6 T1x5 ’

6

) 1 cg3 Tg 2 Cis [ Te T 5
icg=o—+ " (—%5——)+5 - -
21’6 4d6 T3 Te 2 d6 15 I5T¢ T1Z¢

6
4 Coy ( xeg _ T2 _ Ty )
2dg \xox4 T4Zg T2T6

3.2. THE MAIN THEOREM. Let M = G/K be a flag manifold with
bo(M) =1 and 2 < r < 6. The system of the homogeneous Ricci flow is
given by

{#; = =2 -ric; i =1,...,r}. (3.4)
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For any case separately, a direct computation shows that system (3.4]) does

not possess fixed points in .#¢ = R’ , i.e., points (x1,...,x,) € R} satisfying
the system {&; = &2 = --- = &, = 0}, which verifies Lemma

We now agree on the following notation: We denote by ¢; a fixed point of
the homogeneous Ricci flow (HRF) at infinity of 4 G as defined before. We
shall write N for the number of all such fixed points. We will also denote by
d;-mStb (respectively dj.tb) the dimension of the unstable manifold (respectively
stable manifold) in .#C (respectively in the infinity of .#%), corresponding
to ¢;. In this terms we obtain the following

THEOREM 3.1. Let M = G/K be a non-symmetric flag manifold with
bao(M) =1, and let r (2 < r < 6) be the number of the corresponding isotropy
summands. Then, the following hold:

(1) The HRF admits exactly N fixed points ¢; at the infinity of .4 ¢
where for any coset G/K the number N is specified in Table[l] These fixed
points are in bijective correspondence with non-isometric invariant Einstein
metrics on M = G/K, and are specified explicitly in the proof.

(2) The dimensions of the stable/unstable manifolds corresponding to e;
are given in Table[I, where ¢ represents the fixed point corresponding to the
unique invariant Kahler-Einstein metric on G/K. We see that

(i) For any M = G/K, the fixed point ¢; has always an 1-dimensional
unstable manifold in .#“, and a (r — 1)-dimensional stable manifold in
the infinity of .#©.

(ii) Any other fixed point ¢, with 2 < k < N, has always a 2-dimensional
unstable manifold, while its stable manifold is (r — 2)-dimensional and
is contained in the infinity of .#“, with the following three exceptions:

e the fixed point es for the space M, := Eg /U(1) x SU(3) x SO(10)
in the case with r = 4;

e the fixed point e5 in the case of M = Eg/U(1) x SU(4) x SU(5)
with r = 5;

e the fixed point e4 in the case of M = Eg /U(1) x SU(2) x SU(3) x
SU(5) with r = 6.

These three exceptions have a 3-dimensional unstable manifold and a
(r — 3)-dimensional stable manifold. Similarly, the stable manifold for
these cases is contained entirely in the infinity of .#©.
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(3) Each unstable manifold of any ¢;, contains a non-collapsed ancient
solution, given by

1
g (—oog) MO b g = (-2 g, G=1 N,
J

where \; is the Einstein constant of the corresponding Einstein metric g;(0),
j=1,...N,on M = G/K (these are also specified below). All such solutions
gj(t) tend to 0 whent — T = i > 0, and M = G/K shrinks to a point in
finite time.

(4) When r = 2, any other possible solution of the Ricci flow with initial
condition in .#“ has {0} as its w-limit set.

conditions d}m“b dj-tb
r|for M=G/K | N |dys® | g5t | 2<j<N)| (2<j<N)
2 - 2 1 1 2 0
3 - 3 1 2 2 1
4 M 2 M, 3 1 3 2 2
4 M = M, 5 1 3 | (for j#5) 2| (for j #5) 2
(for j=5) 3| (forj=5) 1
5 - 6 1 4 | (forj#5) 2| (for j #5) 3
(for j =5) 3| (for j =5) 2
6 - 5 1 5 | (forj#4) 2| (for j #4) 4
(for j=4) 3| (for j=4) 3

Table 1: The exact number N of the fixed points ¢; of HRF at infinity of
#C for any non-symmetric flag space M = G/K with by(M) = 1, and the
dimensions d5t*, dit*, for any 1 < k < N.

Proof. We split the proof in cases, depending on the possible values of r.
CASE r = 2. In this case the system (3.4 reduces to:

{i _ i+ ddyn —dyry _8d+d}
T (it dd)e T T 2(d fAdo)a? )

(3.5)

To search for fixed points of the HRF at infinity of .# €, we first multiply the
right-hand side of these equations with the positive factor 2(d; +4dg)x3. This
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multiplication does not qualitatively affect system’s behaviour, and we result
with the following equivalent system:
{j:‘l = RF, ($1,$2) = —2(d1 + 4d2>.%'% + 2dsx1 29,
To = RFQ(.’El, .rg) = —(8d23§'% + dleg)},

where the right-hand side consists of two homogeneous polynomials of degree
2. This is the maximal degree d of the system, as discussed above. We can
therefore apply the Poincaré compactification procedure to study its behaviour
at infinity. For the formulas given in Example ie.,

{ih = 23( — 21RFy (21, 22) + RFa(z1, 22)), &2 = 23 ( — 22RFy (21, 902))}7
we compute

RE 1z 2(dy + 4dy — dox
RF1(3317332):RF1( 1):_ (dy g 2 1),

T2 X x5
— 1 x (8ds + dlx%)
RF =RFy(—, —) = -+~
2(21,22) 2 (332’ x2> 1:%

Hence finally we result with the system
{.’L‘l = —(xl — 2)(—4d2 + dlxl + 2d21‘1) s To = 2(d1 + 4d2 — d2931):c2},

which is the desired expression in the U chart. To study the behaviour of this
system at infinity of ]Ri, we set o9 = 0. Then, the second equation becomes
o = 0, confirming that infinity remains invariant under the flow. To locate
fixed points, we solve the equation

&1 = h(z1) = —(21 — 2)(—4dy + dyz1 + 2dp21) = 0.

We obtain two exactly solutions, namely 2§ = 2 and 2} = 4da/(d; + 2dz),
and since h'(z¢) = —2dy, h'(28) = 2d;, both fixed points are hyperbolic. In
particular, A'(z§) < 0 and so z§ is always an attracting node with eigenvalue
equal to —2d;. On the other hand, h/(2%) > 0 and hence z} is a repelling
node, with eigenvalue equal to 2d;.

Recall now that the central projection F' maps the sphere to the y; =1
plane. Therefore, the fixed points z¢, x% represent the points ¢; = (1,z¢) and

eo = (1, :Ul{) in Ri, which correspond to the invariant Einstein metrics

gKE:l'B‘m1+2'B’m27 gEzl'B’ml +4d2/<d1+2d2)-3‘m2,
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respectively (see also [9]). To locate the ancient solutions, let g(t) =
t(21(0),2(0)) be a straight line in M. At the point (a,b), belonging in
the trace of §(t), the vector normal to the straight line is the vector (—b,a).
The straight line §(¢) must be tangent to the vector field X (x1,x2) defined by
the homogeneous Ricci flow, hence the following equation should hold:

(=b,a) - X(a,b)=0.

This gives us two solutions, namely (a1, b1) = (1,2) and (ag, b2) = (1,4ds/(d1+
2d3)), which define the lines ~;(t) = t(a;,b;), i« = 1,2. The solutions g;(t),
g2(t) of system ([3.5)) corresponding to the lines ~y; (¢) and v2(t), are determined
by the following equations

gl(t) = (1 — 2)\1t) . (1,2) = (1 — 2>\1t) - €1,

4dy
£) = (1— 2\t .<1,7): 1— 2\gt) - ¢g,
g2(t) = ( ) (L g aa,) = ¢ at) - e2

where A1, Ao are the Einstein constants of gxp = ¢1(0) and gg = ¢2(0),
respectively, given by
N = di + 2ds B d? + 6dydy + 4d3
"7 2(dy + 4dy) > 7 2(dy + 2dy)(dy + 4dy)

Obviously, these are both ancient solutions since are defined on the open set

(—o0, 2—}\1) (see also Proposition , in particular g;(t) — 0 when ¢ — 2%\1_,

i =1,2. The assertion that g;(¢) are non-collapsed follows by Corollary
Based on the definitions of the central projections f and F given before,

we verify that

Fn) = (12) and  F(f(e) = (12 ).
Thus, we have that

lim ~;(¢) =0 and lim ~;(t) = ¢;, Vi=1,2,
tﬁﬁ t——o00
which proves the claim that these ancient solitons belong to the unstable
manifolds of the fixed points located at infinity.
To verify the claim in (4), we use the function Va(z1,22) = 22 + 23 as a

Lyapunov function for the system (3.5). We compute that

dVv B 2d2:1;%(4x1 + 3x9) + dy (23:‘?’ + :cg)

E(“(t)’mt)) = 2(dy + 4dy)x} ’
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which for z1,z9 > 0 is always negative. Hence, if we denote as (tq, ), ta,tp €
R U{+£o0} the domain of definition of the solution curve g(t) = (z1(t), z2(t)),
we conclude that g(t) tends to the origin, as ¢t — t,. This completes the proof
for r = 2.

Case r = 3. In this case, to reduce system (3.4)) in a polynomial dynami-
cal system, we must multiply with the positive factor 2dy da(d;+4ds+9d3)z?yz.
This gives

i’l = RFl(.I'l, 9, J}3) = —2d2.’L‘1 (dldgmzf + dgdgxzf — dldgaclx% — dzdg.%‘ll'%
+ d%m'l:(}ng + 4didox1r923 + 9d1d3x1 2003 — dldz.%'%xg — 2d1d3$%$3
+ dgdgx%.%‘g — dldg.%‘l:b'g — degiUll'%) R
j:2 = RF2($1, T, 333) = —dll‘g( — 2d1d3$? - 2dgd393:15 + 2d1d3x1x§ (36)
+ 2d2d3$13§% + 8d%$%$3 — 4d1d3x%$3 + 20d2d33§%$3 + dldQ.TgSUg
+ 2d1d3£€%$3 — d2d3$g$3 — 2d1d3l‘1l‘§ — 2d2d333113§)
.I"3 = RF3(J}1, 9, $3) = 2d1d2$1$3 (dll'% + de% — dlmle — 4d21‘1$2
— 9dsxr1290 + dlx% + dzl’% — dlac% — dgﬂ;’%) .
The right-hand side of the system above consists of homogeneous polynomials
of degree 4. Let us apply the Poincaré compactification procedure and set
x3 = 0, to obtain the equations governing the behaviour of the system at

infinity of .#Z =8 By Example we deduce that in the U-chart, these must
be given as follows:

i = x1(2dids + 4didads + 2d3ds — 2didsat — 4dydadsx} — 2d5ds ]
— 8dyd3xy + 4d3dsxy — 20d1dadse + 2d3daxy o + SdidiT e
+ 18dydodzx1 o — didoaizy — 2dydix3xy — 2d3dsaixy
— 3d1dodsaizs + 2d5dsxias + 2didsas — 2d3dsa3)

d9 = —2dowo( — di — didy — dids — dads + dizy + 4didazy + 9didzan
— d32? — dydoa? + dydza? + dodza? — d2xyxo — Adydozi o
— 9dyd3z1 9 + didoziey + 2did3aiay — dodzaiay + diad 4 didoxs
+ dldga:% + dgdga:%) ,

5 =0.
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As before, the last equation confirms that infinity remains invariant under
the flow of the system. To locate fixed points, we have to solve the system of
equations {#1 = #9 = 0}. For this, it is sufficient to study each case separately
and replace the dimensions d;. For any case we get exactly three fixed points,
which we list as follows:

e Eg/EgxSU(2) x U(1) : In this case, we have di = 108, d2 = 54, d3 = 4
and the fixed points at infinity are located at:

(2,3), (0.914286,1.54198), (1.0049,0.129681).

e Eg /SU(8) x U(1) : In this case, we have dy = 112, ds = 56, d3 = 16 and
the fixed points at infinity are located at:

(2,3), (0.717586,1.25432), (1.06853,0.473177).

e E7/SU(5) xSU(3) x U(1) : In this case, we have d; = 60, d2 = 30, d3 = 8
and the fixed points at infinity are located at:

(2,3), (0.733552,1.27681), (1.06029,0.443559).

e E; /SU(6) xSU(2) x U(1) : In this case, we have dy = 60, da = 30, d3 = 4
and the fixed points at infinity are located at:

(2,3), (0.85368,1.45259), (1.01573,0.229231).

e Eg/SU(3)xSU(3)xSU(2)xU(1) : In this case, we have d; = 36, dy = 18,
d3 = 4 and the fixed points at infinity are located at:

(2,3), (0.771752,1.33186), (1.04268,0.373467).

e Fy/SU(3)xSU(2)xU(1) : In this case, we have dy = 24, dy = 12, d3 = 4
and the fixed points at infinity are located at:

(2,3), (0.678535,1.20122), (1.09057,0.546045) .

e Gy /U(2) : In this case, we have di = 4, do = 2, d3 = 4 and the fixed
points at infinity are located at:

(2,3), (1.67467,2.05238), (0.186894,0.981478).
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The projections of these solutions via F' : U — R3, give us the points e;,
i = 1,2,3. These are the points obtained from the coordinates of the fixed
points given above, with one extra coordinate equal to 1, in the first entry.

According to , the indicated fixed point ¢; = (1,2, 3) corresponds to
the unique invariant Kéahler-Einstein metric, and simple eigenvalue calcula-
tions show that it possesses a 2-dimensional stable manifold at the infinity
of #%, and a 1-dimensional unstable manifold, which is contained in .#¢.
All the other fixed points, correspond to non-Kéhler non-isometric invariant
Einstein metrics (see [35,[7]), and have a 2-dimensional unstable manifold and
a 1-dimensional stable manifold, contained at the infinity of .#Z¢.

Let us now consider an invariant line of system , of the form

g(t) = t(21(0), 22(0), 23(0)).

At a point (a,b,c) belonging to this line, the normal vectors are: (—b,a,0),
(0, —c,b), thus §(t) is tangent to the vector field X (x1,x2, z3) defined by the
homogeneous Ricci flow if

(=b,a,0) - X(a,b,c) =0, (0, —¢,b) - X(a,b,c) =0.

These equations possess three solutions, with respect to (a, b, ¢). One of them
is always (1, 2, 3), while the other two can be obtained after numerically solving
equations above for every value of d1, ds, d3. These solutions give us the three
non-collapsed ancient solutions g;(t) = (1 — 2\;t) - ¢; with t € (—o0, 2%\1), for
any ¢ = 1,2,3, where the Einstein constants A; for the cases i = 2,3 can be
computed easily by replacing the corresponding Einstein metrics g2(0), g3(0)
in the Ricci components, while for g;(t), A; is specified as follows:

_ dy + 2dsy + 3d3
~ 2dy +8ds + 18d3

1

Moreover, it is easy to show, taking limits, that the a-limit set of each of these
solutions is one of the located fixed points at infinity of .#%, while the w-limit
set, for all of them, is {0}. Finally, for any i we have g;(t) — 0 as t — 2%\1,,
where T = 2—%\1 depends on the dimensions d;, ¢ = 1,2,3, and so on the flag
manifold M = G/K, while again the assertion that g;(t) are non-collapsed,
for any ¢ = 1,2, 3, is a consequence of Corollary

CASE r = 4. The proof follows the lines of the previous cases r = 2, 3.
Thus, we avoid to present similar arguments. Consider for example the case

of the flag manifold M = G/K with by(M) = 1 and r = 4, corresponding
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to M, := Eg /U(1) x SU(3) x SO(10). After multiplication with the positive
term 60x2z3w324, the system (3.4) of HRF equation turns into the following
polynomial system:
I = a:la:g( — 5m4:6“;’ + xi:clwg — x?xz + 5374m1:c% — 60z4x1 1273
+ 10x4x§x3 + 5[64.7311’% + xlxgxg) ,
To = 2974 (433?@ — 4x1x§ + x4x%x3 — 22x%$2x3 — 4$§$3 + 4x1:v2x§) ,
T3 = 3T1T273 (5x4x% + xixz — 20z421 9 + x%xz + 53:433%
— 5x4x§ — xgxg) )
Ty = —2T174 (8:1:233% - 8$%x% + 5@21:101333 + QOxlx%xg — 8:16%1'%) .
Note that the right-hand side of the equations above are all homogeneous
polynomials of degree 6. Hence we can apply Proposition [2.12] to study the
behaviour of this system at infinity of .#%. In the U chart and by setting
x4 = 0, we obtain
Lo 2 2,2 3 2
T = —xl( — ] + x{ry — 13x123 + 132723 + 4412273 — 60272273
+ 18:U“I’x2m3 — lexgxg + x%x% — 2m2x§) ,
To = —2m1x2( —2x1 + 21’1$% — 10z3 + 30z 123 — 5x%m3 — 30z 12273
+ 5:L‘%$2£L’3 + 1Ox%x3 — xlxg) ,
T3 = —1‘3( — 1722 + 40222y — 152323 — 5xq23 + Sairs — 60232023
+ 1023 x93 + bryases + 17aias + 10x2m§) )
T4 =0.
Again, last equation confirms that infinity remains invariant under the flow
of the system. Solving the system {:'cl =T9 =23 = 0}, we get exactly three
fixed points, given by
(2,3,4), (1.09705,0.770347,1.29696), (1.15607,1.01783,0.214618)
(0.649612,1.10943,1.06103), (0.763357,1.00902,0.191009) .
These solutions give us, through the central projection F of the U chart on R,

the five fixed points e1, ¢a, €3, ¢4, ¢5. The fixed point ¢; = (1,2, 3, 4) corresponds
to the unique invariant Kéhler-Einstein metric. Consider the Jacobian matrix
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corresponding to the system in U chart, that is

9fh  9h 9N
8931 8$2 (9:E3

— Ofa Of: Of
Jac := ﬁ 872 87;2), ,
ofs 9fs Ofs
o1 Oxo oxs3
where
fi:= —xl( — a:% + x%a:% — 13z123 + 13x?m3 + 44x1x013 — 60:(;%3023:3
+ 18w‘i’x2x3 — 3x1x%x3 + w%x% — 2x2x§) ,
fo:= —2$1$2( —2x1 + 21‘1.%‘% — 10z3 + 302123 — 5:c%$3 — 3021023
+ 5x%x2x3 + 10x§x3 — xla:%) ,
f3:= —:1:3( — 1722 + 402229 — 152203 — Sxy23 + Sades — 603 z023

+ 1023 x923 + briades + 17:1:%:5% + 10:U23:§) .

Calculating the Jacobian matrix at the corresponding fixed point (2,3,4), we
find it to be equal to:

—~1600 368 32
Jaco sy = 960 —1248 192
320 1760 —1696

This has 3 negative eigenvalues, thus we conclude that the fixed point e;
possesses a 3-dimensional stable manifold, contained in the infinity of .ZC,
while the straight line joining e; with the origin of .# @ corresponds to its
1-dimensional unstable manifold.

Computing the Jacobian matrix at the other fixed points and calculating
their eigenvalues, we conclude that all the other fixed points, correspond-
ing to non-K&hler, non-isometric invariant Einstein metrics (see [8]), have
a 2-dimensional stable manifold, located in the infinity of .# G and a 2-
dimensional unstable manifold, one direction of which is the straight line in
MC tending towards the origin, with the exception of fixed point e5. The
Jacobian matrix there becomes

1.33763 —1.13506  0.251494
Jac(0.76335771_0090270.191009) = 0.0597364 —4.80309 0.447799 s
—0.13328 —0.320307  3.98402
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which has one negative eigenvalue and two positive ones. Thus, ¢5 possesses
a 1-dimensional stable manifold, contained in the infinity of .#Z%, and a 3-
dimensional unstable manifold, one direction of which is the straight line em-
anating from e5 and tending to the origin of .#¢. Invariant lines, correspond-
ing to non-collapsed ancient solutions g;(t) = (1 — A2t) - ¢;, t € (—o0, 2%\1),
can be found as in the previous cases, confirming once again that their w-limit
sets are equal to {0}, while the a-limit set is the corresponding fixed point at
infinity of .#“. This proves our claims. The Ricci flow equations on the rest
three homogeneous spaces of that type can be treated similarly.

CASE 7 = 5. After multiplication with the positive term 60z3x3z3z47s5,
system turns into the following polynomial system:

.fl = —X1T2 (x?:lfg.fvg — 1’1%2333:]3?1 + 31’?:62%5 - 3%11’2%%%5
+ 61:?:1;41:5 — 6:1:1:1:33343:5 + +60x12903T425 — 93:22:1;33:4:55
— 6x1x§x4x5 — 3x1x2xix5 — xlxgscga;g) ,
To = 2x2a:4( — a:%x;’ + a:%xgazg + 43:‘%3:2:55 — 4:L'1:1:%x5 — 243:%:[:23:33:5
— 3132375 + 421307375 + 205 37475 + TT27E)
T3 = 3Tr1x913 (:L“lx%x4 — x1z§m4 + 21‘%332.%5 — 21:2:c§x5 + 4x%x4x5
— 20z 120745 + 4x§x4x5 — 4x§:p4m5 + Zmzxﬁmg, + x1x4m§) ,
Ty = —2x1x4( — 2£B%£C%.%'3 + 236%:)63:@21 — 61‘%.%’%.1‘5 + 24:61963333335
— 6a3x3ws + 6x30 w5 + 3wiw3250s — Qx%:pg:cg) ,
T5 = DT1T2T5 (21‘%1:23:3 + 33:1:1331:4 — 12z1200374 + 3x1x§x4

+ 29623;33:3 — 2m2x3x§ — 3:1;13:4x§) .

Note that the right-hand side consists of homogeneous polynomials of degree
7 and we can use Proposition 2.12] to study the behaviour of this system at
infinity of .#%. Using the expressions given above, the system at infinity,
written in the U chart and setting x5 = 0, reads as follows:

i1 = —x1( — 2o + 20773 — 2312523 + Tiw2w] — 32Ty + 3TTT5T4
— ldz1x324 + 14x:1"a;3m4 + 48x 1201374 — GOx%a:ga:?,m + 1533?1‘2.%‘3.%4

— 2wy x3x33y + 3T050y — AToxITy + TiTTT — 2x1m3xi) ,
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To = —xlxg( — X9 — 3$%1‘3 + 3:3%:63 + x1x2x§ — 9124 + 9m1x§$4
— 18z3x4 + 60x123T4 — 61‘%%3334 — 60z 120134 + 9x%$2x3$4
+ 18$%:1c3x4 — 3x1$§$4 + xlzzgxi — 3$3$Z) ,
T3 = —133( — 5:1)%1’2 + 51’%1‘21‘% — 151’%3)4 + 48x%a72$4 — 93:%:1:%@
— O6x1x3T4 + 61‘?1‘31’4 — 6Ow%x2m33}4 + 93:?@:173:34
+ 6x1x3m3x4 + 151’%1‘%1‘4 + 6x2m§334 — Sx%xgxi) ,
Ty = —x1w4( —1lx129 — 15m%x3 + 60x1 2013 — 1536%3:3 — 9x1x2x§
— 3z124 + 3:6130%3:4 — 6x3T4 + 6x%x3x4 — 60x1 01324 + 9m%x2x3m4
+ 6m3x3x4 + lea:gm + llxla;gmi + 15x3xi) ,

5 =0.

Similarly with before, last equation confirms that infinity remains invariant
under the flow of the system. Now, by solving the system {i1 = @9 = i3 =
4 = 0}, we get exactly six fixed points at the infinity of .# @ given by:

(2,3,4,5), (0.599785,1.08371,0.901823,1.22291)
(1.02137,0.546007, 1.05352, 1.10879) , (1.08294, 1.04088,0.532615,1.10351) ,
(0.720713,1.02546, 0.475234, 1.07095) , (1.03732, 1.04718, 1.03082, 0.29862) .

As before, these fixed points induce via the central projection F' the explicit
presentations ¢;, i = 1,...,6. The fixed point represented by ¢; = (1,2, 3,4,5)
corresponds to the unique invariant Kahler-Einstein metric on

M =Eg/U(1) x SU(4) x SU(5) and eigenvalues calculations show that it
possesses a 4-dimensional stable manifold, contained in the infinity of .#¢,
and a 1-dimensional unstable manifold which coincide with a straight tending
to the origin. The other three fixed points, corresponding to non-Kéhler, non-
isometric invariant Einstein metrics (see [24]), have a 3-dimensional stable
manifold, located in the infinity of .#“, and a 2-dimensional unstable mani-
fold, one direction of which is the straight line in .#% tending to the origin,
with the exception of the fixed point e5;, which possesses a 2-dimensional sta-
ble manifold, contained in the infinity of .# @ and a 3-dimensional unstable
manifold. The ancient solutions g¢;(t) = (1 — 2A;t) -e;, i = 1,...,6 are defined
on the open interval (—oo,1/2);), where the corresponding Einstein constant
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A; is given by

A =11/60 for e =(1,2,3,4,5),

Ao = 0.37877 for ey = (1,0.599785,1.08371,0.901823,1.22291) ,
A3 = 0.365507 for es = (1,1.02137,0.546007,1.05352, 1.10879),
As =0.339394 for ey = (1,1.08294,1.04088,0.532615,1.10351),
A5 = 0.386982 for e5 = (1,0.720713,1.02546,0.475234,1.07095) ,
X¢ = 0.337271 for eg = (1,1.03732,1.04718,1.03082, 0.29862) .

Using these constants and by taking limits, as above, we obtain the rest claims
for r = 5.

CaseE r = 6. To reduce the system (3.4) to a polynomial dynamical

system, a short computation shows that we must multiply with the positive

term 60x3z3w3 v 2576. This gives the following:

1 = —T1T2T3 (93:131:2563334 — x1x2x3x4az§ + 233?.%25631‘6 — 2$1x2x3xix6
+ 4x?x2x5x6 — 4x1m2x§x5x6 + 61:?:64935x6 — 6x1x§x4x5x6
+ 60x1x2T3T4T5T6 — 8x%m3x4x5x6 — 6x1x§x4x5x6 — 45511‘2.’1331‘5:66
9 2 2
— 2X1T2X3T5T6 — $1£E2£L‘3.’L’41/‘6) 5
. 2 2 2 2 2.2
To = 2x2$3( — xlx%xgarg, + X{T2X3X5T5 — x1x§x4x6 + 27T2x3T4X6
+ 31‘?1321’41’5:136 — 3x1$§x4x5:p6 - 261’%1‘21‘31’4%‘51}6 — 2x§m3334x5:176
3 2 302 a2 2 2 2 2
+ SX1X2X3X4T5T6 + SXTLITLT5L6 + T]X2X4TETe + x1x2x3x5$6) ,
T3 = 3T1T2T3T6 (:le%xgm — x1m§x4 + 2x%x2$3x5 — 2x2x§x5
+ 3%%%3334(]}5 — 202103245 + 3x%a:3x4x5 — 33:%3:4:55 + 2@:033:31'5
2
+ 1237425 + $1$29€4$5$6) )
T4 = 2012374 (2331:z§’x3$5 — 2$1$2x3$2x5 + 21:%:539:39:6 — 2x§x3xix6
+ 433‘%.%‘%.%5336 — 243:1:U%:L‘3x5x6 + 4x%x§az5x6 — 4x%:v?1335x6

— 37123750576 + 205737506 + 271 T2T3T5TG)
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T = DT1x2x3T5 (x%azgxg.m — x2x3x4m§ + 2$%x2$3x6 + 2$1x§x4x6
— 12z120232476 + 21:1:17%:343:6 + 2x2x3xim6 — 2:L‘21;3:U52):1:6
— 2x1x4x§$6 + x2x3x4a}§) ,

Tg = 6x122%¢ (x%xgzcgu + 2x1x%$§x5 — 8x1x2$§x4x5 + 2x1$§xix5

2 2 2 2 2 2 2
+ ToT3XATy — X2X3L4Tg — 2:1:13:33353:6 — x1x2x4x5x6) .

that the right-hand side consists of homogeneous polynomials of degree

9. Hence again we can apply the Poincaré compactification procedure to study
the behaviour of this system at infinity of .#%. Using the expressions given
above, the system at infinity, written in the U chart and setting xg = 0, reads
as follows:

T1 =

To =

T3 =

Ty =

—xlacg( — $%$2$3 + 2:(}?.%2{134 — 2$1m2x§x4 + x%a:g:chi — 2.%'%[132335

+ 2x?x3x5 — 2:(}1.%%[133375 + 2:1;%@3:%3:5 — 41'%.%'4.%5 + 41:%3:%304.@5

— 12z1230475 + 12$:1)’x3x4a:5 + 52x1x2x3%4T5 — 6033%1’2.%’3.%43?5

+ 12x‘;’x2x3x4$5 + 41’%.%';2;.7343?5 — 6m2x§x4m5 + Qm%mxi%

— 2x1x3xix5 + x%xgmgxg — 2x1x2x4$§) ,

—xlxg( — xlxgxg + xla:%xgxi — 2x1x%x5 — 3$%x2$3x5 + 3$§x3$5

+ 2x1x%x§m5 — 1021 z02425 + 10x1x§x4x5 —1bx2x32475 + 602122232475
— 3x%x2x3m4x5 — 60$1$%x3x4x5 + 8x%x§x3x4x5 + 15x§$3x4x5

— 2x1x2x§x4x5 + 2x1$3xix5 — 3562333113421%5 + xlxga:gxg — 3x1x3x4azg) ,
—332.233( — 2roxy — Arirowy + dwwoxiny + 2iwowant — 61w0xs

+ 61‘%1‘21‘%1‘5 — 12x%:n4a:5 + 48x%$2x4x5 — 4x%:p%x4x5 — 61231405

+ 6x§$3x4x5 — 60x2x2m3x4$5 + 8$§)a72:173$41‘5 + 61‘11‘%&731‘4335

+ 121)%1‘%3341‘5 + 6x2m§m4x5 — 21}%$2$Z$5 + a:%xgzrgxg — 4:1:@2:1741‘%) ,
—2x1w2x4( — 3x1T073 + 31‘1.%'23331’2 — 6x1T0T5 — 5x%m3x5

+ 30x1x20T3T5 — 53:%3:3955 — 4x1x2m§x5 — 2r124%5 + 2x1x§x4x5

— 3x3T48T5 + 3x%x3x4x5 — 30z 101345 + 4x%m2x3x4w5 + 3w3x3x4x5

+ 2x1w§x4x5 + 6x1x2xix5 + 5x3xim5 — 23:13629:33:?)) ,
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Ty = —x1x5( — 7m1x§x3 — 121‘%x3x4 + 48x1x§x3m4 — 12m§x§x4
2.2 2 2 2 3
— dr12573%] — 221255 + 221252375 — 4T1X2T4T5 + 4T1 25245
— 6xrox3raxs + 6x%$2x3$4x5 — 60x1x%x3x4x5 + 8%%33%1‘3564$5
3 2 2.2 2.2
+ 6x5z3T475 + dT122023T4T5 + 20125325 X5 + TT1X5T3T5
+ 12$§x4m§ + 6$1m3x4x§) ,
¢ =0.
By the last equation one deduces that the infinity of .#% remains invariant

under the flow of the system. Solving now the system {i1 = &9 = &3 = &4 =
5 = 0}, we get exactly five fixed points given by:

(2,3,4,5,6), (0.823084,1.1467,1.17377,1.42664, 1.46519) ,
(0.986536, 0.636844, 1.06853,1.13323,0.921127) ,
(0.90422,0.778283,0.927483, 1.03408, 0.359949) ,
(0.954875,0.965321, 1.00534, 0.290091, 1.01965) .

These solutions, projected through the central projection F', induce the fixed
points ¢; at infinity of .#Z%, namely

€1 = (17273747576)7

eo = (1,0.823084,1.1467,1.17377,1.42664, 1.46519) ,

es = (1,0.986536,0.636844, 1.06853,1.13323,0.921127) ,

es = (1,0.90422,0.778283,0.927483, 1.03408, 0.359949) ,
(

e5 = (1,0.954875,0.965321, 1.00534, 0.290091, 1.01965) .

These points are in bijective correspondence with non-isometric invariant Ein-
stein metrics on M = G/K = Eg/U(1) x SU(2) x SU(3) x SU(5) (see [24]),
and determine the non-collapsed ancient solutions g;(t) = (1 —2\;t) - ¢;, where
the corresponding Einstein constant A; has the form

A1 =3/20, A2 =0.313933, A3 =0.348603, Ay = 0.367518, A5 = 0.349296 .
All the other conclusions are obtained in an analogous way as before. This

completes the proof. 1

Remark 3.2. For r > 3 a statement of w-limits of general solutions of (i3.4)),
as in the assertion (4) of Theorem is not presented, since for these cases
a Lyapunov function is hard to be computed.
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Let us now take a view of the limit behaviour of the scalar curvature for the
solutions g;(t) given in Theorem and verify the statements of Proposition
We do this by treating examples with r = 2, 3.

EXAMPLE 3.3. Let M = G/K be a flag manifold with » = 2. Then, an
application of (3.2 shows that both Scal(g;(t)) are positive hyperbolas, given
by

(d1 + dz)(dl + ng)
(dl + 4d2) — 2t(d1 + ng) ’
(dl + dz)(d% + 6d1do + 4d%)
d? + 6d1dy + 8d3) — t(d3 + 6didy + 4d3))

Scal(g1 (1)) =

Scal(gz(t)) = X

respectively. Therefore, they both are increasing in ( — 00, 2%\1), which is the
open interval which are defined, i.e., Scal’(g1(¢)) and Scal’(g2(t)) are strictly
positive. The limit of Scal(g;(t)) as t — 2%\1 must be considered only from

below, and it is direct to check that
lim Scal(g(t)) = +oo0, tlim Scal(g;(t)) =0, Vi=12.
——00

2x;

Hence, Scal(g;(t)) > 0, for any t € (— 0, 2%\1) and for any ¢ = 1,2, as it
should be for ancient solutions in combination with the non-existence of Ricci
flat metrics ([37, [38]). Let us present the graphs of Scal(g;(t)) and Scal(g2(t))
for the flag spaces Gy /U(2) and Fy4 /Sp(3) x U(1), both with r = 2. We
list all the related details below, together with the graphs of Scal(g;(t)) for
the corresponding intervals of definition ( — 00, 2—}\1) (see Figure (1| and [2, for
i = 1,2, respectively).

M = G/K d1 d2 1/2)\1 1/2)\2 Scal(gl(t)) Scal(gg(t))

120 1760
9 2 | 4 12/11
Gz /U(2) 8 /3 / 32— 924t | 384 — 362t
960 34080

F 1 1
4/5p(3) x V(1) |28 | 2| 9/8 |\ T2/TL | ot | G o

The graphs now of the ricci components of the solutions g;(t), which we
denote by

ricij(t) = rici(gj(t)), 1 < 1 < r, 1 S] < ]V7
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where again N represents the number of fixed points of HRF at infinity of
MC, are very similar. For example, for any flag manifold M = G /K with
r = 2 and for the first ancient solution g;(¢) passing through the invariant
Kéhler-Einstein metric g1(0) = gx g, we compute

ric11(t) = rici(g1(t)) = ricar(t) = rica(g1(t))
B di + 2dy
a Q(dl —+ 4d2) — 2(d1 + 2d2)t ’

For the solution go(t) passing from the non-Kéhler invariant Einstein metric
92(0) = g we obtain

riClg(t) = ricl(gg(t)) = riCQQ(t) = I’iCQ(gQ(t))
B d? + 6dyds + 4d3
"~ 2(d? + 6dydy + 8d3) — 2(4d3 + d? + 6dyda)t

Note that the equalities rici1(t) = ricei(t) and ricia(t) = ricea(t) occur since
gi(t) (i = 1,2) are both 1-parameter families of invariant Einstein metrics on
M = G/K (as we mentioned in Section [2). For instance, for Gy / Uz with
r = 2, the above formulas reduce to

=12 () = rica(t) = —
T 32— 24t 12 = T2 ™ 99 — 176t

with ric11(0) = riC21(0) = /\1 = 3/8 and riClg(O) = I’iCQQ(O) = AQ = 11/24,
respectively. The corresponding graphs are given in Figure

ric11 (t) = I’iC21 (t)

Scal(g1(t)) Scal(g1 (1))

-10 -8 -6 -4 -2 -10 -8 -6 -4 -2

Figure 1: The graph of Scal(gi(t)) for Go /U(2) (left) and Fy /Sp(3) x U(1)
(right).
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-10 -8 -6 -4 -2 <10 -8 -6 -4 P

Figure 2: The graph of Scal(ga(t)) for Go /U(2) (left) and Fy4 /Sp(3) x U(1)
(right).

ric11 ()

H
-10 -8 -6 -4 -2 -10 -8 -6 -4 -2

Figure 3: The graphs of ricy1(t) = ricai(t) and ricia(t) = ricoa(t) for Go / U(2)
with m = my; @ ms.

EXAMPLE 3.4. Let M = G/K be a flag manifold with b2(M) = 1 and
r = 3. Let us describe the asymptotic properties of the scalar curvature
Scal(gi1(t)), related to the solution gi(t) = (1 — 2A1t) - ¢; only, where ¢; =
(1,2, 3) is the fixed point corresponding to the invariant Kéhler-Einstein met-
ric g1(0) = gxp. By we see that Scal(gi(t)) is the positive hyperbola
given by

(d1 +do + dg)(dl + 2dy + 3d3)
(di + 4da + 9d3) + 2t(dy + 4da + 6d3)

Scal(g1(t)) = 5

Thus, Scal(gi1(f)) increases on the open interval (—oo, ﬁ), where g¢;(t) is
dedined. Note that the value

(dy + do + d3)(d1 + 2d2 + 3d3)
2(dy + 4da + 9d3)

Scal(g(0)) =

equals to the scalar curvature of the Kéahler-Einstein metric g1(0). The limit
of Scal(g1(t)) as t — ﬁ must be considered only from below, and it follows
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that
lim Scal(g(t)) = 400, lim Scal(g:1(t)) =0.
t—>2)1\1 t——o0

For example for Gy / Ug and r = 3, we compute \; = 5/24, so

25 12 25
Scal(g1(t)) = T2 —5° te <— 00, g) ) Scal(g1(0)) = 1

and the graph of Scal(g;(t)) is given by

Scal(g1 (1))

¥Scal(g1(0))

-10 -8 -6 -4 -2

Figure 4: The graph of Scal(g1(t)) for Go /U(2) with m = m; @ my @ ms.
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