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Abstract: For every n > 2 this paper is devoted to the description of the sets of extreme and exposed
points of the closed unit balls of £(™I2,) and Ls(™12,), where £(™2,) is the space of n-linear forms
on R? with the supremum norm, and Ls(™%,) is the subspace of £(™I%,) consisting of symmetric
n-linear forms. First we classify the extreme points of the closed unit balls of £(™I2,) and Ls(™2,),
correspondingly. As corollaries we obtain |ext B2 )| = 2(2") and | ext Br izl = 27+l We
also show that exp BC(”&)) = ext Bc("lgo) and exp BLS("Z?,O) = ext Bcs("zgo>~
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1. INTRODUCTION

Let n € N,n > 2. We write Bg for the unit ball of a real Banach space F
and the dual space of F is denoted by E*. An element x € Bp is called an
extreme point of Bg if y,z € By with z = %(y + z) implies z = y = z. We
denote by ext Bg the set of all the extreme points of Bg. An element z € Bg
is called an exposed point of B if there is a f € E* so that f(z) =1 = || f||
and f(y) < 1for every y € Bp\ {z}. It is easy to see that every exposed point
of Bg is an extreme point. We denote by exp Bg the set of exposed points of
Bp. We denote by L£("E) the Banach space of all continuous n-linear forms on
E endowed with the norm ||T|| = supyg, =1 |T(z1, -+ ,zn)|. Ls("E) denote
the closed subspace of all continuous symmetric n-linear forms on FE.

Let us say about the history of the classifications of extreme and exposed
points of the unit ball of continuous (symmetric) multilinear forms on a
Banach space. Kim [I] initiated and classified ext By (22 y and exp By, (252 ),
where 5, = R" with the supremum norm. It was shown that ext By 22 ) =
eXPBLS(ngO)- Kim [2, Bl 4, 5] classified ext BLS(Qd*(l,w)Q)v ext B£(2d*(1,w)2)a
exp By, (24, (1,w)2)> and exp Bz 24, (1,u)2), Where d (1, w)? = R? with the octago-

— |z]+]y] ; ;
nal norm ||(z,y)]l» = max {|z|, |y|, %} Kim [6] [7] classified ext BES(QRi(w>)
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and ext BL:(?R%L( ) where where R}ZL( = R? with the hexagonal norm

w)
1, )y = macdlyl 2l + (1 — w)lyl}. Kim 8, 8 0] classified ext By, g .
ext Br (312 ) and ext B3z ). It was shown that every extreme point is exposed
in each space. Kim [1I] characterized ext By (2n ) and ext Bz (2jn ). Recently,

Kim [I2] classified ext By(23 y and showed exp B2 y = ext Bz ).

2. THE EXTREME AND EXPOSED POINTS OF THE UNIT BALL OF L("[%)

Let 12, = {(z,9) € R? : ||[(,9)]lc0 = max(|z|,|y|)}. For n > 2, we denote
Wy = {[(1,w1),...,(1,wy)] : wj ==F1for j=1,...,n}.

Note that W, has 2" elements in S;z X --+ X Spz .
Recall that the Krein-Milman Theorem [I3] say that every nonempty com-
pact convex subset of a Housdorff locally convex space is the closed convex

hull of its set of extreme points. Hence, the unit ball of [2 is the closed convex
hull of

{(171)7(*171)7(1’*1)’(*17*1)}-
THEOREM 2.1. Let n > 2 and T € L£L(™?2,). Then,

1T = sup [T(W)].
Wewn,

Proof. It follows that from the Krein-Milman theorem and multi-
linearity of 7. |1

Let Z1,. .., Zon be an ordering of the monomials xy, - - -z, Yk, -+ - Yg,_; With

{li, -l k1, -+ Jkn—j} ={1,--- ,n}. Note that {Z,...,Zon} is a lgz;gis for
L(™2%). Hence, dim(L£(™2%)) = 2" If T € L(™2,), then,

2’)1
T =Y arZs
k=1
for some ay,...,asn € R. By simplicity, we denote T' = (aq, - ,asn)!. Let
Wi, ..., Wan be an ordering of the elements of W,,. Let
M(Zl, ceey Zgn; Wl, ey Wgn) = [Zl(W])]
be the 2" x 2" matrix. Note that, for every T € £("I2),
M(Zy,..., Zon; W, ..., Wou)T = (T(WY), ..., T(Wan))*.

Here, (e€1,...,€en)! denote the transpose of (1, ..., €n).
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THEOREM 2.2. Let n > 2. Then,
eXtBﬁ(nlgo) = {M(Zl,...,Zgn;Wl,...,WQn)_l(Gl,. . .,EQn)t
ce =1, j=1,...,2"}.

Proof. CLam 1: M(Zy, ..., Zon; W1, ..., Wan) is invertible.
Consider the equation

M(Zy,..., Zon; W1, ..., Wan)(t1, ... ,tan) = (0,...,0)". (*)
Let aq,- -+ ,agn be a solution of (¥ and let T' = Eiil apZy, € L(M2%). Then,
T(W,) =0 j=1,...,2"

By Theorem |IT|| = 0, hence T' = 0. Since Zi,...,Zn are linearly
independent in £(™%), we have a; = 0 for all j = 1,...,2". Hence, the
equation (¥) has only zero solution. Therefore, M (Z1, ..., Zon; Wi, ..., Wan)
is invertible.

CLAM 20 M(Zy,..., Zon; Wi, ..., Wan)"Y(eq,...,ean)! is an extreme
point for €; = +1,(j =1,...,2").

Let

T .= M(Zl, ey Zgn; Wl, ey Wgn)_l(el, ceey 62n)t.

Since
M(Zl, .. .,Zgn;Wl, .. .7W2n)T = (61, .. .,Egn)t7

T(W;) =¢j for j=1,...,2". By Theorem [2.1

T = sup |T(W;)|= sup [e|=1.
1<j<2n 1<j<on

Suppose that T' = %(Tl +13) for some Ty € Bz ) (k= 1,2). We may write
Ty =M(Zy,..., Zo0; Wi, ..., Wan) " Her, ... ean) + (81,...,00n)"

and
Ty =M(Zy,...,Z00;Wi,...,Wan) e, ..., en)t — (01,...,000)¢

for some 0; e R (j =1,...,2"). Note that

(Tk(Wl), e ,Tk(W2n>)t = M(Zl, .. .,Zgn;Wl,. . .,Wgn)Tk for k = 1,2.
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Therefore,
(T (W), ..., Ti(Wan))® = (e1,. .., ean)’
+M(Z1,...,Z2n;W1,...,Wgn)((sl,...,(SQn)t
and
(TQ(Wl), e ,TQ(WQn))t = (61, e ,GQn)t
— M(Zy,..., 290 We, ..., Wan)(1,...,0m)"
Hence, for j =1,...,2™,
Tl(Wj) =€+ (Zl(Wj), R ZQn(Wj))(él, .. .,(52n)t,

and
TQ(WJ’) == Ej - (Zl(Wj), ey Zgn (W]))((Sl, ey (52n)t.

It follows that, for j =1,...,2™,
12 max{[Ty(W;)|, [ T2(W;)|}
= lejl + 1(Z1(W}), ..., Zon (W) (61, ..., 6an )|
- 1 + ‘(Zl(Wy), .. .,ZQn(Wj))(él, .. .,(Sgn)t‘,
which shows that
(Z1(W))y .oy Zon (W) (61, ..., 020) =0 for j=1,...,2™

Hence,
M(Zl,...,Zgn;Wl,...,Wgn)(él,...,(SQn)t =0.

Therefore,
(61,...,000) = M(Zy,..., Zon;Wi,...,Wan)"1(0,...,0)
=(0,...,0)".

Hence, Ty, =T for k = 1,2. Therefore, T is extreme.
Suppose that T" € ext Bz ). Note that

(T(W1)7 ceey T(WQ'!L))t = M(Zl, ceey Z2'IL7 Wl, ey WQ'!L)T.
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Cramm 3: |T(Wj)|=1forall j=1,...,2".
If not. There exists 1 < jo < 2" such that |T'(Wj,)| < 1. Let dp > 0 such
that |T'(Wj,)| + 6o < 1. Let

T = M(Zl,...7Z2n;W17...,W2n)71
X (T(W1)7 <o ’T(Wjo—l)v T(WJO) + 507 T(Wjo-i-l)v cee 7T(W2”))t
and
Ty =M(Zy,..., 200 Wi,..., Wan) ™}
x (T(W1), ..., T(Wj,—1), T(Wj,) — 00, T(Wjs41)s - - -, T(Wan))".
Hence,
Tl(Wjo) = T(Wjo) + 607 TQ(WJO)
=T (Wjy) — 60, Tv(W;) = To(W;) =T(W;) (3 # Jo)-

Obviously, T # T}, for k = 1,2. By Theorem [2.1] ||T| = 1 for k = 1,2 and
T = §(Ty + T»), which is a contradiction. Therefore,

T=MZ1,...,Z0;Wy,...,Wan) N (T(Wy),...,T(Wan))!
with [T(W;)| =1forall j=1,...,2". 1

Kim [I0] characterized ext Bz ). Notice that using Wolfram Math-
ematica 8 and Theorem we can exclusively describe ext Bz ) for a
given n > 2.

For every T € L(™2), we let

Norm(T) := {[(1,w1),..., (Lwn)] € Wy« [T((L,w1),...,(L,wy))| = ||IT|}
We call Norm(T) the set of the norming points of T'.

COROLLARY 2.3. (a) Letn > 2. ext Byn2 ) has exactly 2(2") elements.
(b) Let n>2and T € L(™Z2,) with |T|| = 1. Then T € ext Bpz ) if
and only if Norm(T) = W,.

THEOREM 2.4. ([4]) Let E be a real Banach space such that ext Bg is
finite. Suppose that x € ext Bp satisfies that there exists an f € E* with
f(z)=1=|f]] and |f(y)| <1 for every y € ext Bg\{£x}. Then x € exp Bg.
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THEOREM 2.5. Let n > 2. Then, exp Bpnz )y = ext Brngz ).

Proof. Let T € ext Bpni2 ) and let

1 . n *
Ji= g Y sien(T(W)ow, € L(M2)"
1<5<2n

Note that 1 = [|f[| = f(T). Let S € ext Bg(n2 ) be such that [f(S)] = 1. We
will show that S =T or S = —T. It follows that

L= IS =5 S0 signTV)SOV;)

1<j<on

N
S
|
o\
&
S

IN
\‘P—‘

which shows that

or

Suppose that

It follows that

S =M(Z1,...,Z00;Wi,..., Wan) "1 (S(W1),...,S(Wan))!
=M(Zy,..., 20 W1, ..., Won) "} (—=sign(T(W1)),.. ., —sign(T(Wan)))*
=M(Zy,..., Zon; Wi, .o, Wan) Y (=T (W1),...,—T(Wan))*
=-T.

Note that if S(W;) = sign(T'(W;)) (1 < j < 2"), then S = T. By Theorem
2.4 T is exposed. 1
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3. THE EXTREME AND EXPOSED POINTS OF THE UNIT BALL OF Lg("1%)

Let n > 2 and

Uy = {[(1,1),(1,1),...,(1,1)],[(1,-1),(1,1),..., (1, 1)],
[(1,=1), (1, - 1),( D, (4L,
[(1,-1),(1,—1),(1 —=1),(1,1),...,(1,1)],

(1, =1), (1, =1), .00 (1, =1), (1, 1)],
[(1,-1),(1,-1),...,(1,-1),(1,-1)]}.
Note that 4, has n + 1 elements in Sz X --- X Sp2 .
THEOREM 3.1. Let n>2 and T € L,("2). Then,
17| = sup [T(U)].

Ueln,
Proof. Tt follows that from Theorem [2.1] and symmetry of 7. 1

For j =0,...,n, we let

F_]: Z xllu'xljykl.“ykn,j-
(b bk o b={1,0 o}

Then, {Fy,...,F,} is a basis for £,(™2,). Hence, dim(Ls("l%,)) = n + 1. If

T € L4("2,), then,
T =Y bF
j=0

for some bg,...,b, € R. By simplicity, we denote T' = (by,--- ,b,)!. For
7=0,...,n, we let

Ui =[(1,u1),...,(1,up)] € Un,
where up, = —1for 1 < k<jandur=1for j+1<k <n. Let
M(Fy,...,Fy; U, ..., Uy) = [Fi(Uj)]
be the (n + 1) x (n + 1) matrix. Note that, for every T € L4("12),
M(Fy,...,Fy;Us,...,U)T = (T(Uy), ..., T(Uy))".

By analogous arguments in the claim 1 of Theorem M(Fy, ..., F,; Uy,
.., Up) is invertible.
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THEOREM 3.2. Let n > 2. Then,
ext By iz ) = {M(Fo, ..., Fo;Uo, ..., Un) " (o, .. €n)"
te=+1,7=0,...,n}.

Proof. 1t follows by Theorem and analogous arguments in the claims
2 and 3 of Theorem |

Notice that using Wolfram Mathematica 8 and Theorem we can ex-
clusively describe ext By (nj2 ) for a given n > 2.
For every T € Ls("1%), we let

Norm(T) := {[(1,w1),..., (L, un)] €Upn : [T((1,w1),..., (L, un))| = ||T]|}.
We call Norm(T) the set of the norming points of T.

COROLLARY 3.3. (a) Letn > 2. ext By (nj2 ) has exactly 2"+ elements.
(b) Letn>2and T € Ly("3,) with |[T|| =1. Then T € ext By 2y if
and only if Norm(T) = U,

THEOREM 3.4. Let n > 2. Then, exp Bp (nj2 ) = ext Bg (n2 ).

Proof. Let T' € ext By (ng2 ) and let

1
n+1

> sign(T(U))du, € Lo(M12)".

0<j<n

f =

Note that 1 = ||f|| = f(T'). By analogous arguments in the proof of Theorem
f exposes T. Therefore, T is exposed. |

QUESTIONS. (a) Let n > 2 and €j,...,exn be fixed with ¢; = +1,(j =

1,...,2™). Is it true that
ext Bpoz y = {M(Z1,..., Zon; W1, ..., Wan) " (er, ..., )"
2 L1y, dion, W1, ..., Won are any ordering}?

(b) By Theorem M(Zy,..., Zon; W1, ..., Wan)"Ye, ..., ean)! is ex-
treme if Z1,..., Zon, W1, ..., Won are any orderlng. Similarly, we may ask the
following: Let n > 2 and d, ..., 0, be fixed with §; = £1, (k=0,...,n). Is
it true that

ext Be iz y = {M(Fp,...,Fn;Uo,...,Un) " (00, ...,0n)"
2 Fo,...,Fy, Uy, ..., U, are any ordering}?
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