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1. INTRODUCTION

In 1938, A.M. Ostrowski proved an interesting integral inequality, esti-
mating the absolute value of the derivative of a differentiable function by its
integral mean as follows

THEOREM 1. ([21]) Let I C R be an interval. Let f : I — R, be a
differentiable mapping in the interior I°of I, and a,b € I° with a < b. If
|f'(x)] < M for all x € [a,b], then

‘f(z)—bia/abf(t)dt‘SM(b—a) [}ﬁ(”(;_;))] (1.1)

The above inequality has attracted many researchers, various generaliza-
tions, refinements, extensions and variants have appeared in the literature see

for instance [0, [7, 8, @, T0L [1T], 12} 3] 14, 15} 16l [19] 20, 24, 25], and references
therein.
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Set [25], gave the following fractional Ostrwski inequality for differentiable
s-convex functions

| (L=t (o) — B (12 1) (0) + (124 £) (1)

< (14 M) (=)

and

‘ (%) (@) = Bt (1 1) (a) + (12, f) (b>)\

s ) (=)

Kirmaci et al. [4], presented some results connected with inequality .

/ F(z)dz — a+b)

Zhu et al. [27], established the following fractional midpoint inequality
T'(a+1) a a a
ST £ )+ () (@)] £ (%5) |

IN

<5 @+ | ®))-

< s (17 @] + 17 @) (043 - 5or)-

Motivated by the above results, in this paper, we establish a new integral
identity, and then we derive some new fractional Ostrowski type inequalities
for functions whose derivatives are s-preinvex.

2. PRELIMINARIES
In this sections we recall some definitions and lemmas

DEFINITION 1. ([23]) A function f:I — R is said to be convex, if

flz+ 1 -t)y) <tf(z)+(1-1) f(y)
holds for all z,y € I and all ¢ € [0,1].

DEFINITION 2. ([I]) A nonnegative function f : I C [0,00) — R is said
to be s-convex in the second sense for some fixed s € (0, 1], if

flz+ (1 —t)y) <t°f(z)+ (1 —-1)°f(y)
holds for all z,y € I and ¢ € [0, 1].
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DEFINITION 3. ([I8]) A set K C R™ is said to be an invex with respect
to the bifunction n : K x K — R", if for all z,y € K, we have

z+1tn(y,z) € K.

In what follows we assume that K C R be an invex set with respect to the
bifunction n: K x K — R.

DEFINITION 4. ([26]) A function f : K — R is said to be preinvex with
respect to 7, if

f(z+tn(y,)

) < (L=1t) f(2) +tf(y)
holds for all z,y € K and all ¢t € [0, 1

J

DEFINITION 5. ([5]) A nonnegative function f : K C [0,00) — R is said
to be s-preinvex in the second sense with respect to 7 for some fixed s € (0, 1],
if
f@+in(y,z) <A-1)°f(2)+tf(y)
holds for all z,y € K and t € [0, 1].

DEFINITION 6. ([2, 3], [I7]) Let f € Li[a,b]. The Riemann-Liouville frac-
tional integrals I, f and I} f of order o > 0 with a > 0 are defined by

1 e o
13+f(x):w/a (@— 0" f(O)dt,  z>a,
° f(z) = 1/b (t—2) f@O)dt,  b>a
T () L, ’ 7
respectively, where I'(a) = [;¥e *t*"'dt, is the Gamma function and

10 f(@) = I f(x) = f(=).

We also recall that the beta function for any complex numbers and non-
positive integers p, 7 such that Re(p) > 0 and Re(7) > 0 is defined by

1 T
B(p,T)I/O 9P—1(19)71d9:m.

The incomplete beta function is given by
t
Bt(p,T):/Op_l(l—H)TldQ, 0<t<l.
0

LeMMA 1. ([22]) For any 0 < a < b in R and fixed p > 1, we have
(b—a)f < —dP.
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3. MAIN RESULTS

In what follows, in order to simplify and lighten the writing, we note in all

the proofs 7(b, a) by c.

LEMMA 2. Let f : [a,a + n(b,a)] — R be a differentiable mapping on
(a,a+n(b,a)) with n(b,a) > 0, and assume that f’ € L([a,a+n(b,a)]). Then

the following equality holds

F@) = 553 () @t n ) + (1.0, F) @)
1
=242 ([ kg a0
0

1
—i—/o t“—Q=-t)"f (a+t77(b,a))dt>,

where

1 if 224 <t<1.

k{1 if0<t< B

Proof. Let ¢ = n(b,a). And let

I= /01 kf'(a+ te)dt + /Ol(ta - (1=t f'(a+tc)dt
=h+ Iz,

where

1
1'1:/ kf'(a+ tc)dt,
0

1
I = /0 (t* — (1 =) f'(a + tc)dt,

and k is defined by ({3.2]).
Clearly,

r—a

I1=/Olkf’(a+tc)dt:/0 ’

= 2f(2) = ¢lf(@) + fla+ o).

1
f’(a+tc)dt—/ f'(a+te)dt

(3.1)

(3.6)
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Now, by integration by parts, I gives
I=1f(a+c)+Lf(a)
1 . 1 .
_ a—
—i‘(/o t“ f(a—i—tc)dt—i—/o (1—1) f(a—l—tc)dt)
:%f(a—i-c)—i—%f(a) (3.7)

. (/anrc (u— )" f () du + /;Jrc (c+a—uw*"f(u) du>

= 1f(a+ o)+ 1f (@) = B (U ) (at o) + (1) (@)

Substituting (3.6]) and (3.7)) in (3.3). Multiplying the resulting equality by
§, and then replacing c by 7(a, b), we get the desired result. 1

THEOREM 2. Let f : [a,a + n(b,a)] — R be a positive function on [a,b]
with n(b,a) > 0 and f € L{a,b]. If | f'| is s-preinvex function with s € (0,1],
then the following fractional inequality holds

) $ (50 @t 1 00) + (1) @)

<282 (| 1)+ )] (3.8)

X (1+1(5)Q+S+B1 (s+1,a+1)—B
S+1 3 ?

atstl (O‘+173+1)> :

1
2
where B (+,-) is the incomplete beta function.

2

Proof. Let ¢ = n(a,b). From Lemma [2| and properties of modulus, we
have

£ =5 (2 )+ (7 1) @)

r—a
c

sa L
g;[/o ‘ }f’(a+tc)\dt+/ |/ (a+tc)|dt

% @ o / ! a a !/
+/0 (L=t =) |f (a—i—tc)‘dt—i—/; t* = (1=t |f (a+tc)|dt|.
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Using the s-preinvexity of |f’|, the above inequality gives

)= S ({15 (a4 (1,0 @)

g;( /0 (= 0PI @)+ )t
1
+ [ (=0l @l el o)
" /0 (1= 0% — 1) (L= 071 (@) + 17 (0) )t
1
+ [ a0 =e) (@ -1l +t8\f’<b>r>dt>

2

(1-(1==22)"") @1+ (252) "1 )]
s+1

c

s+1

+<@—zﬂ”me+0%aw”ﬁmwj

+|f/(a)] </02((1 — )" =t (1 — 1)) dt

1

+ [ (1=t — (1 —1)*) dt)

/ S (1 _ \@ _ gats 16¥+5_s ha
+|f (b)\</0 (1 —t)* —t )dt—l—/;(t £5(1 — ))dt
= 5(|F @]+ ®)])
<<9‘}‘1+/()2((1_t)a+8—ta(1—t)8) dt+/02(t5(1_t)a_ta+5)dt>
=s(|F @]+ ®)])

x<14f*bwiu3@+1a+n—3
s+1 a+s+1 % ’

w\»—t\

N[

X

(a+1,s+1)).

1
2
Replacing ¢ by 7 (b, a) in the above inequality, we get the desired result. The
proof is completed. N
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COROLLARY 1. In Theorem |2| if we choose T = 2a++(b’a)

following fractional midpoint inequality

, we obtain the

‘f (2a+g(b,a)> 2n(a(+1) ((I;gf) (a+n(ba))+ (Igﬁ_n(b,a))*f) (a)> ‘

2 (| ()| + | (0)])

x(sﬂ—i—O[(jLs):;S—i—Bé(s—i—l,a—i—l)—B;(a—i—l,s—i—l)).
Moreover if we take n(b,a) = b — a, we obtain
(o) - HE (0 0+ G5 (@)
< 52(|f (@] + |1 ®)])
X <S+1+a&gjs—i—Bé(s—i—l,a—&—l)—B%(a—i—l,s—i—l)).

COROLLARY 2. In Theorem [2| if we put s = 1, we obtain

0= 35 (121 0+ 00,00 + (1) @)

< 289 (@) + £ B)]) (a+3- (H)°7).

Moreover if we choose T = 2a++(b’a)

midpoint inequality

, we obtain the following fractional

’f (2a+g(b,a)> _ ;;g(w) ((I;f;f) (a+n(b,a)) + (I(O;M (b))~ f)( )> ’

< S (7 @]+ 7 O gty (o +3- (1))

Remark 1. Theorem [2| will be reduced to Theorem 2.3 from [27], if we

choose n(b,a) =b—a, x = ‘%H’ and s = 1.

THEOREM 3. Let f : [a,b] C [0,00) — R be a positive function on [a,b]
with a < b and f € L[a,b]. If | f'|? is s-preinvex function, where s € (0,1] and
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q > 1, then the following fractional inequality holds

1)~ Rt (050 @ 00,00 + (1 0y-1) @),

s+1 s+1 1
. (1_(1_7&;3)) ’ )\f’(a>|q+(,;;;g>) IO
< 2 s+1

s+1

k] s l
. ((1—;@;3)) +1|f’(a)\q+(1—(f(;§)) +1)|f/(b)|qd> a (3.9)

a 1_1 1
() (bl i o)
2 L 1 NI
2 [ f @+ ik £ )] )q) ,
where o
17 l o« S
Hos = 7,(11)5+1 —Bi(a+1s+1) (3.10)
and (l)a+s+l
Mas =DB1 (s +1a+1) = 2. (3.11)

Proof. Let ¢ =1 (b,a). From Lemma [2] properties of modulus, and power
mean inequality, we have

@)= D (20 (@ 0+ (I-£) @),
<< {(/O \f’(a+tc)|th>q + (/1_
(/O; (1=t —t%) ]f’(a+tc)]th>

1 % 1 q
([ = (1=t (a+tc)}th>

2

q

[ (a+te)|* dt)

Q=

=
| I |
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Since | f’|? is s-preinvex function, we deduce

<g[(/0

c

a+1

- (5

2c%

T \
1 q
+ (/ A= |f @)+ ]S (b)\‘%lt)

1-1 1
> {(/0 (=0 =t (1L =0)° |[f(a)| + ¢ | f (b)}q)dt>

f) = S (g ) @+ o)+ (18, - 1) (@) ‘

1

s f/(a)|q+ts‘f/ (b)‘th>q

1

+ (/2 (=" =) (" [f(@)|" + Q1 =) [f(0)]")dt
0

[Slle}

|

(-

s+1

1
I—T)Hl)lf’(a)”(zca)sﬂf’(b)|q> :

s+1

1
. <(1zca)erlfl(a)lq+<1(ggljll)erl)f/(b)q) q

) ({5 )it

+ (8
(%)a+5+l

+{<Bé(5+1,a+1)— atstl )lf/(a)’q

1_(l)o¢+s+1
+ ( ai—s—i—l - B

N |=

1
2

- LA

(a+1,5+ 1)) |/ (b)]q}

)

1
q

293

1
q

i

)]
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[

c
-2 s+1

[ ((1—<1—““2“)5“)|f’<a>Q+<fza)s“|f’(b)|4> .

1

. ((1T)S+1|fl(a)|q+<l(ZCEL)S+1>|fI(b)q> q

s+1

1

(k) (k@ o)

(k2 @)+ i (b)!Q)é}] ,

where i}, and p2 , are defined as in (3.10) and (3.11)) respectively. By re-
placing ¢ by 7 (b,a) in the above inequality, we get the desired result. The
prove is completed. |1

2a-+n(b.a)

COROLLARY 3. In Theorem |3| if we choose T = 5

following fractional midpoint inequality

, we obtain the

‘f <2a+g(b,a)) _ 21;(3(:;)) ((Ig-s-f) (a+n(b,a)) + (I&Jrn(b’a))—f) (a)) ‘

1

(1(%)S“)if'(a)rf+(é)s“u'(bw) ‘

s+1

IN
=
NS
2
VR

1

+ (qé)fﬂlﬂ(a”q*(l(é)”l)f/(b)qd) E

s+1

1

+( ) (alr@P il o))"

ROV RIZUIDR

Moreover if we take 1 (b,a) = b — a, we obtain
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s+1

1
< ba { ((1(é)““)f/<a>|Q+(;)S“f'<b>‘Id> ‘

1

+ (((é))Sﬂlf/(a)'q+<1—(é)s“)f’(b)"d) E

s+1

+( &) { (b @ il r 0" )
+ (1|7 @ |7 <b>‘I)3}] .

COROLLARY 4. In Theorem 3] if we put s = 1, we obtain

@)~ i (20 @+ 1 00) + (I ) @)

o (ot )t
2

2

2

N ((1—M)2|f’(a)"+(1—(M)2)|f’(b)qd>‘17

1

(k) ol it o)

=

(12 F @+ kL (b)")i‘}] ,

where
toa = as — it (3™ (3.12)
and
Kot = rner — (BT (3.13)
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Moreover if we choose x = 2a++(b’a), we obtain the following fractional

midpoint inequality

’f <2a+g(b,a)> _ 21“77(3&2)) (([;ﬁf) (a+mn(ba))+ (I(O(éz+7l(bya))7f) (a)) ’

1 1
ba 31F ()| 94| £ (0)]%d )\ 4 "(@)|743]F (5)|9d \ @
<n(2)[<f()|8|f()l >q+<|f()| 8If()l )q

1

+ (i) { (bl @ il o)

F(alr@p s atalr ol

Additionally if we take 1 (b,a) = b — a, we obtain

()~ R (2 0) 0+ 0D (o)

1 1
—a 3/aq /qu7 /aq3/qu*
§b2[( \f()l;r\f()l )q+<|f()|+8|f()| )q

1

+ () { (@ il o)’

1
f’(b)}q)q}r
where u}v’l and “3,1 are defined as in (3.12)) and (3.13|) respectively.

THEOREM 4. Let f : [a,b] C [0,00) — R be a positive function on [a,b]
with a < b and f € Lla,b]. If |f'|? is s-preinvex function, where s € (0, 1],
and q > 1 with % + % =1, then the following fractional inequality holds

+ <Mz¢,1 ’f/(a)‘q + Mé,l

)~ i (20 @t n ) + (B ) @)

< lba) [((1— (1—m>8+1> @)+ ()" }f’(b)\q>

Q=

1
2(s+1) 9
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1 1 1
1—(1\*P D 9s+1_q f’a q+f/b a\ q f’a a4 (2s+1_1 f’b q\ q
+< () ) X((( IJOIEE ()|) +< @ (2241 1) <>|) )]

Proof. Let ¢ = n(b,a). From Lemma [2, properties of modulus, Holder’s

inequality, and Lemma [I], we have

@)= (12 0) (0 0+ (I-£) @)

{(/ Mm)ﬁ(ﬁ;,f/w),th>
(

<

[l

c

Jun
Q=

= / q % ! / q
/0 | (a+tc)| dt) +<[Da\f(a+tc)| dt)

1
+ (/za |f/(a+tc)]th>

/
S—
Sh
o
=
—
IS
= _|_
~
@)
S~—
=
QL
~
~__—
Q=

1 ‘ 1 :
X ((/ |f’(a+tc)|th> + (/ |f'(a+tc)\th> )] :
0 !
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Since | f’|? is s-preinvex function, we have

)= 5 () @ )+ (T 1) @)

<t [( | a-vlrar +t8\f’<b>|q>dt> q

1 q
+ ( [ a-vis@ir+ tslf’(b)\q)dt)

c

+<1a§,i)1ap>p{</02((1t)sf )|+t ()| dt)q
1 q
+ (/1((1—t)3\f (@)|"+ 5| f/ ()] dt) }]

_ c _ _ z—a\stl ()] gea S| a q
‘Z(SH)é[((l (1= @]+ (=52) \f(b)\)

q

=

(= (- e ror)

1
+ ( 7@ p>p
1 1
< 25+1 1 |f (a)|2+]f"(b)|9 ) <|f/(a)|q+(25+1_1)f/(b)q>q)]
55T + 9s+1 :

Replacing ¢ by n(b,a) in the above inequality, we get the desired result. |

COROLLARY 5. In Theorem W] if we choose © = 2a++(b’a)

following fractional midpoint inequality

, we obtain the

' ; (2a+g(b,a)> E) ((13+ £) (a+n(ba) + (Igz—i-n(b ! ) (a)) ’
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1 1
x (((25“—1)|f’(a)‘“rlf’(b)lq) s <|f’(a)q+(25“—1)|f’(b)q) )
2s+1 9sF1 .

Moreover if we take n(b,a) = b — a, we obtain

(5 - R 0 0+ G5 D @)
1
_(1\*P\ p
< _b=a 1 1-(3)
= 2(s+1)% ( +< ap+1
1 1
" <<(25“—1)If’(a)1q+|f'(b)|q> o <|f’(a)|‘1+(25“—1)f’(b)") )
2s+1 2s+1 .

COROLLARY 6. In Theorem {| if we put s = 1, we obtain

@)~ w020 @+ 1 00) + (T £) @)

((1 - (1 n(ba)) ) |f(@)] + (;‘E;S))Q ‘f/(b)\q>q

+ (=) rr+ (1- () o)’

n (12593)1“?); <<3f/<a>|q:|f'(b>|q>i N ('f(”*f'f“’)')l)] '

2a+n(b,a)
2

Moreover if we choose v = , we obtain the following fractional

midpoint inequality

(200 < 3 (12 00+ (F ) @)

1
n(ba) =N\ (35 @I O\, (1 @31 0) @
<t (1 (SU7)") (g (angron)l)
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Additionally if we take 1 (b,a) = b — a, we obtain

(5 - HE 0 0+ U5 D )|

<

1
boa (DN (B @IHr O\ |, (1@ 3l ) e
ol g <1 + ( O‘Pil ( 4 ) + ( 4 ) '
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