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Abstract: The main purpose of the paper is to study the nature of Ricci soliton on para-Kéhler
manifolds satisfying some certain curvature conditions. In particular, if we consider certain pseu-
dosymmetric and parallel symmetric tensor on para-Kéhler manifolds we prove that V is solenoidal
if and only if it is shrinking or steady or expanding depending upon the sign of scalar curvature for
dimension M > 4, where (g, V, A) be a Ricci soliton in a paraholomorphic projectively, pseudosym-
metric para-Kéahler manifolds. Moreover, we obtain some results related to the quasi-conformal
curvature tensor on such manifolds.
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1. INTRODUCTION

Ricci flow is an excellent tool in simplifying the structure of the manifolds.

It is defined for Riemannian manifolds of any dimension. It is a process that

deforms the metric of a Riemannian manifold analogous to the diffusion of

heat there by smoothing out the irregularity in the metric which is given by
dg(t)

5 —2Ric(g(t)),

where g is the Riemannian metric dependent on time ¢ and Ric(g(t)) is the
Ricci tensor. We consider ¢; : M — M, t € R, be a family of diffeomorphisms
and (¢ : t € R) is a one parameter family of abelian group called flow. It
generates a vector field X, given by

qu _ df((ZI;(Q)), f c Coo(M)

If Y is a vector field then £xY = lim;_,q W%Y is known as Lie-derivative
of Y with respect to X. Ricci solitons move under the Ricci flow under
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¢r : M — M of the initial metric, that is, they are stationary points of the
Ricci flow in the space of metric. If gg is a metric on the co-domain, then
g(t) = ¢%go is the pullback of go, is a metric on the domain. Thus if gg
is a soliton of the Ricci flow on the co-domain, subjected to the condition
Lvgo + 2Ricgo + 2Ago = 0 on the co-domain then g(t) is the soliton of Ricci
flow on the domain subjected to the condition £y g+ 2 Ric g+ 2 g = 0 on the
domain by [I3] under suitable conditions. So gy and g(t) are metrics which
satisfy Ricci flow. Thus the following equation

Lyvg+25+2\g =0, (1.1)

is called Ricci soliton. It is said to be shrinking, steady or expanding according
as A < 0, A = 0 and A > 0 respectively. Therefore, Ricci solitons are gen-
eralization of Einstein manifolds and they are also known as quasi-Einstein
manifolds by theoretical physicists.

Para-Kéhler manifolds are examples of symplectic, locally product and
semi-Riemannian manifolds. Some authors studied on paracomplex geometry
[3]. Besides, many authors considered the notion of “hyperbolic” instead of
“para”. It was first used by Prvanovic [8]. In this paper, the references [4] 5]
have been our motivation in studying the para-Kéhler manifolds, where the
structure tensor P is an almost complex and metric g is positive definite.

This paper is organized as follows: In Section 2, we give the basic concept
of para-Kahler manifolds and some certain curvature tensor. In Section 3, we
introduce certain pseudosymmetric conditions on such manifolds. In Section
4, we discuss the parallel symmetric second order tensor field. In Section 5,
we consider quasi-conformally flat para-Ké&hler manifolds. Finally in Section
6, we study the parallel quasi-conformal para-Kéahler manifolds.

2. PARA-KAHLER MANIFOLDS

By a para-Ké&hlerian manifold we mean a triple (M, P, g), where M is a
connected differentiable manifold of dimension n = 2m, P is a (1,1)-tensor
field and g is a pseudo-Riemannian metric on M satisfying the conditions

P?=1,  g(PX,PY)=—g(X,Y), VP=0, (2.1)

for any X,Y € R(M), where R(M) is the Lie algebra of vector fields on M, V
is the Levi-Civita connection of g and [ is the identity tensor field.

Let (M, P, g) be a para-Kéhlerian manifold. The Riemann-Christoffel cur-
vature tensor R, the Ricci curvature S and the scalar curvature r are defined
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R(X,Y,Z,W) =g(R(X,Y)Z, W),
S(X,Y) =Te{Z — R(Z, XY},
r="Tr,S.
Let @ be the Ricci operator given by S(X,Y) = g(QX,Y), for these tensor
fields, the following identities are satisfied
R(PX,PY)=-R(X,Y),  R(PX,Y)=—R(X,PY),

S(PX,Y)=-S(PY,X), S(PX,PY)=—-S(X,Y). (22)

Tr{Z — R(X,Y)PZ} = —25(X, PY),
Tr{Z — R(PZ,X)Y} = S(X, PY),

QY = — Z €Z'R(6i, Y)el
For any (0,2)-type tensor field ® on M and X,Y € X(M), we define the
endomorphism X Ag Y of X(M) by
(X Ao Y)Z = ®(Y,2)X — ®(X,2)Y,  ZeRM).

The paraholomorphic projective curvature tensor P of (M, P, g) is defined as
follows (7, 8, []):

P(X,Y) = R(X, Y)—niz{x AsY —(PX)As(PY)+29(QPX,Y)P}. (2.3)

We recall that

P(X,Y)=—-P(Y,X), Tr{Z— P(ZX)Y}=0,

S e P (Xyeen W) = - i S(nS(X, W)~ rg(X, W)}, (2.4)

where {ej,ea,...,e,} is an orthonormal frame and ¢; is the indicator of e;,
gi = g(ei,e;) = £1. In [§], Prvanovic defined the following (0, 4)-type tensor
field: given XY, Z,V € R(M),
1
Ro(X,Y. Z,V) = 1{9(X, 2)g(Y.V) = (X, V)g(¥, 2)
—9(X,PZ)g(Y,PV) +g(X,PV)g(Y,PZ)  (25)
— 29(X, PY)g(Z, PV)}.
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For any ¢ € M, a subspace U C T;M is called non-degenerate if g restricted
to U is non-degenerate. If {u,v} is a basis of a plane ¢ C T, M, then o is
non-degenerate if and only if g(u, u)g(v,v) —[g(u, v)]? # 0. Thus the sectional
curvature of o = span{u, v} is

R(u,v,u,v)
g(u, u)g(v, U) - [g(u, U)]z '

From it follows that X and PX are orthogonal for any X € X(T'M). By
a P-plane we mean a plane which is invariant by P. For any ¢ € M, a vector
u € T,M is isotropic if g(u,u) = 0. If w € T, M is not isotropic, then the
sectional curvature K (u) of the P-plane span{u, Pu} is called the P-sectional
curvature defined by u. When K (u) is constant, then (M, P,g) is called of
constant P-sectional curvature, or a para-Kéhler space form.

The notion of a quasi-conformal curvature tensor C' is given by Yano and
Sawaki [I4] and is defined by

k(o) =

C(X,Y)Z =aR(X,Y)Z + B[S(Y,Z)X — 5(X,Z2)Y
+9(Y,Z)QX — g(X, Z)QY | (2.6)

r

- (% 4 28) L 2)X - X2,

where a and 3 are constants. If « =1 and 8 = —ﬁ, then reduces to
conformal curvature tensor [6]. A manifold (M", g) (n > 3) is said to be quasi-
conformally flat manifold if C' = 0. In [I], it is known that a quasi-conformally
flat manifold is either conformally flat under o # 0 or Einstein manifold under
the conditions @ = 0 and 8 # 0. The authors give no restrictions for « = 0

and 8 = 0. However, we consider the condition « # 0, or 5 # 0 in this study.

In view of the equations (2.2)), (2.4) and ({2.6]), we have
Z ;i g(C (Pe;, PY)e;, W) = —%Q(PY» W) + B2S(PY, PW)—7g(PY,W)]

n{n—

= T{ < -+ QB}g(PY, PW), (2.7)
which implies

3 e C(Pei, PY)e; = —%PY + B2QPY — 7 PY]

+T{ - +2B}Y,
n

n—1
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where 7 is the special scalar curvature, which is defined as the trace of PQ.
It is remarked that ). e;9(Pe;, ;) = 0.

For any (0, k)-type tensor (k > 1) field T" on a pseudo-Riemannian manifold
(M, g), we define a (0, k + 2)-tensor field R - T" by the following condition

k
(R-T)(U,V,X1,....Xp) ==Y _T(X1,...,RU,V)Xs,...,Xp). (2.9)

s=1

A pseudo-Riemannian manifold (M, g) is called semisymmetric if R - R = 0;
Ricci-symmetric if R- S =0 ([2] 4 [11], 12]).
We also define a (0, k + 2)-tensor (k > 1) field Q(g,T) as follows

k
Qg T)UV, X1, ... Xp) ==Y T(X1,...,(UAV)X,,..., Xp).  (2.10)
s=1

A pseudo-Riemannian manifold (M,g) is Ricci-pseudosemisymmetric [4] if
there exists a function Lg : M — R such that

R-S=LsQ(g,9). (2.11)

It is clear that every Ricci-semisymmetric manifold is Ricci-pseudosymmetric.
In general, the converse is not true [4]. The Riemannian curvature (1, 3)-tensor
field associated to the Levi-Civita connection V of g is given by R = [V, V]-V.
Then
R(X,Y,Z,V)=—-R(Y,X,Z,V)

=—-R(X,Y,V,Z) = R(PX,PY,Z,V), (2.12)

Y R(X,Y,Z,V) =0,
g

where o represents the sum over all cyclic permutations.

3. RICCI-PSEUDOSYMMETRIC AND PSEUDOSYMMETRIC

In this section, we study the Ricci-pseudosymmetric and pseudodymmetric
condition on para-Kahler manifolds and deduce some results.

THEOREM 3.1. Every Ricci-pseudosymmetric para-Kéahlerian manifold is
Ricci-semisymmetric.
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Proof. Let the manifold (M, P, g) be para-Ké&hler satisfying the condition

(R-S)(X,Y,U,V) = LsQ(g,9)(X,Y,U,V). (3.1)

In view of and (2.9), we have
(R-S)(PX,PY,UV)=—(R,9)(X,Y,U,V). (3.2)

Using in (3.1)), it follows that
LsQ(g,9)(X,Y,U,V) = —LsQ(g,5)(PX, PY,U, V). (3.3)

Since Lg is non-zero at a certain point ¢ € M, from (3.3)), we get

In view of (2.10)), we have

S(Xv V)g(Y7 U) - S(Yv V)g(Xv U) + S(X7 U)g(}/’ V) - S(K U)g(X> V)
=— S(V,PX)g(U, PY) + S(V, PY)g(U, PX) (3.4)
— 8(U,PX)g(V, PY) + S(U, PY)g(V, PX).

Then taking contraction of (3.4) with respect to Y and U, and using ({2.2)),
we obtain

S(X,V) = %g(X, V). (3.5)

Which implies (M, P, g) is an Einstein manifold with R -S = 0. Thus it
completes the proof. 1

COROLLARY 3.2. Let (g,V,\) be a Ricci soliton in a Ricci-pseudosymmetric
para-Kéhlerian manifold (M, P, g). Then V is solenoidal iff it is shrinking or
steady or expanding depending on the sign of the scalar curvature.

Proof. In view of and (3.5)), we get
(Lvg)(X,V) + 229()(, V) + 2Xg(X, V) = 0. (3.6)

Taking X =V = e; where {e;} is an orthonormal basis of the tangent space
at each point of the manifold and taking summation over i (1 < i < n), we
have ,

(Lvg)(eier) + 259(6’1‘, ei) +2Mg(ei e;) =0, (3.7)
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which implies
divV +7r+ An=0. (3.8)

If V is solenoidal, then div V' = 0. Thus (3.8) reduces to A = —(7-). Therefore,
we obtain the desired result. 1

A pseudo-Riemannian manifold (M, g) is said to be pseudosymmetric [4]
if there exists a function Lgr : M — R such that

R-R=LrQ(g,R). (3.9)

It is well-known that every semisymmetric manifold is also pseudosymmetrc
but converse is not true, in general [4].

THEOREM 3.3. Let (M, P,g) be a pseudosymmetric para-Kédhler mani-
fold. Then

(i) (M, P,g) is Ricci flat, for dim M = 4.
(ii) (M, P, g) is semisymmetric, for dim M > 4.

Proof. Let (M, P, g) be para-Kéhler manifold satisfying the condition (3.9)).
Then using the analogy with Theorem 3.1, we get

(n—4)R(X,U,V,W) —28(V,PW)g(U, PX) + S(W, PU)g(V, PX) (3.10)
—S(V, PU)g(W, PX) + S(U,W)g(U,V) — S(U,V)g(X, W) =0.

Putting PU instead of U in and contacting with respect to U and X
we have S = 0, for n = 4.
On the other hand, for n > 4, taking contraction with respect to U
and V we have .
S(X, W) = ﬁg(X, W), (3.11)

which implies R-S = 0. In view of (3.10)), we get R- R = 0. So Theorem 3.3
is proved. 1

COROLLARY 3.4. Let (g,V,\) be a Ricci soliton in a pseudosymmetric
para-Ké&hler manifold (M, P,g) (n =4). Then V is solenoidal iff it is always
steady.

COROLLARY 3.5. Let (g,V,A) be a Ricci soliton in a pseudosymmetric
para-Kéahlerian manifold (M, P,g) (n > 4). Then V is solenoidal iff it is
shrinking or steady or expanding depending on the sign of the scalar curvature.
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A para-Kéahler manifold with paraholomorphic projective curvature tensor
satisfies the condition N N
R-P=LpQ(g,P),

where Lp is a function on M. Such type of manifold is called paraholomorphic
projective-pseudosymmetric. If R-P = 0, then it is said to be paraholomorphic
projective-semisymmetric manifold (see [7]).

THEOREM 3.6. Let (M,P,g) be a paraholomorphic projective-
pseudosymmetric para-Kahler manifold. Then we have

(i) (M, P,g) is Ricci flat, for dim M = 4.
(ii) (M, P, g) is semisymmetric, for dim M > 4.
Proof. 1t is well know that, if R- P =0 at a certain point ¢ of the manifold
M, then R- R = 0 at this point (see [7]). Now, we suppose that R- P # 0 and
let the contraction of tensor P is W, defined by

W(X, W) = ZEiJB(X, €i7€i,W)- (3.12)

From (2.4)), we have

W(X,W) =

1
n+2{nS(X, W) —rg(X,W)}. (3.13)

Thus (M, A, g) is paraholomorphic projective-pseudosymmetric. So we have
(R- P)(X,Y,Z,U,V,W) = LpQ(g, P)(X,Y, Z,U,V,W). (3.14)
Taking contraction of with respect to U and V' we get
(R-W)(X,Y,Z,W) = LpQ(g, P)(X,Y, Z,W).
Also, from and , we obtain
(R-S)(X,Y,Z,W)=LpQ(g,5)(X,Y,Z,W).

According to Theorem 3.1, we get R-.S = 0. Since Lp does not vanish at
point ¢, we have Q(g,S) = 0 by the help of above equation. From and
, we conclude that R-R = LpQ(g, R), i.e., (M, P, g) is pseudosymmetric.
Therefore, the proof is completed. 1
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COROLLARY 3.7. Let (g,V,\) be a Ricci soliton in a paraholomorphic
projectively-pseudo symmetric para-Kéhler manifold (M, P, g) (n = 4). Then
V' is solenoidal iff it is always steady.

COROLLARY 3.8. Let (g,V,\) be a Ricci soliton in a paraholomorphic
projectively pseudo symmetric para-Kéhler manifold (M, P, g) (n > 4). Then
V' is solenoidal iff it is shrinking or steady or expanding depending on the sign
of the scalar curvature.

4. PARALLEL SYMMETRIC SECOND ORDER COVARIANT TENSOR

In this section, we study the second order parallel tensor on a para-Kéhler
manifold. Thus we give the following results.

THEOREM 4.1. A second order parallel tensor in a para-Kahler space form
is a linear combination of para-K&ahler metric and para-Kéahler 2-form.

Proof. Let h be a (0,2)-tensor which is parallel in view of V, that is,
Vh = 0. Then from Ricci identity [10], we have

MR(X,Y)Z,V)+ h(Z,R(X,Y)V)=0. (4.1)
Using ([2.5)) in and replacing X =V =¢;, 1 <1 < n, on simplification,
we get
WY,Z)—g(Y,Z)(trH) + MPY,PZ) — g(Y,PZ)(tr. HP) | _ 0, (4.2)
+2h(PY, PZ) + (n — 1)R(Y, Z) + 3h(Z, P?Y) T

where H is a (1,1) tensor and tr.H = Y I | h(e;,e;). Using the notion of
symmetrization and anti-symmetrization. Then from (4.2]), we obtain

(n+ 3)W(Y, Z) + 3K(PY, PZ) = (Y, Z)(tr.H) (4.3)

and
(n+ 3)I(Y, Z) + 3K(PY, PZ) = ¢(Y, PZ)(tr.HP). (4.4)
Replacing Y and Z by PY and PZ in (4.3)) and (4.4)) respectively, using ([2.1)),

we have

h(Y, Z) = —

- i g (tr-H)a(.2) (4.5)

and
L e HP)g(PY, 7). (4.6)

n

ho(Y,Z) =
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In view of (4.5)) and (4.6)), we get

WY, Z)={9(tr.H)g(Y,Z) + w (tr.HP) ¢}, (4.7)
where ¥ = —ﬁ, w = —% and ¢ = ¢g(PY,Z). Thus it completes the

proof. |

COROLLARY 4.2. A locally Ricci symmetric para-Kahler space form is an
Einstein manifold.

Proof. According to our hypothesis, if we put H = S, in (4.7) then we
have tr.H = r and tr.HP = 0. Then follows from (4.7, we obtain

S(Y,Z)=9rg(Y,Z). (4.8)
Which completes the proof. |

COROLLARY 4.3. Let (g,V,\) be a Ricci soliton in a para-Kéhler space
form. ThenV is solenoidal iff it is shrinking or steady or expanding depending
on the sign of the scalar curvature.

Proof. In view of and (4.8)), we get
(Lvg)(Y,Z)+29rg(Y,Z) +2Xg(Y, Z) = 0. (4.9)

Taking Y = Z = e; in (4.9), where {e;} is an orthonormal basis of the tangent
space at each point of the manifold and taking summation over i (1 <1i < n),
we have
(Lvg)(ei,ei) + 207 g(ei, ei) + 2Ag(ei, €i) =0, (4.10)
which implies
divV +drn+An=0. (4.11)

Here, if V' is solenoidal, then we get divV = 0. Thus (4.11) reduces to
A = —9r. So this completes the proof. 1

THEOREM 4.4. A Ricci semi-symmetric para-Kahler space form is an
Einstein manifold.

Proof. Let the para-Kéhler space form holds the condition R-S = 0. Then
we have

(R(X,Y) - 8)(V,U) =0, (4.12)
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which reduces to
S(RX,Y)V,;U)+ S(V,R(X,Y)U) =0. (4.13)

Using (2.5 in (4.13) and putting Y = V = ¢;, where {e;} is an orthonormal
basis of the tangent space at each point of the manifold and again taking
summation over 7, 1 <1 < n, we get

(n+2)

S(X,U) = g(X,U). (4.14)

Thus this proves the theorem. [

COROLLARY 4.5. Let (g,V, \) be a Ricci soliton in a Ricci semi-symmetric
para-Kahler space form. Then V is solenoidal iff it is shrinking or steady or
expanding depending on the sign of the scalar curvature.

Proof. From (|1.1]) and (4.14)), we get

r
£ X, U)+2—g(X,U) + \g(X,U) =0. 4.15
(£09)(X.U) + 2 (X U) + Ag(X.U) (4.15)
Then putting X = U = e; in (4.15)) and taking summation over ¢ (1 < ¢ < n),
we have

,
(Lvg)(eiei) + 2m9(6i, ei) +2Ag(e;, e;) =0, (4.16)

which implies
divV + ﬁn—i—)\n: 0. (4.17)

In view of (4.17)), if V is solenoidal then we have divV = 0. Thus (4.17)

reduces to A = — (ni2). So the proof is clear. |

COROLLARY 4.6. If the (0,2)-type tensor field Ly + 2S is parallel, where
V' is a vector field on a para-Kahler space form. Then (g,V') admits a Ricci
soliton if PV is solenoidal. Moreover, it is shrinking or steady or expanding
depending on the sign of the scalar curvature.

5. QUASI—CONFORMALLY FLAT PARA-KAHLER MANIFOLDS

In this section, we consider the notion of quasi-conformally flat para-Kéhler
space form, i.e., C(X,Y)Z = 0. Thus we can state the following result.
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THEOREM 5.1. Let (g,V, ) be a Ricci soliton in a quasi-conformally flat
para-Kahler space form. Then V is solenoidal iff it is always steady.

Proof. In view of , and , we have
S9(PY, W) + 3 [25(Y. W) + 7g(PY,W)]

(5.1)
—T{ - +2ﬂ}g(Y,W) — 0.
n{n-1
Contracting (.1)) over the pair of argument Y and W, we obtain
«
—— =0 5.2
Aot} o 2
which implies
r=0, a # 0. (5.3)
In view of (5.1)) and (5.3)), we get
S(Y, W) = — {; + f} g(PY, W). (5.4)
Then using (5.3]) and (5.4) in , we obtain
R(X,v)Z =" [ (; ; g) (9(PY. 2)X — g(PX. P)Y
a
(5.5)
+g(Y, Z2)PX — g(X, Z)PY)] .
Again from (1.1)) and (5.4), it yields
(Lvg)(Y, W) —2 {; + 4‘)‘5} g(PY, W) +2\g(Y,W) =0.  (5.6)
Taking contraction with respect to Y and W for i (1 <i < n), we have
(Lvg)(eiei) —2 {; + fﬁ} 9(Pe;, ei) +2Ag(ei, €;) = 0, (5.7)

which reduces to

divV + An =0. (5.8)
Suppose that V' is solenoidal. Then (5.8), takes the form A = 0. Thus the
proof is obvious. 1

COROLLARY 5.2. In a quasi-conformally flat para-Kéhler space, the Ricci
and the curvature tensors have the shapes ((5.4) and (5.5)), respectively.
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6. PARALLEL QUASICONFORMAIL CURVATURE TENSOR

This section deals with the parallelity condition (VC = 0) of quasi-conformal
curvature tensor on para-Ké&hler space form. It is essential to state the fol-
lowing result.

THEOREM 6.1. A para-Kahler space form is quasi-conformally symmetric
iff it is locally symmetric.

Proof. In view of the condition VC' = 0, (2.7) reduces to

_ %g(py, W)+ B[2S(Y, W) — 7g(PY,W)]

r o (6.1)
+—<——+289(Y,W)=0.
nl ln—1
Taking covariant derivation of (6.1]) along the vector field Z, we get
B[2(V28)(Y. W) — dr(Z)g(PY,W)]
dr(Z 6.2
L ){a+26}g(Y,W):O. (6:2)
n n—1
Taking contraction in (6.2) with respect to Y and W, multiplying by &;, we
obtain
!
Z 45+ = 0. .
dr( ){n—1+ B} 0 (6.3)
Thus (6.3)) implies that dr(Z) = 0. Using this equation in (6.2)), we have
1
(V2S)(Y, W) = 3dr(Z)g(PY, W). (6.4)
Replacing Y by AY in (6.4)) and using (2.1)), we get
1
(V2S)(PY, W) = Sdr(Z)g(Y, ). (6.5)

Again taking contraction in (6.2]) with respect to Y and W, multiplying by
€;, we obtain

(VzS)(PY,W)=0. (6.6)
Taking covariant derivation of (2.6)) and using , we get
(VzC) X, Y)W = a(VzR)(X, Y)W, a # 0. (6.7)

Thus it completes the proof.
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On the other-hand, if we consider the condition R - C = 0, then we have
R-Q =0 by using (2.7). This implies that R-S = 0. Taking into account of
R-C =0and R-S =0, we get R-R = 0. Thus we can state the following result.

COROLLARY 6.2. A para-Kahler space form is quasi-conformally semisym-
metric iff it is semisymmetric.
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