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1. INTRODUCTION

Let X and Y be two Banach spaces. The set of all closed densely defined
(resp. bounded) linear operators acting from X into Y is denoted by C(X,Y)
(resp. L(X,Y)). We denote by K(X,Y) the subset of compact operators
of LIX,Y). For T € C(X,Y), we use the following notations: «(T") is the
dimension of the kernel N (T') and 3(T) is the codimension of the range R(T')
in Y. The next sets of upper semi-Fredholm, lower semi-Fredholm, Fredholm
and semi-Fredholm operators from X into Y are, respectively, defined by:

O (X,Y)={T €C(X,Y) such that a(T") < oo and R(T') closed in Y},
¢o_(X,Y)={T € C(X,Y) such that 5(T") < oo and R(T) closed in Y},
B(X,Y):=d_(X,Y)Nd.(X,Y)

and
oL (X,Y):=0_(X,Y)UP,L(X,Y).
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For T € ®4(X,Y), the index is defined as (1) = «o(T) — 5(T). A
complex number A is in ®,p, ®_p, &y or &p if A — T is in &, (X,Y),
P_(X,Y), oo(X,Y) or ®(X,Y), respectively. If X = Y, then L£(X,Y),
C(X,)Y), K(X,)Y), o(X,Y), . (X,Y), P_(X,Y) and &4 (X,Y) are replaced
by L(X), C(X), K(X), ®(X), ®4(X), ®_(X) and ®4(X), respectively. If
T € C(X), we denote by p(T') the resolvent set of T and by o(7T) the spec-
trum of 7. Let T' € C(X). For z € D(T), the graph norm |.||7 of = is
defined by ||z||r = |lz| + [|Tz||. It follows from the closedness of T that
X7 := (D(T),|.||r) is a Banach space. Clearly, for every x € D(T) we have
|Tx|| < ||z|lT, so that T € L(X7,X). A linear operator B is said to be
T-defined if D(T) C D(B). If the restriction of B to D(T') is bounded from
X7 into X, we say that B is T-bounded. An operator T' € L(X,Y) is said
to be weakly compact if T'(B) is, relatively weakly compact in Y for every
bounded set B C X. The family of weakly compact operators from X into Y
is denoted by W(X,Y). If X =Y, the family of weakly compact operators
on X which is denoted by W(X) := W(X, X) is a closed two-sided ideal of
L(X).

DEFINITION 1.1. Let X and Y be two Banach spaces and let F' € L(X,Y).
The operator F' is called:

(a) Fredholm perturbation if 7'+ F' € ®(X,Y) whenever T' € ®(X,Y).

(b) Upper semi-Fredholm perturbation if 7'+ F € ®(X,Y) whenever T €
o, (X,Y).
(c) Lower semi-Fredholm perturbation if 7'+ F' € ®_(X,Y) whenever T' €
o_(X,)Y).
The set of Fredholm, upper semi-Fredholm and lower semi-Fredholm per-
turbations are denoted by F(X,Y), F+(X,Y) and F_(X,Y), respectively.
The concept of demicompactness appeared in the literature since 1966 in
order to discuss fixed points. It was introduced by W. V. Petryshyn [16] as
follows:

DEFINITION 1.2. An operator T : D(T) C X — X is said to be demi-
compact if for every bounded sequence (x,), in D(T') such that z,, — Tx, —
x € X, there exists a convergent subsequence of (z,),. The family of demi-
compact operators on X is denoted by DC(X).

It is clear that the sum, the product of demicompact operators and the
product of a complex number by a demicompact operator are not necessar-
ily demicompact. W.V. Petryshyn [16] and W.Y. Akashi [1] used the class



SPECTRAL PROPERTIES FOR POLYNOMIAL AND MATRIX OPERATORS 13

of demicompact operators to obtain some results on Fredholm perturbation.
In fact, in 1966 W. V. Petryshyn [16] studied various conditions on a con-
tinuous 1-set-contractive map T of a real Banach space X, which ensure the
surjectivity. In the same paper, the author generalized to k-set-contractions
the results obtained in [10] for Lipschitzian pseudo-contractive maps. In 1983
W.Y. Akashi [1] generalized some known results in the classical theory of lin-
ear Fredholm operators in which the compact operators played a fundamental
role. For this the author introduced a new class of operators containing the
class of compact operators. Recently, W. Chaker, A. Jeribi and B. Krichen
[4] continued this study to investigate the essential spectra of densely defined
linear operators. In the same work, it was proved that for a closed operator
T, if T is demicompact, then I — T is an upper semi-Fredholm operator and if
uT" is demicompact for all p € [0, 1], then I — T is a Fredholm operator with
index zero. In 2014, B. Krichen [11] gave a generalization of this notion by
introducing the class of relative demicompact linear operators with respect to
a given linear operator.

The theory of block operator matrices arise in various areas of mathemat-
ics and its applications: in systems theory as Hamiltonians (see [7]), in the
discretization of partial differential equations as large partitioned matrices due
to sparsity patterns, in saddle point problems in non-linear analysis (see [3]),
in evolution problems as linearization of second order Cauchy problems and as
linear operators describing coupled systems of partial differential equations.
Such systems occur widely in mathematical physics, e.g. in fluid mechanics
(see [6]), magnetohydrodynamics (see [15]), and quantum mechanics (see [21]).
In all these applications, the spectral properties of the corresponding block
operator matrices are of vital importance as they govern for instance the time
evolution and hence the stability of the underlying physical systems. From
the most important works on the spectral theory of block operator matrices,
we mention [9], in which the author developed the essential spectra of 2 x 2
and 3 x 3 block operator matrices. We also mention [22], in which it was
presented a wide panorama of methods to investigate the essential spectra of
block operator matrices. In this paper, we will study the demicompactness
properties of the following matrix operator Ly acting on the Banach space
product X x X which is defined by:

A B
Lo = < a D) |
In general, the entries of Ly are unbounded. The operator A acts on the
Banach space X and has the domain D(A), D acts on the same Banach space
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X and is defined on D(D) and the intertwining operator B (resp. D) is defined
on D(B) (resp. D(D)) and acts from X into itself. Below, we shall assume
that D(A) C D(C) and D(B) C D(D). Note in general that the operator Ly
is neither closed nor closable operator even if its entries are closed operators.
In [2] it was proved that under some conditions, Lg is closable and its closure
is denoted by L. In the literature, many important results were obtained
concerning the spectral theory of this type of operators. We mention from
these works the paper [22] in which the authors investigated the essential
spectra of the matrix operator by means of an abstract nonzero two-sided
ideal. The central aim of this work is to use the concept of demicompactness
to investigate the essential spectra of L, the closure of Ly. More precisely, we
are concerned with the following essential spectra:

0e,(T) ={a € Csuch that a = T ¢ &, (X)} := C\ P,

064ET) ={a € Csuchthat a — T ¢ ®(X)} := C\®p,
0es (T) = C\ps(T),
0, (T) = (] 0ap(T+K),
Kek(X)
0eg(T) = ﬂ os(T + K),
KeK(X)
where
p5(T) = {a € C such that a € &7 and i(aw —T') = 0},
oap(T) = {X € C such that xeD(Ji“I)l;ﬁ|x||=1 (A =T)z|| =0},
and

o5(T) = {\ € C such that A — T is not surjective}.

The subsets ¢, (-) and o, (-) are, respectively the Gustafson and the Wolf
essential spectra [8]. oe,(-) is the Schechter essential spectrum [18]. o, (-) is
the essential approximate point spectrum or the Schmoéger essential spectrum
and g4 (+) is the essential defect spectrum or the Rakocevié essential spectrum
(see for instance [9, 17, 18, 19, 23]). Note that for T' € C(X), we have:

0ei(T) C 0ey(T) C 0es(T) = 0e,(T) Uoeg(T),

and
0e,(T) C 0. (T).

Let us recall the following lemma whose the proof can be found in [9].
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LeEMMA 1.1. Let T € C(X), then

(i) A ¢ 0., (T) if, and only if, (A —=T) € &, (X) and i(\—T)
(ii) X ¢ 0e(T) if, and only if, (A —T) € ®_(X) and i(A —T)

IN

0
0.

v

PRrROPOSITION 1.1. ([19]) Let T' € C(X), then
A ¢ 0. (T) if, and only if, (A —T) € ®(X) and i(A —T) = 0.

This paper is organized in the following way. In Section 2, we recall some
definitions and results needed in the rest of the paper. In Section 3, we show
that under some conditions, a polynomially demicompact operator is demi-
compact and we give an example involving the Caputo derivative of fractional
of order . In Section 4, we give a fine description of the essential approxi-
mate point spectrum and the essential defect spectrum. In Section 5, we prove
in Proposition 5.1 that under some conditions, uL is demicompact for each
w € p(A) and we give, in Theorem 5.3, a necessary condition for which I — L is
an upper semi-Fredholm operator on a Banach space with the Dunford-Pettis
property (see Definition 2.1). In Section 6, we investigate the essential spectra
of the matrix operator L.

2. PRELIMINARY RESULTS

We start this section by recalling some Fredholm results related with demi-
compact operators.

THEOREM 2.1. ([4]) Let T € C(X). If T is demicompact, then I — T is
an upper semi-Fredholm operator.

THEOREM 2.2. ([4]) Let T € C(X). If uT is demicompact for each p €
[0,1], then I — T is a Fredholm operator of index zero.

THEOREM 2.3. ([4]) LetT : D(T') C X — X be a closed linear operator.
If T is a 1-set-contraction then pT is demicompact for each p € [0,1).

In the next, we give a lemma which shows that, in a special Banach Space
X, the sum of demicompact and weakly compact operators is demicompact.
To this end, we recall the following definition.
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DEFINITION 2.1. A Banach space X is said to have the Dunford-Pettis
property (in short DP property) if every bounded weakly compact operator
T from X into another Banach space Y transforms weakly compact sets on
X into norm-compact sets on Y.

Remark 2.1. Tt was proved in [13] that if X is Banach space with DP
property, then

W(X) € F(X).

LEMMA 2.1. Let X be a Banach space with DP property. If A € DC(X)
and B € W(X), then A+ B € DC(X).

Proof. Let (zy), be a bounded sequence in D(A) such that ((I — A —
B)xy,),, converges. Since B € W(X), then there exists a subsequence of (zy,)n,
still denoted (xy,)n, such that the operator (Bxzy,)y, is weakly convergent. We
deduce from the fact that X has DP property, that (Bz;,), has a convergent
subsequence and therefore ((I — A)x,), has also a convergent subsequence.
Using demicompactness of A, we infer that (z,), has a convergent subsequence
and we conclude that A 4+ B is demicompact. 1

3. POLYNOMIALLY DEMICOMPACT OPERATORS

It was shown in [12] that a polynomially compact operator T', element of
P(X) := {T € L(X) such that there exists a nonzero complex polynomial
P(z) = YP_,a,2" satisfying P(1) # 0, P(1) —ag # 0, and P(T) € K(X)},
is demicompact. In this section, we show that this result remains valid for a
broader class of polynomially demicompact operators on X. To this end we
let PDC(X) be the set defined by PDC(X) := {T" € L(X) such that there
exists a nonzero complex polynomial P(z) = Y P_ a,2" satisfying P(1) # 0
and %P(T) € DC(X)}. We note that PDC(X) contains the set P(X).

THEOREM 3.1. If T' € PDC(X), then T is demicompact.

Proof. We first give the following relation that we will use in the proof.
Since I — T commutes with I, Newton’s binomial formula allows us to write

T/ =1+ Ej:(—l)ic*;i(f — 7).

=1



SPECTRAL PROPERTIES FOR POLYNOMIAL AND MATRIX OPERATORS 17

By making some simple calculations, we may write

P J
P(T) =PI+ aj (Z(—WC;([ — T)i> : (3.1)
j=1 i=1
We start now proving our theorem. To this end we let T € PDC(X), then
there exists a nonzero complex polynomial P such that P(1) # 0. We shall
prove that T is a demicompact operator. To do so, it suffices from Theorem 2.1
in [5] to establish that I — T is an upper semi-Fredholm operator. First, we
prove that a(f —T) < co. We let z € N (I —T'), then Tz = x and therefore

P(T)x = ZajTj:U = P(1)x.
=0

Hence, z € N'(I — 55 P(T) which implies that (I —T) € N'(I — pi; P(T)).
Since ﬁP(T) is demicompact, we deduce that (I — ﬁP(T)) < oo and
as consequence, a(I —T') < co. In order to complete the proof, we will check
that R(I — T) is closed. Indeed, since N'(I — T) is finite dimensional, then

there exists from Lemma 5.1 in [19] a closed subspace X of X such that
X=NI-T)® X.

Next, we let Ty be the restriction of I — T to Xy. Then, Ty is continuous and
we shall see that N (Tp)= {0}. Since Xy is also closed and (I — T)(Xp) =
To(Xo) = (I = T)(X) = R(I — T), we need only to prove that Ty(Xp) is
closed. To this end, we shall prove that 7" L. To(Xo) — Xp is continuous.
By linearity, it is equivalent to that T{ 1is continuous at 0. Assume the
contrary, for every n € N, there exists a sequence (x,), in Xy which does not
converge to 0 such that (I — T")(x,) converges to 0. Then, we can find ¢ > 0
such that ||z,| > e > 0 for all n € N. Then,
1 1
- é —
€

for all n € N.
|znll

It is clear that y, := z,/|zy| has a norm equal to 1 and (I — T')(y,) — 0.
This together with the relation (3.1) leads to

(P(T) — P(1))y, — 0.
Since P(1) # 0, then

<1 _ le)P(T)> Yo — 0.
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Using the demicompactness of %P(T ), we deduce that (yy ), admits a con-

verging subsequence to an element y in Xy, verifying ||y|| = 1. Using the
closedness of I — T, we get (I — T)y = 0, which implies that y € N'(I —T).
This contradict the fact Xo NN(I —T) = {0} and ||y|| = 1, which achieves
the proof. |

Remark 3.1. The converse of Theorem 3.1 is not true, in fact if we take
a demicompact operator T such that —7 is not demicompact, then T2 is not
demicompact.

ExaMPLE. Before giving the example we recall the following definition
and theorems.

DEFINITION 3.1. The Caputo derivative of fractional order « of function
x € C™ is defined as

(63 m-+o dm
eDia(t) = DG, Zrat) =

t
dm ! ) /0 (t_T)m_a_lzv(m)(T)dT?

(m—a
in which m—1 < a@ < m € N and I is the well-known Euler Gamma function.
THEOREM 3.2. [14] If x(t) € C[0,T], for T > 0 then
oDy DG a(t) = DY oD a(t) = e DEG P a(t); t e 0,7,
where a1 and as € Ry and a1 + ag < 1.
THEOREM 3.3. [14] If x(t) € C™[0,T1], for T'> 0 then
eDY)e(t) = DY -+ oD oDEPa(t); t € [0,7),

where o = Y i ;s oy € (0,1], m —1 < a <m € N and there exists i, < n,
such that 3%\ oy =k, and k=1,2,...,m — 1.

Let C,, be the space of continuous w-periodic functions x : R — R and
C/, the space of continuously differentiable w-periodic functions = : R — R.

C,, equipped with the maximum norm || - || and C/, with the norm given by
|- 11 = max{||ulloo, Julls} for u € C’, are Banach spaces. Let us consider the

following differential equation:

2'(t) = a(t)z'(t — hy) + b(t)x(t — ha) + f(1).
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Here, a and b are continuous w-periodic functions such that |a(t)| < k, (k <

o0), where k < % fw>2o0rk< % if w<2; f e, is a given function

and z € C/, is an unknown function. This equation can be rewritten in the
operator from

Gr — Az = f,
where G : C/, — C,, is given by the formula
(Gz)(t) = 2'(t),
and the operator A : C/, — C,, by the formula
(Az)(t) = a(t)2'(t — h1) + b(t)z(t — h2).

1
n

Let us consider the polynomial P(X) = X™ and the operator T = cDG)in e

N\{0}, where CD(%) is the Caputo derivative of fractional order % Applying
Theorem 3.3, we get

P(T) = T"(z) = [¢cDW)]"z(t) = 2/(t).

Clearly, P(T') is bounded linear operator with ||P(T)|| = 1 and therefore,
P(T) is 1-set-contractive. Hence, using Theorem 2.3, we get

peD) € DC(X) Y p € [0,1].

4. CHARACTERIZATION OF SCHMOEGER AND RAKOCEVIC
ESSENTIAL SPECTRA

The aim of this section is to give a refinement of the essential approximate
point spectrum and the essential defect spectrum. For this, let X be a Banach
space and T € C(X). Let us consider the following sets Ax, Y7 (X), and
U (X), respectively, defined by:

Ax = {J € L£(X) such that pJ is demicompact for all p € [0, 1]},
Tr(X)={K € £(X) such that VA € p(T + K), —(A—T — K) 'K € Ax},
Ur(X) = {K is T-bounded such that VA € p(T + K),

~K(\A-T-K) ' eAx}.
We also denote:

or(T) = ﬂ oup(T+ K) and oy(T) := m os(T'+ K).
KeYTr(X) Kevr(X)
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THEOREM 4.1. Let T' € C(X), we have
0er(T) = o,(T),

and
Oeg (T) = JZ(T>.

Proof. We first should remark that
A-T=A-T-K)I+(\-T-K) K], (4.1)

and
A-T=[I+K\N-T—-K) ' |\A-T-K). (4.2)

Let us notice that for 7 € C(X), and K be a T-bounded operator such that
A € p(T + K), then, according to closed graph theorem (Lemma 2.1 in [18]),
K(A—T—K)!is aclosed linear operator defined on X and then bounded. We
start by showing that o..(T") C 0,(T") (resp. oes(T) C 0y(T)). For A ¢ o,.(T)
(resp. A ¢ 0y(T)), there exists K € Yp(X)(resp. K € Up(X)) such that
A —T — K is injective (resp. surjective). It follows that A\ — T — K € &, (X),
(resp. ®_(X)) and i(A —T — K) < 0, (resp. i(A =T — K) > 0). Now,
since K € Yr(X), (resp. K € Up(X)), -\ —T — K)"'K € Ay, (resp.
~K(A-T—K) ! € Ax), whenever \ € p(T+K). Using Theorem 2.2 we show
that I+(A\-T—K) 'K, (resp. I+K(A—T—K)™!) is a Fredholm operator and
i(I+(A=-T—-K)'K) =0, (resp. i(I+K(A—T—K)~!)=0). Which implies
that [+ (A =T — K)"'K) € &, (X), (resp. [+ KA\ -T - K) ! € ®_(X)
and i(I + (A —T — K)"'K) <0, (vesp. i(I + K(A—T — K)~1) > 0). Hence,
applying Theorem 5.26 (resp. 5.30) in [19] on (4.1) (resp. (4.2)), we obtain
A—T € &,.(X) (resp. ®_(X)) and i(A —T) < 0 (resp. i(A—T) > 0).
Thanks to Lemma 1.1, we conclude that A ¢ o..(T) (resp. A ¢ 0c,(T)).
Conversely, remark that C(X) C Y(X) (resp. K(X) C ¥(X)). In fact, if
K € K(X) and A € p(T + K), then —u(A - T — K)"'K € K(X) C DC(X)
(resp. —uK(\A—T — K)~! € K(X) C DC(X)). Hence, 0,(T) C 0¢,(T) (resp.
o(T) C o0y (T)).

COROLLARY 4.1. Let T € C(X) and let I'(X) be a subset of X containing
K(X). Then,

(i) if T(X) C Yr(X), then oo, (T) = (] 0ap(T + K)
Ker(X)
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(i) if T(X) C W(X), then oo (T) = [\ os(T + K).
Ker(X)

Proof. Since K(X) C T'(X) C Yp(X) (resp. K(X) C T'(X) C ¥(X)), we
obtain

(| capT+EK)C (| oap(T+EK)C (] 0ap(T+K):=0c,(T),
KeTr(X) Kel'(X) KeK(X)

(resp.

(| os@+K)c () os(T+EK)C () os(T+K):=0,(T)).
KeVr(X) Kel'(X) KeK(X)

The use of Theorem 4.1 allows us to conclude that

0e:(T) = [ ow(T+K),
KeIr(X)

and

ois(T) = (] 05T +K).
Ker(X)

Hence, we get the desired result. |

5. DEMICOMPACTNESS RESULTS FOR OPERATOR MATRICES

In this section, we are concerned with some new results which can be used
to determinate the essential spectra of the matrix operator L, the closure of
Ly, on the space X x X, where X is a Banach space. In the product space
X x X, we consider an operator which is formally defined by a matrix

ngz<é ﬁ), (5.1)

where the operator A acts on X and has domain D(A), D is defined on
D(D) and acts on the Banach space X, and the intertwining operator B
(resp. C) is defined on the domain D(B) (resp., D(D)) and acts on X. In
the following, it is always assumed that the entries of this matrix satisfy the
following conditions, introduced in [20].
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(H1) A is closed, densely defined linear operator on X with nonempty resol-
vent set p(A).

(H2) The operator B is a densely defined linear operator on X and for (hence
all) 1 € p(A), the operator (A — p)~1B is closable. (In particular, if B
is closable, then (A — u)~!B is closable).

(H3) The operator C satisfies D(A) C D(C), and for some (hence all) u €
p(A), the operator C(A—p)~!is bounded. (In particular, if C is closable,
then C(A — u)~! is bounded).

(H4) The lineal D(B)ND(D) is dense in X and for some (hence all) u € p(A),
the operator D — C(A — u)~!B is closable. We will denote by S(u) its
closure.

Remark 5.1. (i) Under the assumptions (H1) and (H2), we infer that for
each p € p(A) the operator G(u) := (A — )~ 1B is bounded on X.

(ii) From the assumption (H3), it follows that the operator: F(u) := C(A —
p)~ ! is bounded on X.

We recall the following result which describes the operator Ly.

THEOREM 5.1. ([2]) Let conditions (H1)-(H3) be satisfied and the lineal
D(B)ND(D) be dense in X. Then, the operator Ly is closable and the closure
L of Ly is given by:

B I 0\ (p—A 0 I G(p)
L‘“‘(Fw I>< 0 us<u>> (o f)' 2

Or, spelled out,

L:DL)C(XxX)—XxX

D(L) = {(;‘) € X x X such that 2 + G(u)y € D(A) and y € D(S(u))} .

Note that the description of the operator L does not depend on the choice of
the point € p(A).
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Remark 5.2. Let A € C. It follows from (5.2) that

(I 0\ [ArA-A 0 I G(p)
A_L_<F(u) I)( 0 )\—S(M)> (0 I >_(A_M)M(u) (5.3)

= UVAOW — (A= p)M (),

where

PROPOSITION 5.1. Let Lo the matrix operator defined in (5.1) satisfies
(H1)-(H4) and let L be its closure. Suppose that there is pn # 0 such that
i € p(A). If the operator ,u,S(i) is demicompact, then pL is a demicompact
operator.

Ln

Proof. Let ( ) € D(L) be a bounded sequence such that

() == ()= ()
Yn Yn Yo

Recalling the factorization (5.2), one has

e ) (0" 1))

Yn

It follows that

1 - 1 .
~-F(;) 1)\, 0  I-pS(y))\0 I Yn
Therefore, we get the following system:

(I —pA) 'tz =2, + G(i)yn

—F (e + v = (L= 1S(5)yn-
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The use of the second equation of the system (5.4) allows us to conclude
that (I — S (i))yn is convergent. This together with the demicompactness

of uS (i) show that (yn), has a convergent subsequence. Since G(%) and
(I — pA)~1 are bounded operators, we infer that (), has a convergent sub-
sequence, which proves the demicompactness of pL and this shows our claim.

For more generalization, we give the following result.

THEOREM 5.2. Let Lg the operator defined in (5.1) satisfies (H1)-(H4)
and let L be its closure. Suppose that for a certain p € p(A), there is A €
C\{0} such that NA € DC(X). Then, if F(u) € K(X) and AS(p) € DC(X),
we have that AL € DC(X x X).

Tn

Proof. Take the following bounded sequence ( ) € D(L) such that

Yn

() o= ()= ()
Yn Yn Yo

Let u € p(A) be such that there is a complex nonzero number A verifying
AA € DC(X). Thanks to Remark 5.2, one has

$-A 0
1 (1 o\(x I G\ (1
{“(Fw I) 0 -5 (0 f) (50) 00

A

where
M= (0 oW

F(p) F(p)G(u)

Thus,
(1T 0\ (1-x4 0 I G(p)

[=AL= (F(u) I) ( 0 I—AS(N)) (0 I > — (1= M) M (k)
Therefore,
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Observe that (5.5) is equivalent to

I 0\ (=, (1= I 0 M) Ty,
~F(u) 1)\ PA\-Fe 1)
Y 0 I G(p)\ [zn
L0 T1-xS(w/\o I Yn )
Moreover, by making some simple calculations, we may show that
Ty, (T =AGWyn ) (= Ad)zn + (I = AA)G(1)yn
—F(wz), +y, ) \(I = A F(p)an (I = AS(1))yn ’

in equivalent way,
2!, = M — AG()yn = (1 - \A)a

—F(p)zy, + yp, + (I = Ap) F(p)zn = (I = AS(1))yn

(5.6)

We deduce from the fact that F(u) € K(X) and (zy,), is bounded, that (1 —
M) F(p)x, has a convergent subsequence. Hence, from the second equation
of system (5.6), we infer that (I — AS(u))y, has a convergent subsequence.
Using the demicompactness of AS (i), we deduce that there exists a convergent
subsequence of (yy),. Now, since G(u) and p — A are bounded, we conclude
from the first equation of system (5.6) that (I — AA)z, has a convergent
subsequence. This together with the fact that AA is demicompact allows us
to conclude that (), has a convergent subsequence. Therefore, there exists a
x") which converges on D(L). Thus, AL is demicompact. |

n

subsequence of (

n

THEOREM 5.3. Let X be a Banach space with DP property. Assume
that the operator Lg defined in (5.1) and acting on X x X satisfies (H1)-
(H4) and denote L its closure. Suppose that p € p(A), G(u) € W(X) and
F(p) € F(X). If the operators A and S(u) are demicompact, then I — L is
an upper semi-Fredholm operator.

Proof. Let p € p(A) be such that G(u) € W(X). Since F(u) is bounded,
then the product F(p)G(n) € W(X). Therefore, we can deduce from Re-
mark 2.1 that F(u)G(p) € F4(X). This together with the fact that F(u) €
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W(X) C Fi(X) give us M(u) € F+(X x X). Next,

Fy(X) and G(u) €
3), we have for A = 1:

according to (5.

(I 0\ [I-A 0 I G(p)
I—L-(F(u) I>< 0 I_S(M)> (0 / >—(1—M)M(M)

= UV()W — (1 - )M ().

Since A and S(u) are demicompact and thanks to Theorem 2.1, the operators
I — A and I — S(p) are upper semi-Fredholm, hence V(1) € &4 (X x X).
The boundedness of the operators U and W and their inverses gives us that
UV (1)W is an upper semi-Fredholm operator. Owing to the fact that M (u) €
Fi(X x X), it follows that I — L is an upper semi-Fredholm operator. |}

THEOREM 5.4. Let X be a Banach space with DP property. Assume that
the operator Ly defined in (5.1) acting on the product space X x X satisfies
(H1)-(H4) and denote L its closure. Suppose that [1,4+00[C p(A). Then, if
there exists a complex number \ such that A\D € DC(X) and C(I —\A)"'B €
W(X), we have that AL € DC(X x X).

Proof. We assume that the assumption holds and we take (2”) a bounded
n

n
sequence in D(L) which verifies

()= ()= ()
n Yn Yo

where [1,+o00o[C p(A). According to the Frobenius-Schur factorization, one

has

N A I—)\A 0 I Gy(1)

B (1) I 0 I-Sy1)\o 1 )’

where F)(1) = \C(AA — 1)1, Sy (1) = AD — A2C(A\A — I)~1B and G(1) =
AAA — I)~1B. Tt follows that

T\ I 0\ [I-)A 0 I G1)\ [z,

vn)  \BA1) T 0 I-S\1)\0o I )J\wm)’
thus,

I 0\ [z, (I-)A 0 I G\1)\ [z,
—F)\(l) I y; B 0 I_S)\(l) 0 I Yn 7
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which allows us to get the following system

z,, = (I = ANA)x, + (I — AA)GA(1)ynp.

(5.7)
—Ex(Da, + ¢, = (I = Sx(1)) yn-

Since, A\D € DC(X) and C(AA—I)~'B € W(X), we infer by the use of Lemma
2.1 that the operator AD — A2C(AA — I)~' B is demicompact. Now, it is easy
to show that if a closable operator is demicompact, then its closure is also
demicompact. Consequently, S(1) is a demicompact operator. Moreover, it
should be observed that the second equation of the system (5.7) implies the
convergence of ((I —Sx(1))yn),,, hence (yn)n has a convergent subsequence.
Next, since Gx(1) is bounded and (I — AA) is invertible and has a bounded
inverse, the first equation of the system (5.7) implies that (z,), has a conver-

gent subsequence. Therefore, there exists a convergent subsequence of <5yﬂn>
n n

which converges in D(L). Hence, the demicompactness of AL is proved. |

The following corollary gives a sufficient condition to guarantee the demi-
compactness of L, the closure of the closable matrix operator L.

COROLLARY 5.1. Let X be a Banach space with DP property. Assume
that the operator Ly defined in (5.1) and acting on X x X satisfies (H1)-(H4)
and denote L its closure. Suppose that [1,400[C p(A). Then, if D € DC(X)
and C(I — A)~'B € DC(X), we have that L € DC(X x X).

Proof. The proof is a direct application of Theorem 5.4 for A=1. 1

6. ESSENTIAL SPECTRA OF MATRIX OPERATORS
BY MEANS OF DEMICOMPACTNESS

We start this section by giving some notations that we will need in the
proof. Let Ly be the matrix operator defined in (5.1). Assume that Lg
satisfies (H1)-(H4) and denote L its closure. Let a € C\{0} and we suppose
that [1,+oo[C p(A). Applying Remark 5.2 on the operator éL and for the
case A = 1, one has
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where
0 G1(p) 1 /1 -
M () o= : . Fi(p)=C <Au> ,
z (F;(M) Fy (H)G;(M)> Z a \a
1/1 -1 1 1 (1 !
Gé(#) :a<aA—u) B and S;('u)::aD_aZC(aA_M) B.

THEOREM 6.1. Let X be a Banach space with DP property. Assume that
the matrix operator Ly defined in (5.1) satisfies (H1)-(H4) and denote L its
closure. Suppose that [1,4+o00[C p(A), then we have:

(i) If for all o« € C\{0}, the operators 1D € DC(X), 5C (I — éA)_lB €
W(X) and M1 (p) € Fi(X x X), then

ey (L)\{0} = ¢, (A\{0} U g, (@51 (12))\ {0}

(i) If for all X € [0,1] and a € C\{0} the operators %D e DC(X), C(I —
24)71B e W(X) and M (u) € F(X x X), then

0e,(L\{0} = 0¢, (A)\{0} U o, (S (1)) \{0}, where i € {4,5},

and
0e,(L\{0} € e, (A)\{0} U o, (@S2 (1)) \{0}, where i € {7,8}.
Proof. (i) Let v € C\{0} be such that o ¢ ¢, (L). Then,

oz—L:a(I—;L) €, (X x X). (6.2)



SPECTRAL PROPERTIES FOR POLYNOMIAL AND MATRIX OPERATORS 29

Clearly, al € (X x X). We get then the following equivalence
1
a—Led (X xX) <= (I—aL) € P (X x X).

Since 1D € DC(X) and 2 C(I — A)_lB € W(X), it follows from Corollary
5.1 that the operator lL is demicompact. Hence, thanks to Theorem 2.1, the
operator [ — 1L € <I>+(X x X). Using the fact that M1 () € F4(X x X),

we infer that I — 2L € &, (X x X) if, and only if, the operator U Vi (1)W1
is such too. Now, observe that U1 and W1 are invertible and have bounded
inverses, hence I — iL € &, (X x X) if, and only if, Vé (1) has this property,
if and only if, I — LA € &, (X) and I — S1(p) € D4(X). Which is equivalent
to that a — A € &, (X) and o — aS1 € ¢, (X). Thus,

e, (L\{0} = ¢, (A)\{0} U e, (S (1)) \{0}.
(ii) We claim that
ey (L)\{0} = o, (A)\{0} U e, (51 (1)) \{0}.

For this purpose, take a € C\{0}. Since al € ®(X), then o — L € &(X x X)
if, and only if, the operator (I — 1L) € ®(X x X). Next, since fD € DC(X)
and C(I — %A)_lB € W(X) for all A € [0, 1], we deduce from Theorem 5.4
that the operator %L is demicompact. Hence, according to Theorem 2.2, we
have I — 1L € ®(X x X). Using (6.1) and the fact that Mé(u) € F(X x X)),

we infer that I — 1L is a Fredholm operator if, and only if, the operator
Ux V1 (1 )W1 is such too. Now, observe that U 1 and W1 are invertible and
have bounded inverses, hence [ — L € (X x X ) if, and only if, V1( ) has
this property if, and only if, I — éA € ®(X)and I —S1(p) € (X ) Thus
the desired result follows. ’

Now, we prove the same equality for the Schechter’s essential spectrum.
To this end, we take v € C\{0}. It is easy to see that « — L € ®(X x X) and
i(a—L) = 0if, and only if, the operator (I—1L) € ®(X xX) and i(I—1L) =
0. Since 2D € DC(X) and C(I —2A)~'B € W(X) for all X € [0,1], it follows
from Theorem 5.4 that the operator %L is demicompact. Hence, according to
Theorem 2.2, the operator I — 2L € ®(X x X) and i(I — 1 L) = 0. Using (6.1)
and the fact that Mé (1) € F(X x X), we infer that I — 1L is a Fredholm
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operator with index zero if, and only if, the operator Ui Vi (u)W1 is such
too. Note that U: and W1 are invertible and have bounded inverses, then

I - éL is Fredhol(;n with ir?dex zero if, and only if, Vi (u) has this property,
if and only if, I — LA and I — 1 S(u) are Fredholm opzrator with index zero.
Therefore, « — A € ®(X) and i(a — A) = 0 and o — aS1 () € ¢(X) and
i(a — aSé (1)) = 0. Hence a ¢ ¢, (A)\{0} N o, (aSi (,u))\%O} Thus,

Tes (A)\{0} U o (S 1 (1)) \{0} € 0es (L)\{0}. (6.3)
Conversely, let 0 # a ¢ 0c,(A) N oeg(S1 (1)), then @« — A € ®(X) and
ila—A) =0and a —aSi(u) € ¢(X) and i(e — aS1(p)) = 0. Which is
equivalent to write I — iAae ®(X)andi(I—1A4)=0 and I — S1(p) € ¢(X)
and i(/—S1(u)) = 0. The boundedness of the operators U1 and W1 and their
inverses and the fact that Mé (1) € F(X x X) give us that T — ir EQ‘I)(X x X)

and i(I — LL) = 0. Therefore, « — L € ®(X x X) and i(oew — L) = 0, hence
a ¢ oe,(L)\{0}. This immediately shows that

0 (L)\{0} € 05 (A)\{0} U o, (S (1)) \{O}. (6.4)
Now, the use of (6.3) and (6.4) makes us to conclude that

0 (L)\{0} = 05 (A)\{0} U e, (S (1)) \{O}.

We give now the proof for ¢ = 7. Note that the case ¢ = 8 can be checked
in the same manner. Let o € C\{0}, we have proved for i =5 that I — 1L €
®(X x X) and i(] — 1L) = 0. This implies that I — 2L € &, (X x X)
and i(] — L1L) < 0. If o ¢ ¢, (A) Noe, (S (1)), then o — A € &, (X) and
i(a—A)<0and a—S1(u) € 1 (X)and i(a—aS1 () < 0. It remains to get
I-1Ae® (X)andi(I-2A) <0and I-51(n) € @4 (X) andi(I—S1 () <
0. Since U1 and W1 are invertible and have bounded inverses and uging the
fact that M1 (u) € Fi(X x X), we infer that I — 1L € &, (X x X) and
i(I —1L) <0. Therefore, « — L € &, (X x X) and i(a — L) < 0. Now, by
applying Lemma 1.1, we conclude that a ¢ o..(L)\{0} and then,

0er (L)\{0} € o, (A)\{0} U o, (S (1)) \{0}.

Hence, the theorem is proved. |
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