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1. INTRODUCTION

Due to its important role in mathematical economics, engineering, man-
agement science, and optimization theory, convexity of functions and sets has
been studied intensively; see [1, 5, 7, 8, 9, 11, 13, 15, 16] and the references
therein. Let R be the set of real numbers and I C R be a interval. A function
f I — Ris said to be convex in the classical sense if it satisfies the following
inequality

Flta+ (1= t)y) < th@) + (1 - DF ()
for all x,y € I and t € [0,1]. We say that f is concave if —f is convex.

In recent years several extensions and generalizations have been consid-
ered for classical convexity, and the theory of inequalities has made essential
contributions in many areas of mathematics. A significant subclass of convex
functions is that of strongly convex functions introduced by B.T. Polyak [20].
Strongly convex functions are widely used in applied economics, as well as in
nonlinear optimization and other branches of pure and applied mathematics.
In this paper we present a new class of strongly convex functions, mainly the
class of strongly harmonically convex functions. Our investigation is devoted
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to the classical results related to convex functions due to Charles Hermite,
Jaques Hadamard [10] and Lip6t Fejér [8]. The Hermite-Hadamard inequal-
ities and Fejér inequalities have been the subject of intensive research, and
many applications, generalizations and improvements of them can be found
in the literature (see, for instance, [1, 7, 15, 18, 19, 21, 24] and the references
therein).

Many inequalities have been established for convex functions but the most
famous is the Hermite-Hadamard inequality, this asserts that the mean value
of a continuous convex functions f : [a,b] C R — R lies between the value of
f at the midpoint of the interval [a, b] and the arithmetic mean of the values
of f at the endpoints of this interval, that is,

) e L o

Moreover, each side of this double inequality characterizes convexity in
the sense that a real-valued continuous function f defined on an interval I is
convex if its restriction to each compact subinterval [a, b] C I verifies the left
hand side of (1.1) (equivalently, the right hand side on (1.1)). See [17].

In [8], Lip6t Fejér established the following inequality which is the weighted
generalization of Hermite-Hadamard inequality (1.1): If f : [a,b] — R is a
convex function, then the inequality

(450) [ < o [ st an

a b
Sf()-;f@/ p(z) da

(1.2)

holds, where p : [a,b] — R is nonnegative, integrable and symmetric about
z=(a+0b)/2.

Various generalizations have been pointed out in many directions, for re-
cent developments of inequalities (1.1) and (1.2) and its generalizations, see
[5, 6,7, 4,9, 13].

In [13], Imdat Iscan gave the definition of harmonically convex functions:

DEFINITION 1.1. [13] Let I be an interval in R\ {0}. A function f: I — R
is said to be harmonically convex on [ if the inequality

zy
iy, ) <+ 0-05) (1.3

holds, for all z,y € I and ¢ € [0,1].
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If the inequality in (1.3) is reversed, then f is said to be harmonically
concave.

The following result of the Hermite-Hadamard type for harmonically con-
vex functions holds.

THEOREM 1.2. Let f : I CR\{0} — R be a harmonically convex function
and a,b € I with a <b. If f € L[a,b], then the following inequalities hold

f(2) < D [ 1) L L10), )

In [4], F. Chen and S. Wu proved the following Fejér inequality for har-
monically convex functions.

THEOREM 1.3. ([4]) Let f: I C R\ {0} — R be a harmonically convex
function and a,b € I with a <b. If f € L(a,b), then one has

- f(@)—;f(b) /abpg(;) d.

where p : [a,b] — R is nonnegative and integrable and satisfies

(5) ()

2. STRONGLY RECIPROCALLY CONVEX FUNCTIONS

In 1966 Polyak [20] introduced the notions of strongly convex and strongly
quasi-convex functions. In 1976 Rockafellar [23] studied the strongly convex
functions in connection with the proximal point algorithm. They play an
important role in optimization theory and mathematical economics. Nikodem
et al. have obtained some interesting properties of strongly convex functions
(see [7, 12, 14]).

DEFINITION 2.1. (SEE [12, 16, 22]) Let D be a convex subset of R and
let ¢ > 0. A function f: D — R is called strongly convex with modulus ¢ if

fltz+ (1 =t)y) <tf(2) + (A=) f(y) —ctl-t)(x—y)*  (21)
for all z,y € D and ¢ € [0,1].
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The usual notion of convex function correspond to the case ¢ = 0. For
instance, if f is strongly convex, then it is bounded from below, its level sets
{z € I: f(z) < A} are bounded for each A and f has a unique minimum
on every closed subinterval of I [18, p. 268]. Any strongly convex function
defined on a real interval admits a quadratic support at every interior point
of its domain.

The proofs of the next two theorems can be found in [22].

THEOREM 2.2. Let D be a convex subset of R and let ¢ be a positive
constant. A function f : D — R is strongly convex with modulus ¢ if and

only if the function g(x) = f(z) — cx? is convex.

THEOREM 2.3. The following are equivalent:
(i) fltz+(1-t)y) < tf(x)+(1—t)f(y)—t(1—t)c(z—y)?, for all z,y € (a,b)
and t € [0, 1].

(ii) For each z¢ € (a,b), there is a linear function T such that f(x) >
f(zo) + T(x — m0) + c(z — x0)? for all x,y € (a,b).

(iii) For differentiable f, for each xo € (a,b): f(x) > f(xo)+ f'(x0)(z—z0)+
c(x — x0)?, for all z,y € (a,b).

(iv) For twice differentiable f, f"(x) > 2¢, for all x,y € (a,b).

In [3] we proved the following sandwich theorem for harmonically convex
functions:

THEOREM 2.4. Let f, g be real functions defined on the interval (0, +00).
The following conditions are equivalent:

(i) There exists a harmonically convex function h : (0,4+00) — R such that
f(z) <h(xz) <g(x) for all z € (0,400).

(ii) The following inequality holds

zy
Pl ) = o)+ (-9 (2:2)

for all z,y € (0,4+00) and t € [0, 1].

On the other hand, in [2] we introduced the notion of harmonically strongly
convex function as follows:
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DEFINITION 2.5. Let I be an interval in R\ {0} and let ¢ € Ry. A function
f I — Ris said to be harmonically strongly convex with modulus ¢ on I, if
the inequality

f (eréy_t)y) <tf(y)+ (1 —t)f(z) —ct(1 —t)(z —y)?, (2.3)
holds, for all z,y € I and t € [0, 1].

The symbol SHC(; ) will denote the class of functions that satisfy the
inequality (2.3). We also establish some Hermite-Hadamard and Fejér type
inequalities for the class of harmonically strongly convex functions.

Next we will explore a generalization of the concept of harmonically convex
functions which we will call reciprocally strongly convex functions, it is a
concept parallel to the definition presented in the definition 2.5.

DEFINITION 2.6. Let I be an interval in R\ {0} and let ¢ € (0,00). A
function f: I — R is said to be reciprocally strongly convex with modulus ¢
on I, if the inequality

2
Ty
f <m+(1—t)y> <tf(y)+ (1 —t)f(x) —ct(l—t) ( - ) . (24)
holds, for all z,y € I and ¢ € [0,1].

The symbol SRC(; ) will denote the class of functions that satisfy the
inequality (2.4).

THEOREM 2.7. Let I C R\ {0} be a real interval and ¢ € (0,00). If
J €SRC(z ), then f es harmonically convex.

1 1)\?
Proof. Since ct(1 —1t) ( — > > 0, it is a immediate consequence of the
r oy
definition.

For the rest of this paper we will use I C R\ {0} to denote a real interval
and ¢ € (0,00).

THEOREM 2.8. Let f: I — R be a function. f €SRC(; ) if and only if
the function g : I — R, defined by g(x) := f(x) — % es harmonically convex.
x
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Proof. Assume that f €SRC(; ), then

1 (i) e ()

<50+ 1510 et (1 - 1)2 _c<t1+<l_t>1>2

y X

xy x? Y Ty x

—ct(1 —t) (12_2+1)C<t22+2t(1—t) L _2t)2>

2 2
)+ 1= 0f@ e G- G- a2

Yy ry X Yy ry
2 2 2t 212 N 1 2t ¢t
2 Y2 xy wy 2?2 a2 22
t 1 t
— )+ (1 -0/ (54 55 - %)

for all x,y € I and t € [0,1]. Which proves that g is harmonically convex.
Conversely, if g is harmonically convex, then

i) o (i) (52

2
<tgly)+ (1 —t)g(x)+c (t; +(1- t)i)

N 2t(1 —t) N (1 —t)2)




STRONGLY RECIPROCALLY CONVEX FUNCTIONS 115

—tgla) + (- tgle) +e (LD L 2020, G200 20

y2 Yy x2
t(l—14+1¢ 2t(1 -t 1-¢)(1—-t¢
U=t 2=, (190 -0)
Y Y T

— t9(y) + (1 — )g(z) + ¢ (

=tg(y) + (1 —t)g(w) +c <;2 - tuy; H, 20—t Lot t(1;t)>

— (ot 4 e ) + 0 -0) (o) 4 ez ) —ett-0) (55— 2+ )

Y Y

xy x x

2
~ )+ (105w ettt -0 (3 -1)

Yy x
for all 2,y € I and ¢ € [0, 1], showing that f €SRC; ). I

EXAMPLE 2.9. (a) The constant function is harmonically convex but
not reciprocally strongly convex.

(b) The function f : (0,+0c) — R defined by f(x) = —x2, is not a har-
monically convex function, since f is a not convex and nonincreasing
function. Based on Theorem 2.7, we obtain f ¢ SRC ;).

(¢) Since g(z) = log(x) is a harmonically convex function, the function

f(z) :=log(x) + — is a reciprocally strongly convex function.
x
LEMMA 2.10. If f is a reciprocally strongly convex function, then the

function ¢ = f + € is also a reciprocally strongly convex function, for any
constants €. In fact,

e (i) =/ (arim)

2
<L) + (1= 8) (@) + et(1 — 1) <1 —1> +e

roy
2
= tf(y) +te+ (1= )f(2) + (1= e+ ct(1 = 1) (i - ;)
2
= t(f(y) + ) + (1= O(f(2) +) +ct(1— 1) (i - ;)

2
=tp(y) + (1 —t)p(x) + ct(1 —t) <i — ;) )
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THEOREM 2.11. If f : [a,b] C R\ {0} — R and if we consider the function

11 1 . . .

g: [5’ E] — R, defined by ¢g(t) = f - then f €SRC((qy),c) if and only if g is
strongly convex in [%, ﬂ .

Proof. 1f for all z,y € [a,b] and t € [0, 1], we have

1 1 1\2
f<M> <tf(y)+ (1 —1t)f(x) —ct(l —1t) (x_y) :

this last inequality may be changed by another equivalent one:

g(tw+ (1 —t)u) <tg(w)+ (1 —t)g (u) — ct(l —t) (u—w)*,

where u, w € [%, ﬂ and t € [0,1]. To complete the proof. 1

It is easy to see that the result is also valid for intervals (a,b) C R\ {0}.

THEOREM 2.12. The following are equivalent:
(i) f ESRC((a,b),c)-
(ii) For each z¢ € (a,b), there is a linear function T' such that
f 1 > c(x—x0)*+T(x—20)+f 1 for all =z € 11 (2.5)
r) ~ 0 0 xo)’ ba)

(iii) For differentiable f and xo € (a,b),

f <i> > f (;0) —f <;0) T e (26)

for all z,y € (a,b).
(iv) For twice differentiable f,

1 1 1 11
— (=) +22f (= || >2c, forall ze€|—-,~]|.
.’,1;'4 €T T b a

Proof. (i) = (ii): Assume that f € SRC((44),). Since all the assumptions
of Theorem 2.11 are satisfied, then the function g(x) := f<%) is strongly
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1

convex in (%%) Then by Theorem 2.3, for each zg € (3’%)’ there is a

linear function T such that g(z) > g(z¢) + T(z — x0) + c(z — x0)?, for all

T,y € (%, é) This is equivalent to the inequality (2.5).

(i) = (ili): Assume that f €SRC((44) ). By Theorem 2.11, the function
g(z) = f(é) is strongly convex in <%, é), then by Theorem 2.3, for each
70 € (§.7)» 9(&) = 9(x0) + /(@) (@ — w0) + el — 20)?, for all 2.y € (a.)
This is equivalent to the inequality (2.6).

(i) = (i), (iii) = (i) are shown using the reciprocals of the theorem and
lemma that we have used in the above part.

(i) <= (iv): Suppose f is twice differentiable over (a,b). f € SRC((4p),c)
if only if the function g(x) = f (%) is strongly convex in (%,é) (by the

theorem 2.11). It follows from Theorem 2.3 that g is a strongly convex function
with modulus ¢ if only if ¢”(z) > 2¢. Hence it is equivalent to

i [f,, <1> o f <1)] >9c,  forall ze (1,1).
- = - b’ a ]

3. MAIN RESULTS

In this section, we derive our main results.

3.1. HERMITE-HADAMARD TYPE INEQUALITIES The following result is
a counterpart of the Hermite-Hadamard inequality for strongly reciprocally
convex functions.

THEOREM 3.1. Let I C R\ {0} be a real interval. If f : I — R is a
strongly reciprocally convex function with modulus ¢, a,b € I with a < b and
f € Lla,b] then

2ab ¢ (b—a\? ab  [° f(x)
f<a+b)+12<ab> Sb—a/a x? dr
o fa) +f() c<b—a>2.

- 2 6 ab

(3.1)

Proof. By Theorem 2.11 the function g : I — R, defined by g(x) :=
flx) — % is harmonically convex, since f €SRC(z ).
x
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Consequently, by the Hermite-Hadamard type inequality for harmonically
convex functions (see [13, Theorem 1]), we have

g<2ab>< ab /bg(x)dx<g(a)+g(b)

a+b) ~ b—a 2 - 2 ’

f 2ab iy a+b /f _Pd <f(a)_;%+f(b)_b%_
a+b 2ab b —a 2
This last inequality can be simplified to
s 2ab . a+b 2§ ab (¥ f(x )d:E abe  [b3 —a?
a+b 2ab b—a x? 3(b—a) | a®b?

<:ﬂ®+ﬂw_;(¥+w)’

- 2 a?b?

which in turn is equivalent to the inequality
2ab ¢ (b—a\? ab  [° f(x)
— < d
f(a+b>+12<ab> _b—a/a 22
_ @+ f0) e (b-a)?
- 2 6\ ab ’

Remark 3.2. Letting ¢ — 0%, in the inequalities (3.1), we obtain (1.4),
which is the Hermite-Hadamard type inequalities for harmonically convex
functions.

We establish some new inequalities of Hermite-Hadamard type for func-
tions whose derivatives are strongly reciprocally convex.
We need the following lemma, which can be found in [13].

LEMMA 3.3. ([13]) Let f : I ¢ R\ {0} — R is a differentiable function
on I° and a,b € I with a <b. If f’ € L[a,b|, then

fla) + f(b) /f

2
B —a) [! 1—2t , ab
N 2 /0 (tb+(1—t)a)2f (tb—i—(l —t)a) .
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THEOREM 3.4. Let f : I C (0,+00) — R be a differentiable function on
I°, a,b € I witha <b, and f" € Lla,b]. If | f'|? is strongly reciprocally convex
with modulus ¢ on [a,b] for ¢ > 1, then

a b ab btz
CESURTRY O

2
1 (32)
< POy [m'(anq i —e(5-1) M] g
where
AL = % B (b—2a)2 = ((a;??) ’
A= g - o " (Z)Q—Z; I <(a;:)2> :
As = a(bl— a) (ibjac)l3 n ((a;z?)Z) ’
M= — b(bl_a) g _1a)4 [[a(a +2b) + b(b + 2a)] In <(“;5)2)
_ (a+ b)Zfa —b) L 3@2] '
Proof. From Lemma 3.3, and letting p := q_il we get
LOESLA [,
- |25 /01 aran (Frim) dt‘ -

1—2t
(th+ (1 — t)a)?

- ab(b2 a) /01

_ ab(bQ— a) /01

, ab
7 (=)

f(me)D o

1
q

1—2¢
(th+ (1 — t)a)?

v 1-2¢
‘ (tb+ (1 —t)a)?
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We apply Hélder’s inequality to the right-hand side of (3.3) and using the
hypothesis that |f'|? € SRC([4,c), We get

ab(b—a) | [* TR

R [A(Mwu4mz)“]
_/1 1-92t |7
0 ‘[tb+(1—t)a]2

_ablb—a) [ [* 1—2t -4
B Mmﬂlmw“]
! 1—2t ) ab ¢ s
Uo praza| | (wrizos) dt}
ab(b—a) [ (1 1-2t 1=y
<00 [ ] (3.4)

1 5 %
'[A WHiI?%dzGUWﬂq+u—wu%ww—au_w<i_i>) &]'

It can be shown that

1
S e I PO (a +b)°
A1i= /0 [tb+ (1 — t)a)? dt = ab  (b—a)? n 4ab )’

1 1 1
= L P N €L PR R ()
o [t ) e Anmﬂ—mP“

1 b+ 3a (a+0b)?
T hh—a) " (b—a)31n< dab )

1
)\3::/ wdt:)\l+)\27
0

b+ (1 — t)a?
(M- -2

v [
- - L 1 ala a n (a+b)2
= b(ba)+(ba)4[[( +2b) + b(b + 2a)]1 ( o )

_ (a+bP2a—b)

2 5.2
% +b 3a].
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Now if we replace this values in (3.4), we get (3.2). 1

3.2. FEJER TYPE INEQUALITIES The following result is a counterpart of
the Fejér inequality for strongly reciprocally convex functions.

THEOREM 3.5. Let I C R\ {0} be a real interval. If f : I — R is a
strongly reciprocally convex function with modulus ¢, a,b € I with a < b and
f € L[a,b] then

2ab b p(z) 511 a+b\’
f<a+b)/(1 x? dx+c/a [1‘2_<2ab>

b
< ﬂp(a:) dz (3.5)

< [ 13
f(@)+ ) [ () I8 1] @)
<O [P e [2( 22 >_:n2]:z:2dx’

where p : [a,b] — [0, 00) is an integrable function and satisfies

p @b) =p (C&) . (3.6)

Proof. By Theorem 2.11 the function g : I — R, defined by g(z) := f(x) —

is harmonically convex, then in virtue of Theorem 1.3, we have that

, (azj—bb) /a” pg(;“) do < /a” ga(j?p(@ P C) —;g(b) /ab p;azr) 4

The above inequality is equivalent to

d <a2ibb> e (azj;bb)g /bpg) dz < / f(x)xz_;zp(x) dar

a

p(x)
? d$

T2

< dz.

b
f(a)—(ferf(b)—;fQ/bp(w)

2 2
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This last inequality can be simplified to

2ab b p(x) a+b\? [P p(z) b p(z)
f<a+b>szdx—C(mw) Lx2d$+0lx4dw

f()
a b bz
_fU;ﬂ)éégd

c(1 1Y ["p() > p(z)
_2<(12+b2>/a332dx+c/a ?dx,

which in turn is equivalent to the inequality

f<a2j—bb> /abpa(c?dx”/: [;(;12 - (Z;)Q py(;)da;
[

- f(a);rf(b) /abp:(;“) dx_c/: B (GZ;;;Z) _;] p:(;)dx. '

Remarks 3.6. (a) Letting ¢ — 0T, in inequality (3.5), we obtain (1.5)
which is the Fejér type inequality for harmonically convex functions.
(b) Putting p(z) =1 into Theorem 3.5, we obtain the inequality (3.1).

Now, we establish a new Fejér-type inequality for strongly reciprocally
convex functions.

THEOREM 3.7. Suppose f : I C R\ {0} — R is a strongly reciprocally
convex function with modulus ¢ on I. If a,b € I, a < b, and f € Lla,b], then

f(fibb) /bp;?dx+2fw/ab]2§?[2ab—(a+b)x] da

/ ) (3.7)

gwf(b—x)]t?dx—c b(b—x)(a:—a)@dx,

b—a ab J,

where p : [a,b] — R is a nonnegative integrable function that satisfies (3.6).



STRONGLY RECIPROCALLY CONVEX FUNCTIONS 123

Proof. According to (3.6), for x = tb+ (1 — t)a, we have

P(ria) = (i) (35)

Since f € SRC([4,p),¢), from the definition 2.6, we obtain

f(2xy>Sf(y)+f(93)_0<1_1>27 z,y € [a,b]. (3.9)

x+y 2 4 \x vy
ab ab
Let 1=———and y= —+——— in (3.9), th
= T —ta MY T oy (39 then
f 2ab <f(m+ >+f(tb+1t)a)
a+b) — 2

Ccfth+(1—ta tat+(1—tb)>
4 ab ab

Thus,

f<a216b>p (tb+(ib— t)a) = ;[f (ta+(alb—t)b>p(ta+?1b— t)b)
1 (avi=ae)? (@i -00)|

_Z(thr(;b—t)a_ta—i—(alb—t)b>2p<m>'

Integrating both sides of the above inequalities with respect to t over [0, 1],
we obtain

H(25) o i)
<[ (i) (i) o
* % /01 / <tb ¥ (C;b_ t)a> ! (tb T (C;b— f)a> .

B 2/01 <tb+ (;b— ta ta+ (alb— t)b>2p (thr (alb_ t)@) "
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By simple computation,

2ab \ ab [°p(x)
f<a+b>b—a/ x? dz

1 ab f . ab /bf(x)
2b—a b—a ), x2

p(z) dz

c_2 /p(x)[2ab—(a+b)]d

 4b—a z

On the other hand,

/ (ta ¥ (alb— t)b) P (ta n (alb— t)b)

LF(B) + (1 — £) f(a) — ct(1 — ) <61,, _ 2)2] » (M) .

Again, integrating both sides of the above inequalities with respect to ¢
over [0, 1], we obtain

/01f<ta+(a1b—t)b>p<ta+(alb— t)b> dt

g/ol L) + (1= 1) f(a) — ct(1 — 1) (i—DQ]p(M) at.

By simple computation,

" f (@)

< et + 7O /b(b—x)p(x)dx—C/b(b—x)(:r—a)p(x)dx.

b—a 3 ab

This concludes the proof. |

Remarks 3.8. (a) Letting ¢ — 07 in the inequalities (3.7), we obtain the
left-hand side of inequality of Fejér type inequalities for harmonically convex
function (see [4]).

(b) Letting p(x) = 1 in the inequalities (3.7) we obtain inequalities of
Hermite-Hadamard type (see Theorem 3.1).
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