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Abstract: The purpose of this paper is to study content semimodules. We obtain some
results on content semimodules similar to the corresponding ones on content modules. We
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over, we characterize content semimodules over discrete valuation semirings and Boolean
algebras.
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INTRODUCTION

Semirings and semimodules have many applications in different branches
of mathematics (see [7], [8] and [9]). Semiring is a generalization of ring and
bounded distributive lattice. We recall here some definitions:

A semiring is a nonempty set S with two binary operations addition (+)
and multiplication () such that the following conditions hold:

1) (S,+) is a commutative monoid with identity element 0;

2) (S,.) is a monoid with identity element 1 # 0;

3) 0a=0=a0 for all a € S;

4) a(b+c¢) =ab+ ac and (b+ ¢)a = ba + ca for every a,b,c € S.

The semiring S is commutative if the monoid (5,.) is commutative. All
semirings in this paper are commutative. An ideal I of a semiring S is a
nonempty subset of S such that a +b € I and sa € I for all a,b € I and
s € S. An ideal I is subtractive if a+b € I and b € I imply that a € I for all
a,b € S. A semiring is entire if ab = 0 implies that a = 0 or b = 0. Further, an
element a of a semiring S is multiplicatively cancellable (abbreviated as M C')
if ab = ac implies that b = ¢. If every nonzero element of S is multiplicatively
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cancellable we say that the semiring S is a semidomain. An element a of
a semiring S is multiplicatively idempotent if a®> = a. Let I*(S) denote
the set of all multiplicatively idempotent elements of S. We say that S is
multiplicatively idempotent, if I*(S) = S.

Let S be a semiring. An S-semimodule is an additive abelian monoid
(M, +) with additive identity 057 and a function S x M — M ((s,m) — sm),
called scalar multiplication, such that the following conditions hold for all
s,s' € S and all m,m' € M:

(ss"ym = s(s'm);

s(m+m') = sm + sm/;

5) SOM = OM = Om;

A subset N of an S-semimodule M is a subsemimodule of M if N is closed
under addition and scalar multiplication.

We say that a subsemimodule N of an S-semimodule M is subtractive if
m+m’ € N and m € N imply that m’ € N for all m,m’ € M. Let M and M’
be S-semimodules. Then a function « from M to M’ is an S-homomorphism
if a(m 4+ m') = a(m) + a(m’) for all m,m’ € M and a(sm) = s(a(m)) for
all m € M and s € S. The kernel of « is ker(a) = a~1{0}. Then ker(a)
is a subtractive S-semimodule of M. The set a(M) = {a(m) | m € M}
is a subsemimodule of M’. An S-homomorphism o« : M — M’ is an S-
monomorphism if af = «af’ implies 8 = S’ for all S-semimodule K and
all S-homomorphisms 3,3 : K — M. If o is an S-monomorphism, then
ker(ar) = 0. But the converse need not be true. For example, let S be an
entire semiring and b € S such that it is not multiplicatively cancellative.
Thus there exists a # @’ € S such that ab = a/b. Define a map ¢ : S — Sb
by s — sb. Then ¢ is an S-homomorphism with ker(¢) = 0. But ¢ is not
injective, since ¢(a) = ¢(a’). An S-homomorphism « : M — M’ is surjective
if (M) =M.

Let S be a semiring and M an S-semimodule. For any x € M, we de-
fine ¢(x) = N{I | I isanideal of S and € IM}. Then ¢ is a function
from M to the set of ideals of S and it is called the content function. An S-
semimodule M is called a content semimodule if for every x € M, x € c¢(z)M.
In this paper, we study content semimodules and extend some results of [14]
to semimodules over semirings. In Section 1, we recall some properties of
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content semimodules from [12] and we show that projective semimodules are
content semimodules. We study normally flat content semimodules in Sec-
tion 2. In Section 3, we characterize content S-semimodules over discrete
valuation semirings. In Section 4, we investigate some properties of faithful
multiplication content semimodules, as a generalization of faithful multipli-
cation modules. In the last section, we prove that if every subsemimodule
of a content S-semimodule is a content S-semimodule with restricted content
function, then S is a multiplicatively regular semiring. We also characterize
content semimodules over Boolean algebras.

1. CONTENT SEMIMODULES

The concepts of content modules and content algebras were introduced in
[14]. The concept of content semimodules is studied in [12].

Let S be a semiring and M an S-semimodule. For any x € M, we define
the content of x by,

cs,m(xz) =N{I | Iis an ideal of S and z € IM}.

Therefore cg pr is a function from M to the set of ideals of S which is called
the content function. If N is any non-empty subset of M, we define cg ps(N)
to be the ideal ) . cs ar(x). Whenever there is no fear of ambiguity, either
or both of the subscripts S and M will be omitted.

DEFINITION 1. Let S be a semiring. An S-semimodule M will be called
a content S-semimodule if for every x € M, x € c(x)M.

ExaMPLE 2. Let S be a multiplicatively idempotent semiring, J an ideal
of S and x € J. It is clear that (z) Cc(z) =n{l | I C S, x € IJ}. Thus
(x)J C c(z)J. But = 2% € (x)J and hence x € ¢(z)J. Therefore J is a
content S-semimodule.

Now, we recall next results from [12], which will be used repeatedly.

THEOREM 3. Let M be an S-semimodule. Then the following statements
are equivalent:

1) M is a content S-semimodule.

2) For every set of ideals {I;} of S, (NI;)M = N(IL;M).

3) For every set of finitely generated ideals {I;} of S, (NI;)M = N(I;M).
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4) There exists a function f from M to the set of ideals of S such that for
every x € M and every ideal I of S, x € IM if and only if f(x) C I

Moreover, if M is a content S-semimodule and x € M, then c(x) is a finitely
generated ideal.

THEOREM 4. Let M be a content S-semimodule, and N a subsemimodule
of M. Then the following statements are equivalent:

1) IM NN = 1IN for every ideal I of S.
2) For every x € N, x € cpr(x)N.

3) N is a content S-semimodule and cyy restricted to N is cy.

We know that every free module and every projective module as a direct
summand of a free module, are content modules by [14, Corollary 1.4]. More-
over every free semimodule is a content semimodule by [12, Corollary 26].
But not all projective semimodules are direct summands of free semimodules
(cf. [3, Example 2.3]). We can prove that every projective semimodule is a
content semimodule as follows:

THEOREM 5. Any projective semimodule is a content semimodule.

Proof. Let S be a semiring and M a projective S-semimodule. Then by [18,
Theorem 3.4.12], there exist {m;}icr € M and {fi}ier € Homg(M,S) such
that for any x € M, f;(z) =0 for almost all ¢ € I, and « = ), fi(x)m;. Sup-
pose that z € M. Thenz = > | fi(x)m; and hence = € (f1(x), ..., fu(z))M
Thus ¢(x) C (f1(x),..., fn(z)). Now assume that x € IM for some ideal I
of S. Then there exist m € N, r1,...,7, € I and z1,...,z, € M such
that z = Y ;" rz;. For each 1 < j < mn, fj(z) = >, rifj(x;), and hence
fi(x) € (r1,...,rm). Therefore (fi(x),..., fu(z)) € (r1,...,7m) € I. This
implies ( fi(x),..., fu(x)) C c(z), by definition of content function. Therefore
(1@)s- - fal2)) = cl@), and 2 € (fi(2), ..., ful2))M = c()M. 1

Let M be an S-semimodule, N a subsemimodule of M and I an ideal of
S. Put
(N:yI)={x|x€ M and Iz C N}.

Then (N :p; I) is a subsemimodule of M.

THEOREM 6. Let M be a content S-semimodule, and let s € S. Then the
following statements are equivalent:
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1) s(c(x)) = e(sx) for all z € M.
2) ({:ss)M = (IM :ps s) for every ideal I of S.

Proof. (1) = (2): The proof is similar to [14, Theorem 1.5].
(2) = (1): Let z € M. Then = € ¢(x)M since M is a content S-semimodule.
Thus, sz € sc(x)M. This implies that c(sx) C sc(x). Now by (2),
(c(sx) :5 )M = (c(sx)M :pr s). On the other hand, since M is a content
semimodule, sx € c¢(sz)M. This implies x € (c(sz)M :pr s) = (c(sz) 15 s)M.
So ¢(x) C (¢(sx) : s) and hence sc(x) C c(sz). |

DEFINITION 7. Let S be a semidomain. An S-semimodule M is said to
be torsionfree if for any 0 # a € S, multiplication by a on M is injective, i.e.,
if axz = ay for some x,y € M, then x = y.

Now we give the following theorem for content torsionfree semimodules
over a semidomain.

THEOREM 8. Let S be a semidomain and M a content torsionfree S-
semimodule. Then for every s € S and x € M, s(c(z)) = c(sz).

Proof. Since M is a content S-semimodule, z € ¢(x)M. Therefore sz €
sc(x)M, which implies ¢(sz) C sc(x). Now sz € sM, implies that c(sx) C
(s). Therefore c¢(sz) = (s)J, where J = (c(sz) : s). Since M is a content
semimodule, sz € c(sz)M = sJM. Therefore sx = sz, for some element
z € JM. Then x = z, since M is torsionfree. Thus x € JM and hence
c(x) C J. Therefore sc(x) C sJ = c(sx). 1

THEOREM 9. Let S be a semiring such that any 0 # s € S is in at most
finitely many ideals, and let M be an S-semimodule such that for all ideals
I,Jof S, (INJ)M = IMnNJM. Then M is a content semimodule if and
only if N(I; M) = 0, whenever {I;} is an infinite set of ideals of S.

Proof. Let M be a content S-semimodule and let {I;} be an infinite set
of ideals of S. Then by Theorem 3, N(I;M) = (NI;)M = 0. Conversely,
let {I;}icr be a set of ideals of S. If I is finite, then N(I;M) = (NI;)M by
assumption. Now if [ is infinite, then N(1; M) = (NI;)M = 0. Therefore M is
a content S-semimodule. 1
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2. NORMALLY FLAT SEMIMODULES AND CONTENT SEMIMODULES

In this section, we investigate normally flat content semimodules. The
concept of normally flat semimodules was introduced in [2]. Let us recall
some definitions.

Let M and N be two S-semimodules. An S-balanced map g : M x N — G,
where G is an Abelian monoid, is a bilinear map such that g(ms,n) = g(m, sn)
forallme M,se Sandn € N.

A commutative monoid M ®g N together with an S-balanced map 7 :
M x N —- M ®g N is called a tensor product of M and N over S if for every
Abelian monoid G with an S-balanced map 5 : M x N — G, there exists a
unique morphism of monoids v : M ®¢ N — G that yo 7 = . For more
details on tensor product of semimodules see [10], [1] and [15].

DEFINITION 10. Assume that M is an S-semimodule. We say that a sub-
semimodule N <g M is a normal subsemimodule, and write N <% M, if
the embedding N < M is a normal monomorphism, that is, N = ker(f)
for some S-homomorphism f : M — L and some S-semimodule L. Note
that N <% M if and only if N = N, the normal closure of N, defined by
N :={m € M | m +ny = ny for some ny,ns € N}. Therefore N <& M if
and only if NV is a subtractive subsemimodule of M.

DEFINITION 11. Let F' and M be S-semimodules. We say that F' is nor-
mally flat with respect to M (or normally M-flat) if N ®g F < M ®g F for
every N <% M. We say that F' is normally flat, if I is normally M-flat for
every S-semimodule M.

Assume that R is a domain. It is well known that if M is a flat R-module,
then M is torsionfree [4, Chapter I, §2.5, Proposition 3]. We have the following
result for normally flat semimodules.

THEOREM 12. Let S be a semidomain such that every principal ideal of
S is subtractive and let M be a normally flat S-semimodule. Then M is a
torsionfree S-semimodule.

Proof. Let 0 #£ a € S. We should show that for all z,y € M, ax = ay
implies z = y. Define a map f: S — S by f: s+ as. If as = as’ for some
s,s' € S, then s = s’ since a is an MC element. Therefore f is an injective
S-homomorphism. Moreover, f(S) = Sa is a subtractive subsemimodule of S.
Since M is normally flat, f: S®g M — S®g M where f : s@m — as®@m, is
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0 _
injective. But S ®s M = M by [15, Theorem 7.6]. Thus o fof~1 :m — am
is injective. |

In [14, Corollary 1.6], it is proved that a content module is a flat module
if and only if for every s € S and =z € M, s(c(z)) = c¢(sx). Now from
Theorem 12, we have the following result.

COROLLARY 13. Let S be a semidomain such that every principal ideal
of S is subtractive and let M be a content normally flat S-semimodule. Then
for every s € S and x € M, s(c(x)) = c(sx).

Proof. By Theorem 12, M is a torsionfree S-semimodule. Thus by Theo-
rem 8, for every s € S and x € M, s(c(z)) = c(sz). |1

THEOREM 14. Let S be a semiring and M a content S-semimodule such
that for every s € S and every ideal I of S, (I :g s)M = (IM :p; s). Then
(I:5 J)M = (IM :pr J) for every pair of ideals I, J of S.

Proof. Since M is a content S-semimodule, by Theorem 3, (I : J)M =
(Nseg(I:8))M = Nseg(I : s)M. But Ngey(I : $)M = Nseg(IM : s) = (IM :
J). 1

COROLLARY 15. Assume that S is a semidomain such that every principal
ideal of S is subtractive and let M be a content normally flat S-semimodule.
Then (I :s J)M = (IM :pr J) for every pair of ideals I, J of S.

Proof. By Theorem 13, for every s € S and z € M, s(c(z)) = ¢(sz) and
by Theorem 6, (I :g )M = (IM :jr s) for every ideal I of S and s € S. Thus
by Theorem 14, (I :g J)M = (IM :ps J). 1

3. CONTENT SEMIMODULES OVER DISCRETE VALUATION SEMIRINGS

Discrete valuation semiring was introduced and studied in [13]. Simi-
lar to [14, Proposition 2.1], we will obtain a characterization of content S-
semimodules over a discrete valuation semiring. First, we recall some defini-
tions and results from [13].

Let (M,+,0,<) be a totally ordered commutative monoid (abbreviated
as tomonoid) with no greatest element and let 400 be an element such that
+oo ¢ M. Put My, = M U {+o0}. Now set m < +oo for all m € M and
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m + (+00) = (+00) + m = +oo for all m € My,. Then M, is a tomonoid
with the greatest element +oo.

DEFINITION 16. A map v : S — My is an M-valuation on S if the fol-
lowing properties hold:

1) S is a semiring and M, is a tomonoid with the greatest element oo,
which has been obtained from the tomonoid M with no greatest element,

2) v(zy) =v(z)+o(y) for all z,y € 5,
3) v(z +y) > min{v(z),v(y)}, whenever z,y € S,
4) v(1) = 0 and v(0) = +o0.

If in the above M = Z, we will say that v is a discrete valuation on S.

DEFINITION 17. Let S be a semiring. If there exists an M-valuation v on
S, then it is obvious that S, = {s € S | v(s) > 0} is a subsemiring of S. In
this case we say that “S, is a V-semiring with respect to the triple (S, v, M)”.

An element s of a semiring S is a unit if there exists an element s’ of S
such that s’ = 1. We say that S is a semifield if every nonzero element of S
is a unit.

DEFINITION 18. A semiring S is called discrete valuation semiring, if S =
K, is a V-semiring with respect to the triple (K, v,Z), where K is a semifield
and v is surjective.

A semiring S is called a local semiring if it has a unique maximal ideal.
Note that by [13, Theorem 3.6] every discrete valuation semiring is a local
semiring.

THEOREM 19. Let (S,m) be a discrete valuation semiring and let M be
an S-semimodule. Then M is a content S-semimodule if and only if N{m*M |
i=1,2,---}=0.

Proof. Let M be a content S-semimodule. By [13, Theorem 3.6], N2, m’ =
0. Thus by Theorem 3, N2, (m'M) = (N2;m*)M = 0.

Now let 0 # = € M. Since every ideal of S is of the form m’(i € N) [13,
Lemma 3.3], c(z) = N{m’ | x € m*M}. But N{m‘M |i=1,2,---} =0. So
there exists a positive integer n such that z € m™M and z ¢ m'M for all
i > n. Therefore c(x) = m™. Hence x € c(x)M. 1
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We know that free semimodules, and more generally, projective semimod-
ules are examples of normally flat semimodules (see [1]), and in Section 1 we
proved that these semimodules are content semimodules. Now, we give an
example of a content semimodule which is not normally flat. First, we recall
the following definition:

Let M be an S-semimodule and N a subsemimodule of M. Then we can
define a congruence relation on M as follows: m =y n iff m4+a =n+ b for
some a,b € N. The set of equivalence classes is an S-semimodule and denoted
by M/N. The equivalence class of m € M is denoted by m/N.

EXAMPLE 20. Let S = (NU {400}, min,+,+00,0). Then S is a semido-
main.

Let J = S\{1g} = {—o0}U{1,2,---}. We show that J is a principal ideal
of S. If z,y € J and s € S, then © ® y = min{x,y} € Jand 0 # s+ =
sOx e J. Nowlet Og #a € J. Thena=1+-"41=16-"0l=1%¢ (1).
Therefore J = (1) and J is the unique maximal ideal of S.

If I is an ideal of S, then [ is a power of J. Let I be an ideal of S,
O0s # n € I the smallest element in I and Og # = #n € I. Then x > n and
hence z —n € S. Thusz =z —n+n = (z—n)©n € (n). Therefore I = (n).
Moreover, n =1+ ---4+1=1®---®1 = 1" and hence I = (n) = (1") =
(1) = J™. Thus S is a discrete valuation semiring by [13, Theorem 3.6].

Now let I = (n) be an ideal of S and x,y € S such that z +y, y € I. If
y > x, then x + y = min{y,z} =z € I. If z > y, then z —y € S and so
x=x—y+y=x—yOy € I. Therefore I is subtractive. This implies S/I # 0.
Now consider the S-semimodule M = S/J?. Since J2M = 0, N{J'M | i =
1,2,---} = 0. Thus by Theorem 19, M is a content S-semimodule. Note
that S is a semidomain such that every ideal of S is subtractive and M is not
torsionfree. Thus from Theorem 12, M is not a normally flat S-semimodule.

4. MULTIPLICATION SEMIMODULES AND CONTENT SEMIMODULES

In this section we study the relation between multiplication semimodules
and content semimodules and give some results about multiplication semi-
modules. It is known that every faithful multiplication module is a content
module. Here we investigate faithful multiplication content semimodules and
extend some results of [6] to semimodules.

If N and L are subsemimodules of an S-semimodule M, we set (N : L) =
{s€ S|sL C N} Then (N :L)is an ideal of S.
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DEFINITION 21. Let S be a semiring and M an S-semimodule. Then M
is called a multiplication semimodule if for each subsemimodule N of M there

exists an ideal I of S such that N = IM.

In this situation we can prove that N = (N : M)M. Cyclic semimodules
are examples of multiplication semimodules [19, Example 2].

THEOREM 22. Suppose that M is a content S-semimodule and for any
subsemimodule N of M and ideal I of S such that N C IM there exists an
ideal J of S such that J C I and N C JM. Then M is a multiplication

S-semimodule.

Proof. The proof is similar to [6, Theorem 1.6]. 1

We recall the following results from [16].

Let M be an S-semimodule and P a maximal ideal of S. We say that M
is P-cyclic if there exist m € M, t € S and ¢ € P such that t + ¢ = 1 and
tM C Sm.

THEOREM 23. Let M be an S-semimodule. If M is a multiplication semi-
module, then for every maximal ideal P of S either M = {m € M | m =
gm for some q € P} or M is P-cyclic [16, Theorem 1.6].

DEFINITION 24. An element m of an S-semimodule M is cancellable if
m+m’ = m+m” implies that m’ = m”. The S-semimodule M is cancellative
if every element of M is cancellable.

A semiring S is yoked if for all a,b € S, there exists an element ¢ of S such
that a +t = b or b+t = a. Now, we give the following theorem for yoked
semirings.

THEOREM 25. Let S be a yoked semiring such that every maximal ideal
of S is subtractive and let M be a cancellative faithful multiplication S-
semimodule. Then M is a content S-semimodule.

Proof. Let {Iy}(\ € A) be any non-empty collection of ideals of S. Put
I = Nyealy. Clearly IM C NMyxea(IxM). Let x € Nyxea(IxM) and let K =
{reS|rxelIM}. If K # S, then there exists a maximal ideal @ of S such
that K C @Q. Suppose that M = {m € M | m = pm for some p € Q}. Then
x = pz for some p € Q). Since S is a yoked semiring, there exists ¢ € S such
that t+p =1or 1+t = p. Suppose that t + p = 1. Then px + tx = .
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Since M is a cancellative S-semimodule, tx = 0 and hence ¢t € K C ) which
is a contradiction. Now suppose that 1+t = p. Then = + tx = px. Since
M is a cancellative semimodule, txz = 0 and hence t € K C (). On the other
hand, since @ is a subtractive ideal, 1 € ) which is a contradiction. Therefore
by Theorem 23, M is Q-cyclic. Hence there exist m € M, t € S and ¢ € Q
such that t + ¢ = 1 and tM C Sm. Then tx € Nyep(Iym). Thus for each
A € A, there exists ay € Iy such that tx = aym. Choose o € A. Then
aem = aym for each A € A. Since S is a yoked semiring, there exists r) € S
such that aq + r) = a) or ay + ry = an. Suppose that a, + 7y = a). Then
agm + rym = aym and hence rym = 0. Thus tryM C r)(Sm) = 0. Since M
is a faithful semimodule, try = 0. But ta, + try = tay and hence ta, = tay.
Now suppose that ay + ry = an. A similar argument shows that ta, = tay.
Thus in any case ta, € Iy for each A € A and hence ta, € I. Therefore
t?x = tagm € IM. This implies that t> € K C @ which is a contradiction.
Therefore K = S and hence x € IM. 1

We call an S-semimodule M multiplicatively cancellative (abbreviated as
MQ) if for any s,s" € S and 0 #m € M, sm = s'm implies s = ¢’ [5].

THEOREM 26. Let M be an MC multiplication S-semimodule. Then M
is a content S-semimodule.

Proof. By [16, Theorem 2.9], M is a projective S-semimodule and by
Corollary 5, M is a content S-semimodule. |

Now, by using [16, Corollary 2.10], we get the following result.

COROLLARY 27. Let S be a yoked entire semiring and M a cancellative
faithful multiplication S-semimodule. Then M is a content S-semimodule.

We say that a subsemimodule E of an S-semimodule M is an essential
subsemimodule, if for any nonzero subsemimodule N C M, ENN # 0 [11].
Let S be a semiring and M a faithful multiplication content S-semimodule.
Then similar to [6, Theorem 2.13] we can prove that a subsemimodule N of
M is essential if and only if there exists an essential ideal E of S such that
N =FEM.

Assume that M is an S-semimodule. We define the socle of M, denoted
by Soc(M), to be Soc(M) = (\{N | N C. M} (see also [11]). Now if M is
a faithful multiplication content S-semimodule, then similar to [6, Corollary
2.14], we conclude that Soc(M) = Soc(S)M.
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An S-semimodule M is called finitely cogenerated if for every set A of
subsemimodules of M, (| A = 0if and only if () F' = 0 for some finite set ' C A
[11]. The semiring S is called finitely cogenerated if it is finitely cogenerated
as an S-semimodule. Let S be a semiring and M a faithful multiplication
content S-semimodule. Then with a similar proof for [6, Corollary 1.8], we
can show that, M is finitely cogenerated if and only if S is finitely cogenerated.

Assume that M is an S-semimodule. Now we give some properties of the
ideal ¢(M).

THEOREM 28. (see [14, Corollary 1.6]) Let M be a content S-semimodule.
Then ¢(M) = S iff mM # M for every maximal ideal m of S.

Proof. (=) Let ¢(M) = S and m a maximal ideal of S such that mM = M.
If x € M =mM, then ¢(x) C m. Hence ¢(M) C m which is a contradiction.

(«<=) Let m be a maximal ideal of S and mM # M. Then there exists
z € M\mM. Thus c¢(z) € m since z € ¢(x)M. Therefore ¢(M) € m. Since
for all maximal ideal m of S, ¢(M) € m, we have ¢(M) =S5. 1

Let S be a semiring and M an S-semimodule. Put A = {I C S|M = IM}
and 7(M) = Nreal. Then 7(M) is an ideal of S.

THEOREM 29. Let M be a content S-semimodule. Then ¢(M) = 7(M).

Proof. If x € M, then = € c(x)M C ¢(M)M. Therefore c(M)M = M
and hence 7(M) C ¢(M). Now let I be an ideal of S such that M = IM.
Then for each z € M = IM, c¢(x) C I and hence ¢(M) C I. Therefore
c(M)C7(M). 1

THEOREM 30. Let M be a faithful multiplication content S-semimodule
and I = 7(M). Then:

1) m € I'm for each m € M;
2) I? =1I;
3) ann(l) = 0.

Proof. The proof is similar to [6, Lemma 3.2]. 1
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5. REGULAR SEMIRINGS AND CONTENT SEMIMODULES

An element a of a semiring S is multiplicatively regular if there exists an
element x of S such that axa = a. A semiring S is multiplicatively regular if
every element of S is multiplicatively regular. Bounded distributive lattices,
and in particular, Boolean algebras are multiplicatively regular semirings.

ExaMPLE 31. Let S be a semifield and A a nonempty set. Suppose that
f €S54 Defineamapg: A — Sbyg(a) = f(a)~'if f(a) # 0, and g(a) = 0 if
f(a) =0. Then f = fgf. Therefore S4 is a multiplicatively regular semiring.

THEOREM 32. Let S be a multiplicatively regular semiring. Then every
ideal of S is generated by idempotents.

Proof. Let I be an ideal of S and = € I. Then z = 2%s for some s € S.
Thus zs € I*(S) and (z) = (vs). Therefore I = ) _; Sz is generated by
idempotents. |

In [14], it is shown that a ring R is regular if and only if every submodule
of a content R-module is a content module with restricted content function.
We can extend this result to multiplicatively regular semirings as follows:

THEOREM 33. Assume that S is a semiring. If every subsemimodule of
a content S-semimodule is a content S-semimodule with restricted content
function, then S is a multiplicatively regular semiring.

Proof. By [17, Proposition 1], it is sufficient to show that every principal
ideal of S is generated by an idempotent. Suppose that a € S. Then by
Theorem 4, (a)S N (a) = (a?). Thus there exists r € S such that a = ra?.
Hence ar € I*(S) and (a) = (ar). 1

Let S be a semiring. An element a of S is complemented if there exists
an element ¢ of S such that ac = 0 and a + ¢ = 1. Let comp(S) denote the
set of all complemented elements of S. Note that comp(S) C I*(S). Since if
a € comp(S), then a = al = a(a + ¢) = a® + ac = a>.

THEOREM 34. Let S be a semiring such that comp(S) = I*(S). Let
I = (e, f) be an ideal of S such that e, f € I*(S). Then I = (g) for some
g € I*(S).
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Proof. Since e, f € comp(S), there exist elements z,y € I*(S) such that
r+e=1,y+f=1,ze=0and yf =0. Then 1 =zy+ye+ zf + fe. Put
g=vye+xf+fecI. Thenl = zy+gandg? = g. Moreover e = exy+eg = eg
and f = fxy+ fg = fg. Therefore I = (e, f) C (g) C I. Hence I = (g). 1

EXAMPLE 35. Let S be a semiring such that I*(S) = {0,1}. Let A be a
nonempty set and f € I*(S4). Then for each a € A, f(a) € I*(S) = {0,1}.
Define a map g : A — S by g(a) = 1 if f(a) =0, and g(a) = 0 if f(a) = 1.
Then f + g = 1ga, and fg = 0. Thus f € comp(S4). Therefore S4 is a
semiring such that comp(S4) = I*(S4).

THEOREM 36. Let S be a semiring. If every finitely generated ideal in
S is generated by an idempotent, then every subsemimodule of a content
S-semimodule is a content S-semimodule with restricted content function.

Proof. Let M be a content S-semimodule and N C M. By Theorem 4,
we should show that for every x € N, x € cp(x)N. Let © € N. Then z €
ey (xz)M. Since M is a content S-semimodule, cps(z) is a finitely generated
ideal. Hence there exists an element e € I*(S) such that cp/(z) = (e). Thus
x € (e)M and hence there exists m € M such that z = em = e?m = ex.
Therefore x € cpr(z)N. |

Here we study content semimodules over Boolean algebras (see [14, section
4]). Note that, by Theorem 34, every finitely generated ideal of a Boolean
algebra is generated by an idempotent.

LEMMA 37. Let S be a semiring and M an S-semimodule. If every finitely
generated ideal of S is generated by an idempotent then for all ideals I, J C S,
(INJ)M =IMnJM.

Proof. Tt is clear that (INJ)M C IMNJM. Suppose that z € IMNJM.
Then z = > " rim; = Z?Zl Sjm; , where mi,m;- €M, rielands; € J for
alll<i<mand1<j5<n.

Put I’ = (r1,...,mm), J' = (s1,...,8p). Then there exist e,u € I*(S) such
that I’ = (¢) C I and J’ = (u) C J. Then for each i, 1 < i < m, there exists
u; € S such that r; = eu;. Moreover, for each j, 1 < j < n, there exists t; € S
such that s; = utj;. Hence x = Y " mim; = > ity ewym; = €y o'y euym; =
ex. Similarly z = 377 s;m} = 3700 utym) = ud 7L, utym} = ux. Thus
x = ex = eux. Therefore z € (INJ)M. 1
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LEMMA 38. Let S be a Boolean algebra and M an S-semimodule. Then
forall s €S, (0:5 8)M = (0:p s).

Proof. Clearly, (0:5 s)M C (0:ps s). Let & € M such that sz = 0. Since
S is a Boolean algebra, there exists an element ¢ € S such that ¢t + s = 1 and
ts =0. Thus z =tz € (0:5 s)M. Therefore (0:5 s)M = (0:77 5). |}

LEMMA 39. Let S be a Boolean algebra, M an S-semimodule and x € M.
Then c¢(z) = ann(ann(z)).

Proof. Let I be a finitely generated ideal of S such that x € IM. Then
annl C ann(x) and hence ann(ann(z)) C ann(ann(l)). But ann(ann(l)) =
I and so ann(ann(x)) C I. By Theorem 3, ann(ann(x)) C ¢(x).

Conversely, let s € S such that sz = 0. Then z € (0 :p7 s) = (0 :5 s)M
by Theorem 38. Thus ¢(z) € (0 :5 s) and hence ¢(z) € (Vyeqnn(x)(0 15 8) =
ann(ann(z)). 1

In the following theorem we characterize content S-semimodules over Bool-
ean algebras.

THEOREM 40. Let S be a Boolean algebra and M an S-semimodule. Then
M is a content S-semimodule if and only if for all x € M, ann(z) is a finitely
generated ideal.

Proof. Suppose that M is a content S-semimodule and € M. Then
c(x) = ann(ann(z)) is a finitely generated ideal. Thus there exists e € S such
that ann(ann(x)) = (e). Moreover there exists u € S such that ue = 0 and
u+ e = 1. We show that ann(x) = (u). Since M is a content S-semimodule,
x € c¢(xr)M = (e)M. Thus there exists z € M such that x = ez. Hence
uzr = uez = 0. Therefore u € ann(z) and hence (u) C ann(x).

For the reverse inclusion, let r € ann(x). Then r = ur + er = ur. Thus
r € (u) and hence ann(z) C (u).

Now suppose that x € M and ann(z) is a finitely generated ideal. Note
that by Lemma 37, (INJ)M = IMNJM for all ideals I, J C S. Let ann(z) =
($15---58n). Thenx € (/_1(0:ar 85) = (=1 (0:5 8)M = (Nie1(0 :5 ;)M =
(ann(ann(x)))M. Thus by Theorem 39, x € ¢(x)M and hence M is a content
S-semimodule. 1



254 R. RAZAVI NAZARI, SH. GHALANDARZADEH

REFERENCES

[1] J.Y. ABUHLAIL, Uniformly flat semimodules, arXiv: 1201.0591, 2012.

[2] J.Y. ABUHLAIL, Some remarks on tensor products and flatness of semimod-
ules, Semigroup Forum 88 (3) (2014), 732—-738.

[3] H.M.J. AL-THANI, Characterizations of projective and k-projective semimod-
ules,Int. J. Math. Math. Sci. 32 (7) (2002), 439 —448.

[4] N. BOURBAKI, “Commutative Algebra”, Hermann/Addison-Wesley, 1972.

[5] R. EBRAHIMI ATANI, S. EBRAHIMI ATANI, On subsemimodules of semi-
modules, Bul. Acad. Stiinte Repub. Mold. Mat. 2 (63) (2010), 20— 30.

[6] Z.A. EL-BAsT, P.F. SMITH, Multiplication modules, Comm. Algebra 16 (4)
(1988), 755—-"779.

[7] K. GLAZEK, “A Guide to the Literature on Semirings and Their Applications
in Mathematics and Information Sciences”, Kluwer Academic Publishers,
Dordrecht, 2002.

[8] J.S. GOLAN, “Semirings and Their Applications”, Kluwer Academic Publish-
ers, Dordrecht, 1999.

[9] U. HEBISCH, H.J. WEINERT, “Semirings-Algebraic Theory and Applications
in Computer Science”, World Scientific Publishing Co., Singapore, 1998.

[10] Y. KATSOV, Toward homological characterization of semirings: Serre’s conjec-

ture and Bass’s perfectness in a semiring context, Algebra Universalis 52 (2)
(2004), 197 -214.

[11] Y. KaTsov, T.G. NaM, N.X. TUYEN, On subtractive semisimple semir-
ings, Algebra Collog. 16 (3) (2009), 415—426.

[12] P. NASEHPOUR, On the content of polynomials over semirings and its appli-
cations, J. Algebra Appl. 15 (5) (2016), 1650088.

[13] P. NASEHPOUR, Valuation semirings, J. Algebra Appl. 16 (11) (2018),
1850073.

[14] J. OuMm, D. RuUSH, Content modules and algebras, Math. Scand. 31 (1972),
49 —-68.

[15] B. PAreiGis, H. ROHRL, Remarks on semimodules, arXiv: 1305.5531, 2013.

[16] R. RAazAvi NAZARI, SH. GHALANDARZADEH, Multiplication semimodules,
submitted.

[17] H. SUBRAMANIAN, Von Neumann regularity in semirings, Math. Nachr. 45

(1970), 73-79.

[18] M. SHABIR, “Some Characterizations and Sheaf Representations of Regular
and Weakly Regular Monoids and Semirings”, PhD Thesis, Quaid-I-Azam
University, Pakistan, 1995.

[19] G. YEsiLoT, K. OREL, U. TEKIR, On prime subsemimodules of semimod-
ules, Int. J. Algebra 4 (1) (2010), 53 —-60.



