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Abstract: The notion of orthogonality for vectors in inner product spaces is simple, interest-
ing and fruitful. When moving to normed spaces, we have many possibilities to extend this
notion. We consider Birkhoff orthogonality and isosceles orthogonality. Recently the con-
stants which measure the difference between these orthogonalities have been investigated.
The usual orthognality in inner product spaces and isosceles orthogonality in normed spaces
are symmetric. However, Birkhoff orthogonality in normed spaces is not symmetric in gen-
eral. A two-dimensional normed space in which Birkhoff orthogonality is symmetric is called
a Radon plane. In this paper, we consider the difference between Birkhoff and isosceles or-
thogonalities in Radon planes.
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1. INTRODUCTION

We denote by X a real normed space with the norm || - ||, the unit ball
Bx and the unit sphere Sx. Throughout this paper, we assume that the
dimension of X is at least two. In case of that X is an inner product space,
an element x € X is said to be orthogonal to y € X (denoted by =z L y)
if the inner product (x,y) is zero. In the general setting of normed spaces,
many notions of orthogonality have been introduced by means of equivalent
propositions to the usual orthogonality in inner product spaces. For example,
Roberts [20] introduced Roberts orthogonality: for any x,y € X, z is said to
be Roberts orthogonal to y (denoted by = Lg y) if

|l + ty|| = ||z — ty|| for all t € R.

Birkhoff [4] introduced Birkhoff orthogonality: z is said to be Birkhoff orthog-
onal to y (denoted by = Lp y) if

|z +tyl| > llz]| for all t € R.
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James [4] introduced isosceles orthogonality: x is said to be isosceles orthog-
onal to y (denoted by x L y) if

2 +yll = [l —yll

These generalized orthogonality types have been studied in a lot of papers
(1], [2], [8] and so on).

Recently, quantitative studies of the difference between two orthogonality
types have been performed:

D) = int {juf o+l 0y € Sx,z Lry
(S

D'(X) = sup{lz +yll - |z —yll - 2,y € Sx, 2 Lp y},

[z + ayll — [z — oyl
o

BRQj:mm{ 3%y€SL$lBy}

r+y|—llr—y
2+ yll = llz — 9]

BI(X) = sup Tz

Z%QGX,%?J#OJULB?J}v

infer ||z + Ay
|

IB(X) = inf :x,yEX,x,y#O,xJ_Iy}.

(see [10], [14], [19]).

An orthogonality notion“L ” is called symmetric if x L y implies y L x.
The usual orthogonality in inner product spaces is, of course symmetric. By
the definition, isosceles orthogonality in normed spaces is symmetric, too.
However Birkhoff orthogonality is not symmetric in general. Birkhoff [4]
proved that if Birkhoff orthogonality is symmetric in a strictly convex normed
space whose dimension is at least three, then the space is an inner product
space. Day [6] and James [9] showed that the assumption of strict convexity
in Birkhoff’s result can be released.

THEOREM 1.1. ([2], [6], [9] ) A normed space X whose dimension is at
least three is an inner product space if and only if Birkhoff orthogonality is
symmetric in X.

The assumption of the dimension of the space in the above theorem cannot
be omitted. A two-dimensional normed space in which Birkhoff orthogonality
is symmetric is called a Radon plane.
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In this paper, we consider the constant IB(X) in Radon planes. The
inequality 1/2 < IB(X) < 1 holds for any normed space X. Under the
assumption that the space X is a Radon plane, an inequality 8/9 < IB(X) <1
is proved, and the Radon plane in which IB(X) = 8/9 is characterized. On
the other hand, a Radon plane is made by connecting the unit sphere of a
two-dimensional normed space and its dual ([6], [12], [13]). A collection of
normed spaces in which 7B(X) < 8/9 holds and that constant of the induced
Radon plane is equal to 8/9 is obtained.

2. THE DIFFERENCE BETWEEN TWO ORTHOGONALITY TYPES
IN RADON PLANES

To consider the difference between Birkhoff and isosceles orthogonalities,
the results obtained by James in [7] are important.

ProposITION 2.1. ([7])

(i) If  (# 0) and y are isosceles orthogonal elements in a normed space,
then ||z + ky| > 3||z|| for all k.

(ii) If x (# 0) and y are isosceles orthogonal elements in a normed space,
and ||y| < ||z, then ||z + ky|| > 2(v/2 — 1)||z| for all k.

From this, one can has 1/2 < IB(X) <1 and 2(v/2 — 1) < D(X) < 1 for
any normed space.

For two elements x,y in the unit sphere in a normed space X, the sine
function s(x,y) is defined by

= inf t
s(@,y) = inf |lo +ty]
([22]). V. Balestro, H. Martini, and R. Teixeira [3] showed the following

PROPOSITION 2.2. ([3]) A two dimensional normed space X is a Radon
plane if and only if its associated sine function is symmetric.

Thus for elements z,y in the unit sphere in a Radon plane X with = L7y
we have infye ||z + Ay = inf,er ||y + pa||. Hence the inequality 2(v2—1) <
IB(X) <1 holds for a Radon plane X.

Using Proposition 2.2 again, we start to consider the lower bound of I B(X)
in a Radon plane.
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ProprosiTION 2.3. Let X be a Radon plane, an element x € Sx be
isosceles orthogonality to ay for another element y € Sx and a real num-
ber a € R. Take numbers k,l € R such that ||z + ky|| = minyer ||z + \y|| =
min,eg ||y + pxl| = ||y + lz||. Then, in the estimation of the constant IB(X),
we may only consider the situation 0 < o < 1,0 < k and 0 <. In this case,
k <min{1/2,a} and [ < 1/2 hold.

Proof. Since z L1 ay implies ¢ L7 —ay and y L5 x/a, we can suppose
0 < a < 1. From the assumption ||z + ky|| = minyer ||z + Ay|| = min,er ||y +
px|| = |ly + lz||, we can also suppose 0 < k and 0 < [. Then it follows from
x L1 ay and ||z + ky|| = minyer ||z + Ay|| that k£ < a.

The assumption ||z +ky| = minyeg ||+ Ay|| implies that x+ ky is Birkhoff
orthogonal to y. From the symmetry of Birkhoff orthogonality in a Radon
plane, y is Birkhoff orthogonal to x + ky. Using this fact, one has

a+k<|z+ky—(a+k)y
= ||z — ayl| = ||z + oyl
= |lz + ky + (o — E)yl|
<|lz+kyl|+a—k

and hence 2k < ||z + ky|| = minyer ||z + Ay|| < 1.
In a similar way, from the fact that = is Birkhoff orthogonal to y + lx, we
have 21 < ||y +lz|| < 1. 1

PROPOSITION 2.4. Let X be a Radon plane, an element x € Sx be
isosceles orthogonality to ay for another element y € Sx and a number
a € [0,1]. Take numbers k € [0,min{1/2,a}] and | € [0,1/2] such that
|z + ky|| = minyer ||z + Ay|| = ming,er ||y + px|| = ||y + lz||. Then

(o + k) (1 — ki)
(a+ k)1 —k)+ k(1 —)(a—k)

(1+al)(1 — k)
(I4+al)(1—K)+1(1-k)(1—al) } ’

|z + ky|| > max{

Proof. 1t follows from

alz + ky) + k(x — ay)
a+k
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and z 1; ay that
a+k <allz+ ky|| + kl|lx — ay|| = a|lx + ky|| + E||lx + ay]|.

For
B a—k 11—kl
Cl4+a—k—al Cl4+a—k—al

the equality d(z + ay) = (1 — ¢)(z + ky) + ¢(y + lz) holds, and hence one has

c

|z +kyl] 14+a—k

—al

Iz + ayll <

Thus, we obtain

1 N
a+kg<a+k+?_:l“§nm+@n

(a+ k)1 —Fkl) + k(e —k—al+ k)
- e+ UL H) & Mo e+ oyl

C(a+ k)1 = k) + k(1= 1)(a— k)
- S Iz + hyl.

Meanwhile, from the equality

l(—z+ay)+y+lx
1+ al

)
we obtain

Lol < ly+lal| + 1] -z + ayl|
= [l + kyll + U]z + oy

l+a—Fk—aol
< (1 e S e
S o e [

(L4 al)(1— k) + (1 — k) (1 —al)
- L |+ ky.

Let

k(1 —1)(a—k)
(a4 k)(1—Ekl)

11— k)(1 - al)
(1+al)(1—k)

Fla,k,1) = and G(a,k,1) =
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From the above proposition, the inequality
|+ kyl| ™" < 1+min {F(a, k1), Gla, k,1)} (2.1)

holds.

It follows from
1-1 1 1-%

=M kM=)
that the function F'(«, k,1) is decreasing on [ in the interval [0, 1]. In a similar

way, G(a, k,1) is decreasing on k in the interval [0, 1].
Let us consider the upper bound of min{F(«, k,1), G(a, k,1)}.

LEMMA 2.5. Let 0 < a<1,0 <k <min{a,1/2} and k <1< 1/2. Then

k(1 —k
min { F(a, k1), G(ovk,1)} = Fa k,1) < (er)z)
Proof. Let 0 < o < 1,0 < k < min{e,1/2} and k£ <[ < 1/2. For the
function
H(a, k1) := (G(a, k,1) — F(a, k, 1)) (1 — kl),

we have . l L
H =1(1- — k(1 -
(o, 1) = U k)l +al K l)a—i—k

OH 0 (1—al 0 (a—k
a0 ~1-kge (1+al)_k(1_l)8a (a—l—k)

22(1 — k) 2k%2(1—1)
TU4al?  (athp =0

and hence

This implies that H is decreasing on «. Thus we obtain the inequality

1-1 1—k

_(A=-KA-D(-k)
= atmaty =%

and so F(a, k,l) < G(a, k,1) holds.
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Using the fact that F'(«, k,l) is a decreasing function on I,
kE(a — k)
1+ k) (a+k)

From the fact that the function (o — k)/(a + k) is increasing on «, it follows
that

min{F(a,k,l), G(a,k,l)} = F(a, k1) < Fa,k, k) =

k(o — k)
(I1+k)(a+k)
which completes the proof. 1

k(1 — k)
(14 k)2’

<

LEMMA 2.6. Let 0 <a<1,0<k <min{e,1/3} and 0 <[ < k. Then

k(1 — k)

min {F(a,k,l), G(a,k,l)} < m

Proof. Let 0 < a<1,0 <k <min{a,1/3} and 0 < < k. Then

1— k) F(a, k1) + (1 = Dk G(a, k, 1)

min { F(a, k,1), G(a,k, 1)} < ( 1-k)i+(1-0Dk

B 20(1 — k)k(1 = 1)l — (%)
(et kA +al) (LRI + (1 -Dk)

We have that (%) < % if and only if the function

flak,l) :=2a(1+k)*(1 =)l — (a+ k) (1 + ) ((1 — k)l + (1 — 1)k)
is negative. One can has
flonk,l) = ((2+ )l — 1)k

+ (a1 -0l —1—al) = l(1+al)(1— )k
+al(l—(2+a)l)

and hence % = 2Ak + B, where A = (2+ a)l — 1 and

B=a(l-0)4l—-1—-al)—Il(1+al)(1l - a).
From the fact [ < k < 1/3, we obtain A < (3l —1) <0 and

B<a(l-0)Al—-1—-al)—1(1-a)
<al-D(l—-aol)—1(1—-a)
=l(1-a)(a(l-1)—1)<o0.
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Thus the function f is decreasing with respect to k and hence

fles k1) < fla, 1)

=2a(1+D*(1 =Dl —2(a+ D)1 +al)(1 -1
=2(1-Dl(a(l1+1)* = (a+1)(1+al))
=-2(1 -1 -a)? <0.

This completes the proof. |

Under the assumption 1/3 < k and [ < k, we consider the upper bound of
(), too.

LEMMA 2.7. Let 0 < a<1,1/3 <k <min{a,1/2} and 0 <1 < k. Then
2k(1 - k)(y/2(1 = k) — Vk)*
(14 k) (V2(1 — 2k) + \/k(1 — k))
Proof. As in the above lemma, min{F(a, k,1), G(a, k,1)} is less than

20(1 — k)k(1 — 1)1 — (%)
(a+k)L+al)(1-k)I+(1-0Dk) 7

min {F(a, k,1), G(a,k, 1)} <

7

The inequality

2k(1 — k) (v2(1 = k) — V&)

T (14 k)(V2(1 - 2k) + VEA = k)

is equivalent to
a(l =101
(a+k)(1+ al)((l —k)l+(1- l)k)

(V=B - VB)?
T (14 k) (V21— 2k) + VEA = K)*
On this function g, one can see

dg (1=10)1 0 «
o 11—k +k@—1) 8a<(oz—|—k)(1+al)>

g(a, k1) - =

(1- D)1 k— a2
Ik + k(-0 (at k21t a2
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From the assumption k£ > [, the function g is increasing on « and so
(1-=10)1
(I+k)A+DIA-k) +k1-1)

gla, k1) < g(l, k1) =

We have that

(V2L =) - V&)*

AE0= (1+ k) (V2(1 = 2k) + /R — )

if and only if
Pe(l) :==(V2(1 = 2k) + VR = k))*(1 = )1
— (V20— k) = VE)? A+ ) (1(1 — k) + k(1 = 1)) <0.

Letting
k
Iy = ;
k+/2k(1—k)
we have
B B k4 \/2k(1 - k)
k(l—Fk)+ k(1 —1x) =k+ (1 -2k)l; = k-i-\/m k,
and hence
(L4 L) (k+ (1 —2k))  (2k+ /2k(1 — k)){1 — k + \/2k(1 — k)}
(1 — 1)l B 2k(1 — k)
=2/2k(1—k)+1+k
= (VI—k+V2k)".

Meanwhile one can easily check

(V1 — &+ v2k) (v2(1 — k) — V&) = V2(1 — 2k) + k(1 — k).

Thus we obtain

(L4 ) (le(1 — k) + k(1 = 1))
(1 —Ig)lg

= (VI—k+V2k)®

C(V2(1 - 2k) + ER(T - R))
BV Gk

181
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which implies Py (lx) = 0.
We consider the derivation

PL(I) =(V2(1 — 2k) + VR(T — k) (1 — 20)
— (V21— k) = VE)* (1 — k) +2(1 — 2k)1),
too. For [, we have
2(1 —2k)k

Tk 2R

3k — 5k + (1 — k)\/2k(1 — k)

k4 /2k(1 - k) ’

1—k+2(1-2k),=1—k

and hence
1—k—+2(1—2k)l,  3k—5k+ (1—k)\/2k(1 — k)
12l —k+/2k(1 — k) '
On the other hand, a equality
(VI=F -+ V2R)* (— k -+ v/2k(1 = )
— (1 b+ 2VBRT =) (— k2= )

=3k — 5k* 4+ (1 — k)\/2k(1 — k)

holds. Thus we have

1— 21,

(V2 - 2k) + VR R)?
(V=R —-VR)®
This implies P} (l) = 0.

Combining the fact P(0) = —k(1/2(1 — k) — \/E)2 < 0 with P(lx) =0
and P/(I;) = 0, one can see that Py () < 0 for any real number [. Therefore
the inequality

min { F(, k, 1), G(a,k,1)} < 2k(1_k>(m—\/ﬁ)2

T (14 k) (V201 = 2k) + VEA — k)

holds. 1§
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A fundamental derivation implies that the function k(1 —k)/(1+k)? takes
maximum 1/8 at k = 1/3. Now we let

k(1 —k)(+/2(1 — k) —VE)?

(1+k)(V2(1 — 2k) + /k(1 — k))

2

B(V2(1 - k) = VA — k)’
(1+ k) (V2(1 = 2k) + VE(T — k)

and consider the maximum of h(k).

LeEMMA 2.8. The function h(k) in the interval [0,1/2] takes maximum
1/16 at k = 1/3.

Proof. We can consider the derivation h'(k) as follows:

(1+K)?(V2(1 = 2k) + VE(1 — k)0 (k)

(V2(1 - k) — VE(1 = k))*

+2k(V2(1 — k) — k(l-k))(—f—2 1k(121€k))]

2

X (14 k) (V2(1 = 2k) + VE(1 = k) = k(V2(1 — k) — VE(1 — k)

2
X

(V2(1 = 2k) + VE(1 = k)
+2(1+ k) (V2(1 — 2k) + k(1 —k))(— 2V2 + zlka%k))]
Thus we obtain
k(1 —k)(1+ k) (V201 — k) + VE(1 — k)
x (V2(1 = 2k) + V/R(1 = k))°H (k)
= ((1 = k)(2 — 5k) + V2k\/k(1 — k)) /(1 — k)
+ L+ k) (4VEL k) = V2(2 - K))
= (9K — 3k + 2)\/k(1 — k) — 2V2k

-1
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and hence
VI— R+ k)2(V2(1 = k) + VR = k)" (V2(1 = 2k) + VE1 — k)W (k)
= (9k% — 3k + 2)v1 — k — 2V2k.

We note that (9k? — 3k + 2)v/1 — k — 2v/2k is positive if and only if (952 —
3k +2)2(1 — k) — 8k is so. Meanwhile, one has

(9k% — 3k +2)*(1 — k) — 8k
— (3k(3k — 1) +2)*(1 — k) — 8k
=9K*(3k — 1)%(1 — k) + 12k(3k — 1)(1 — k) +4(1 — k) — 8k
= (3k — 1) (9K*(3k — 1)(1 — k) + 12k(3k — 1)(1 — k) — 4)
= —(3k — 1)(1 + 3k%)(2 — 3k)%
Therefore we obtain that the function h(k) takes maximum at k = 1/3.
One can easily have h(1/3) = 1/16, which completes the proof. H§

From the inequality (2.1) and the above lemmas we have

THEOREM 2.9. Let X be a Radon plane. Then 8/9 < IB(X) < 1.

In addition, we are able to characterize a Radon plane X satisfying
IB(X) = 8/9. For simplicity, we use the notation Z as z/||z|| for any nonzero
z e X.

THEOREM 2.10. Let X be a Radon plane. Then IB(X) = 8/9 if and only
if its unit sphere is an affine regular hexagon.

Proof. Suppose that X is a Radon plane and the equality IB(X) = 8/9
holds. Then there exist elements x,y € Sx and a real number « such that
|z + ay|| = ||z — ay|| and minyer ||z + Ay|| = min,er ||y + px| = 8/9. For
k and [ in the above lemmas, all inequalities in the proofs have to turn into
equalities and hence k =1 = 1/3. As one of them, the inequality

a+k < allx+ ky|| + kl|lz — ay|| = allz + ky|| + El|z + ay||

also becomes an equality for « = 1 and k& = 1/3. This implies

2=t g + sl =l =S 4+ Sl - v
3 TRV Ty T T g TRty
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and hence [lz + y|| = [lz — y| = 4/3.
Using these facts, one has

Tt+y= i(:ﬂ—i-y)—g <<x+1y>+<y+1m>>

16 3 3
V(T T
= — |\ X — =T | .
2 3y TYT3

This implies

: i:T+ :T- = |lz +yll =1
5 T 3y Y 390 =l|x+yl| =1.
On the other hand, for
_3( +1)+1( )
TTA\PTY) Ty
from
et 2ol =5 and e —ul =
r+ -y||=-= an z—yll ==
371 79 =3
we have -
x—31‘ 3y 3:r Y
and hence

2 (o1 1) + 2| = el
“(z+ < S(z— = |lz|| =
g\" T gY¥) T3y

In a similar way, the equality

-1

2 1
— - —( — = :1
‘3@+3@+3(x+wH [yl

holds. Thus the three segments

_—— 1 T 1 I
x—y,x+§y, x+§y,y+§x and y+§x, —x+y

are contained in the unit sphere Sx.
Moreover we obtain

o — o —

(:13/—\g/)+(y+1:1:) zg(x—y)+g(y+1:n) :f(:x+fy) =x+ -v.

3 4 8 3

185
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Therefore, the unit sphere Sx is an affine regular hexagon.

Conversely, suppose that Sx is an affine regular hexagon (and therefore X
is a Radon plane). Then there exist u,v € Sx such that +u, £v and +(u+v)
are the vertices of Sx. Letting

:E:u+§v and y:—gu—v,

we have

2 4
:U—{—y:g(u—v) and x—y:§(u—|—v) .

Thus ||z + y|| = 4/3 = ||z — y|| and hence x L y.
Meanwhile, one has

+iy= +1+1( )—
T 3y—’LL 3U 3 u V)] = <Uu.

Therefore, the inequality

lnf)\eR‘|:E+)‘y|| xyeX ij#o l'J—Iy}<

IB(X) = inf{

©| oo

]

holds. This implies IB(X) =8/9. 1

3. PRACTICAL RADON PLANES AND A CALCULATION

A Radon plane is made by connecting the unit sphere of a normed plane
and its dual ([6]). Hereafter, we make a collection of the space X in which the
unit sphere Sx is a hexagon, the constant I B(X) is less than 8/9 and that of
the induced Radon plane coincides with 8/9.

A norm || - || on R? is said to be absolute if ||(a,b)|| = ||(|al|, [b])|| for any
(a,b) € R?, and normalized if ||(1,0)|| = [|(0,1)|]| = 1. Let AN denote the
family of all absolute normalized norm on R?, and Wy denote the family of
all continuous convex function 1 on [0, 1] such that max{l —¢, t} <(t) <1
for all t € [0,1]. As in [5, 21], it is well known that ANy and ¥y are in a

one-to-one correspondence under the equation v (t) = |[(1 —¢,t)]| for t € [0, 1]
and "
(ol + 100 () i (@) 2 0.0)
1, b)lly = lal + 0]
0 if (a,b) = (0,0).
Let || - ||l denote an absolute normalized norm associated with a convex func-

tion ¢ € Us.
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For 1) € Wy, the dual function ¥* on [0, 1] is defined by

(1 —t)ii(;)s)ﬂs e, 1]}

for s € [0,1]. It is known that ¢* € ¥y and that ||- ||y« € AN3 is the dual norm
of || - |y, that is, (R%, || - [l4)* is identified with (R?, || |ly~) (cf. [16, 17, 18]).
Meanwhile, for ¢ € Wq, the function ¢ € ¥y is defined by ¥ (t) = (1 — t)
for any ¢ € [0,1]. One can easily check (1*) = (1&) . So we write it ¥*.
According to [6], [12] and [13], for any ¢ € W3, the Day-James space {y-(.
becomes a Radon plane.

For any ¢ € [0,1], let

bl —ct+1 if0<t<(1+¢)7
)t if (1+¢)t<t<1,

Y™ (s) = sup {

Then the norm of (a,b) € R? is computed by

lal + (1 =c)[b] if |a] = c|b],
1@, b) [l = .
|b] if |a| < c|b).

The dual function is calculated as follows:

PROPOSITION 3.1. Let ¢ € [0,1]. Then

1—s if0§s§2_c,
—c
vi(s) = .
1-— if <s<1.
(I—¢)s+c i 5, Ss<

Proof. Fix s € [0,1]. We define the function f.4(t) from [0, 1] into R by
(1—t)(1—s)+ts
te(t)

We note that 9} (s) = max{f.s(t) : 0 <t <1} and calculate the maximum of
fe.s on [0,1]. By the definition of )., we have

fes(t) =

1—s4 (25— 1)t
—ct+1
1—s

if 0<t<(14+¢)1,
fes(t) =

2s — 1+ if (1+c¢)7t<t<.
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The function 2s — 1+ (1 — s)/t is clearly decreasing on ¢.

If0 <s < (1-¢)/(2—c), then the function f.4(t) is decreasing on
[0, (14 ¢)71]. Hence we have 9%(s) = f.s(0) =1 —s.

Suppose that (1—¢)/(2—c) < s < 1. Then the function f. s(¢) is increasing
on [0, (1 + ¢)~!]. Thus we have

1

O

)z(l—c)s—i-c.

Therefore we obtain this proposition. |

From this result, one has
PROPOSITION 3.2. Let ¢ € [0,1]. Then

{ lal if 6] < (1 = ¢)[al,
v =

[(a,b)] .
cla| + |b] if (1 —c¢)|al < |b|.

Thus the Radon plane £y, -¢ 3 induced by ). is the space R? with the norm

la| + (1 —¢)|b| if c|b] < |a| and ab > 0,

l(a.b)] |D] if —(1—¢)|b <a<clblandb>0,
a, e =
Ve b o] if —(1—¢)|b| < —a<c|b| and b <0,
la] + c|b] if (1 —¢)[b| < |a| and ab < 0.

Therefore the unit sphere of this space is an affine regular hexagon with the
vertices +(1,0), £(1 — ¢, 1), £(—¢,1) and hence the constant IB(ly ;)
coincide with 8/9 by the Theorem 2.10.

Next, we calculate the constants IB((R?, || - ||,.)) and IB((R?] - llg:))-
Then we obtain that the values are smaller than IB({y, -(;.) = 8/9 and equal

to 8/9 only when ¢ = 1/2. We note that 12,’:‘ = 1)1_. and it is enough to
calculate IB((R?, || - ||,)) for ¢ € [0,1]. To do this, we need to recall the
Dunkl-Williams constant defined in [11]:

z Y

el i

]l + vl

bwix)= S“p{ le—l

cw,ye X, z,y #0, fc#y}

Ju+ ]
= — i u,vESy, 0Kt <1},
S“p{u<1—t>u+tvu e X
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The unit sphere of (R?, || - [|y.) and (R?, || - || ;.)-

The unit sphere of Radon plane £y, -¢ Jr

For any normed space, the equality 2 < DW(X) < 4 holds. In [14], it is
shown that the equality IB(X)DW (X) = 2 holds for any normed space X.
One can find a formula to calculate this constant in the paper [15]. For each
x € Sx and for each y € X with x L vy, we put

A+
o) =sup { o+ 252y A <0< o+ xgll = o+l

We define the positive number M (x) by
M(z) = sup {m(z,y) 1z Lp y}.
Using these notions, the Dunkl-Williams constant can be calculated as

DW(X) =2sup{M(z):z € Sx} =2sup{M(z) : x € fr(Bx)},
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where fr(By) is the frame of unit ball. An element = € Sx is called an extreme
point of Bx if y,z € Sy and x = (y + z)/2 implies = y = z. The set of all
extreme points of By is denoted by ext(Bx). Suppose that the space X has
two-dimension. Then the above calculation method is turned into

DW (X) = 2sup {M(z) : z € ext(Bx)}.

Here, we reduce the amount of calculation a little more. As in Section 2, we
use the notation 2.

PRoOPOSITION 3.3. Let X be a two-dimensional normed space. Then

[[u + ]

DW(X) = sup {H(l—t)quH

:u € ext(Byx), v € Sk, Ogtgl}.

Proof. Take arbitrary elements u,v € Sx \ ext(Bx). If the segment [u, v]
belongs to the unit sphere Sx, then

fetol
(1 —t)u+ to|

for any ¢ € [0,1]. So we may assume [u,v] ¢ Sx. Then we have ty € [0,1]
such that
[ (1 —t)u+ to|| = ||[(1 — to)u + tov].

Letting z = (1 —g)u\—i- tov and y = u/—\v, we have four elements wuq, uo,
vy, vy € Sx such that at least two elements among them belong to ext(By)
and satisfying u € [u1,us] C Sx, v € [v1,v2] C Sx and U — v = y =
u2/—\v2. For these elements, from the fact that three vectors u — v, u; — vy
and ug — vy are parallel each other, we can take numbers sg € (0, 1) satisfying
u = (1—s0)uis+souz, v = (1—s0)v1+59v2. Meanwhile there exist ¢1,t2 € (0,1)
such that

oin |1 = tuy +tor ]| = [[(1 = t)ur + trva)

min H(l — t)UQ + t’U2|| = ||(1 — tQ)UQ + t2’U2||.

0<i<1
It follow from = L y and Ul — vy = y = Uz — vg that (1 —to)ug + tavy = x
and (1 —t1)uy +tjv1 = £x. In case of (1 —t1)u; +tjv1 = —z, the ele-

ment —u; belongs to the arc between v; and x. Letting vs = —up, we
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can take element us satisfying Uz — U3 = y, again. Hence we may consider
(1 — tl)ul + tiv1 = x.
Then the equalities

(1 — to)u + tov = (1 — 80) ((1 — tl)ul + tlvl) —+ 80((1 — tQ)UQ + tgvg)
and
[(1 = to)u+tov[| = (1 — s0)[[(1 — t1)ur + trv1|[ + sol[(1 — t2)uz + tovs||

holds. Thus, using triangle inequality and the fact that an inequality

(1—a)a+ab<m a b
(1-—a)e+ad — i

holds for a € [0, 1] and positive numbers a, b, ¢, d, we obtain

|lu+ v _ |(1 = sp)ut + souz + (1 — sg)vr + sove||
(1 =to)u+tov]| (L —so)[[(1 —t1)ur + trvrll + soll(1 — t2)uz + tava|

< (1 = sp)||u1 + vi]| + solluz + va|
~ (1= 50)I(X = tr)ur + tror ]| + soll(1 — t2)uz + tava|

< { lJur 4 v1 | [|ug 4 va| }
< max ,
(1 =t )ur +tror | [[(1 = t2)ug + tave||

Ju+ |
< _— t(B Sy, 0<t<15.
_Sup{H(l—t)u—{—th u € ext(Bx),v e Sx,0<t<

This completes the proof. [

Thus, to obtain the value of the Dunkl-Williams constant, in the above
calculation method, for € ext(Bx) and y € X with x Lp y, the value
m(x,y) can be computed as

A+ p H AS0<p, llz+ Myl = [z + pyll,
"z + \y € ext(By) '
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4. THE CONSTANT IB(X) IN HEXAGONAL PLANES

Now, we start to compute DW ((R?, || - ||,.)) and IB((R?] - ||4.)) for
¢ € [0,1]. For simplicity we write X, and | - || for (R%,] - |l,) and || - ||y,
respectively. First we suppose 1/2 < ¢. Let e; = (1,0), u = (¢,1). Then, by
[15, Proposition 2.5, DW(X,.) = 2max{M/(e1), M(u)}. Putting v; = (—t,1)
and

w = (1 —t)(—e1) +t(—c,1) = (=1 +t—ct,t)

for t € [0,1], we have e; Lp v fort € [0,1 —¢|], u Lp vy for t € [1 — ¢, c] and
u Lp w for t € [0,1]. By [15, Theorem 2.9 and Corollary 2.10], one has

M(e1) = sup {m(er,v;) : t € (0,1 —¢)}
and
M (u) = max { sup{m(u,v;) : t € (1 —¢,c)},
sup{m(u,wy) : t € (0,1) \ {1/2}}}.
LeEMMA 4.1. Let c € [1/2,1]. Then, in X,

1—-c
M(€1)21+m

Proof. Let t € (0,1 — ¢). Then the norm of e; + Av; is computed as

- if A< —(c—1t)71,
I—(1—c+t)\ if —(c—t)"P<A<0,

e1+ || =
lle1 Al I+(I—c—t)A if0<A< (c+t)7H,
\ if (c+t)7t <A
From the inequality
N 1 1+1_C_t<1+1—c+t
e vt|| = Teat Te—t |77 ’
Flert! c+t c—t Cemtl

we can find real numbers p; € (—(c—t)7%,0) and ¢; more than (c+t)~! such
that

||e1 +pt'Ut|| = |le1 + Vt and ||€1 + qth = |le] —

-1

c+t
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respectively. To obtain m(ey,vy), it is enough to consider

+1 + 1
€1 5 Dt c+t Ut

Since the equality

d —i-fl N +4q
an e
' c+t v

1 1+1—c+t 1
’U fr fr
! c—t c—t

qt = |ler + que]] =

€1 —
(&

holds, one has (—(c —t) 14+ qt) /2 = 0. On the other hand, from the equality

l—c—1t
( c+t)pr = |ler + pruy| €1+c+t’0t + cri
we have
l—c—1t dh 1 n 1 t
= — and hence = = )
L S | P o\ ert) T U—crbletd)

It follows from

0< t _1 + L < 1
A—ctt)crt) 2\ cxt) Sert

that
(I—c—1t)t

(1—c+t)(c+t)

+1 + !
e = -
1 2Pt ctt Ut

This implies that

B (1fc—t)t
m(er,vr) =1+ (I—c+t)(c+t)
Lettin
tting (1—c—t)t
Fe(t) =

(1—c+t)(c+t)
one can figure out
(1 —c+t)%(c+t)2F(t)
=(=2t+1—-c)(l—c+t)(c+t)—2t+ 1)1 —c—1t)t

= —(2-)t? —2c(1 — )t + (1 — o).
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Let to be the larger solution of the equation —(2—c)t2—2¢(1—c)t+c(1—c)? = 0.

Then
c(l—c)

B \/%4-0

and F, takes maximum at tg. This ¢ satisfies the equality

to 6(0,1—6)

(—2t0 +1-— C)(l - C+t0)(c+t0) = (1 —Cc— to)to(?to + 1),

too. Thus we obtain

(1—C—t0)t0
M(ep) =1
() =1+ T e+ o)
—2tg+1—c
:1 —
+ 2t + 1
—2¢(1—¢) 4+ (V2c+¢)(1 - ¢)
=14+
2¢(1 —¢) +v2c+c
1—
SRR I,
(1++v2¢) 1

LEMMA 4.2, Let ¢ € [1/2,1]. Then, in X,
sup {m(u,v) : t € (1 —¢,c)} = 2c.

Proof. Let t € (1 — ¢,c). Then the norm of u + Av; is calculated by

—(1+X) if A< —2¢/(c—1t),

2e—=1—{t+ Q=X if —2¢/(c—1t) <A< -1,
[lu+ Ave| = :

1—{t—(1—c)A if —1<A<0,

1+ A if 0 <A

There exist two real numbers «y, [ satisfying 0 < oy < Sy, ||[u + aqve]| =

||u — v¢]] and
2c

—t

|u+ Bve|| = ||u— vy

It is enough to consider ||u + %(—1 + oy )vy]| and

+1 2c e
Y 2 c—t t) v
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From the equality
l+oa=|lut+ v = ||Ju—ve] =1+ (t— (1 —c)),

we have oy =t — (1 —c) and hence (—1+4)/2 = —(2— (t+c¢)) /2. Meanwhile,

it follows from
)
c—t

1 2c
— | = =—1.
2( c—t+5t>

% <_C2_ct +5t> =—1<—-(2-(t+0)/2=(-14+wm)/2<0,

2c
)
_tt

u —

L+ B = [lu+ Broel| =

that

By the inequality

we obtain m(u,vt) = ||lu—wv¢|| = t+c and hence sup{m(u,v;) : t € (1—¢,¢)} =
2c. 1

Next, for ¢t € (0,1), the norm of u + Aw is calculated by

2c—1— A if A< —1/t,
1—{1-2(1—¢)t}\ if =1/t <A<0,
[+ Awe|| = .
1+t if 0<A<2¢/(1—1),
—(2c—1)+ X if 2¢/(1—1t) < A
In particular we have
wt 2| =14 2
1—¢ 1—t"
1 1-2(1—c)t
_ - -1
u t’wt + n )
and hence
1 N 2c (1 =1)(1 =201 - e)t) — 2ct?
| I A H1—t)

(1—2t)(1+ (2¢—1)t)
t(1—1)
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From this equality, we obtain that if ¢ € (0,1/2) then

1
u+1_twt’< u—twt'
and that if t € (1/2,1) then
1 Must 2c
u— —w u w
t! 1—t

LEMMA 4.3. Let ¢ € [1/2,(1 4 v/5)/4]. Then, in X,

1
sup {m(u,wt) :t € (0, 1/2)} = max{2 +ec 1+

{1+2(1-0)}2 } '

Proof. Let t € (0,1/2). Then there exist two numbers v, € (—1/¢,0) and
d; greater than 2¢/(1 — t) satisfying

[u + ywe]| = ||u+ R P

)

c
1-t¢

respectively. To obtain m(u,w;) it is enough to consider

L PO d lusi(-Lys
u+ - —— Jw|| an u+=|—- wel| .
92 Yt 1—¢ t 9 ‘ t +
From the equality
1 1
—(2¢ = 1) + 6t = [[u + dwi| = U= W =2c—1- <_t>’

one has

1 1
— | ==+ | =2c—1.
5 ( . + t> c
It is easy to check 2¢ — 1 < 2¢/(1 — t) and hence we obtain
+ L : +9
B AR A

Under the assumption ¢ € (0,1/2), this function takes the supremum 1/2 + c.
Meanwhile, it follows from

=14 (2¢—1)t.

2ct
1-—t

2c
1—t

1—(1=2(1 = )t)y = |lu+ yw| = ||u+ we|| =1+
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that
2ct

1-2(1-cot)(1-1t)

%:*(

Hence we have

1 2¢ \ (- (3—-20)t)
2<%+1—t>_(l—t)(1—2(1—c)t)

and

+1< N 2c> N ct(1— (3 —20)t)

u+ = w .
o\ T )" (1—)(1—2(1— o))

We note that 1 — (3 —2¢)t >1—-(3—-2¢)/2=c—1/2> 0.
Letting

t(1— (3 —2¢)t)

Gelt) = (1—t)(1—2(1—o)t)

in the interval [0, 1/2], we have

(1—2(1 = )t)*(1 — £)2GL(t)

(—2B—=2¢)t+1)(1—t)(1—2(1—0)t)
— (41 =)t — (3—2¢))t(1 — (3 —20)t)

=((3-2c)* —2(1—¢))t* —2(3 — 2c)t + 1

We note that (3—2¢)2—2(1—c) = 4c>—10c+7 = 4(c—5/4)>+3/4 > 0. Let t;
be the smaller solution of equality ((3—2c)?—2(1—c¢))t* —2(3—2¢)t+1 =0,
i.e.,

1
t1 = .
Y3 2e 1200
If ¢ < (1 ++/5)/4, then this ¢; belongs to the interval (0,1/2). Thus G.(t)

takes the maximum )

(1420 o)

+1 n 2¢c
u — w:
o\ T )M

1+

G.(t1) =

This implies that

takes maximum

(1+v21-0)" '
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In case of (1 ++/5)/4 < ¢, the solution #; is more than 1/2 and hence the
function G.(t) takes the maximum at ¢t = 1/2. One can follow the above proof
except for this part, and obtain the following;:

LEMMA 4.4. Let c € [(1 ++/5)/4,1]. Then, in X,
sup {m(u,w;) : t € (0,1/2)} =1/2 +c.
Next we consider sup{m(u,w;) : t € (1/2,1)}.

LEMMA 4.5. Let ¢ € [1/2,1]. Then, in X,

9 1 9
- if - <e< —,
8 2 16
sup {m(u,w) : t € (1/2,1)} = .
2¢c if = <e<1
¢ if p<es
Proof. Let t € (1/2,1). Then from
u—;wt < u+1—twt

one can take 7 less than —1/t and d; € (0,2¢/(1 —t)) satisfying

c
|lu + yewe || = |ju + e and |Ju + dqw|| = ||u — Twe s
respectively. From the equality
2c 2¢
2c =1 =y = |lu+yw = |ju+ we|| = —(2c—1) + ;
1—t 1—t
we have
= + 2 =2c—1
o\ 1) T
The fact

implies that

+1 n 2c
YT\ Ty )™

= lu+ (2¢ — Dwy|]| =1+ (2¢ — 1)t.
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It is clear that the function 1+ (2¢ — 1)t takes the supremum 2c.
On the other hand, it follows from

1—-2(1—-c)t
that
5 1—-2(1—c)t
t = 2
and hence . ) - (3—2)
— (3 —2¢)t
=+ = —.
2< i t> 212

Under the assumption ¢ € [1/2,1], one can easily check (3 —2¢)~! € (1/2,1).
In case of t € (1/2, (3 — 2¢)71], from the inequality

1-3—-2ct 1 1 2c
0< ——M—2 =~ —= 4+ 5 < ——
< 22 2< t+t)<t<1_t,

1 1

It is easy to check that this function takes the supremum 1/2 + c.
Suppose that ¢ € ((3 —2¢)~1,1). Then, from the inequality

1 1/ 1 (3—2c)t—1
Rl NIy RO
t<2<t+t> 212 <0,

we have
1—(3—2c)t

=1
+ 2t

one has

(1-2(1—0o)t)((3—20)t — 1)
2t2

=1+

1 1
U+ = —g—f‘(st Wt

Considering the function H,(t) in the interval [1/2,1] defined by

(1-2(1—o)t)((3—20)t — 1)

Hc(t) = 2 )

we figure out
tHH)(t) =( —4(1 — ¢)(3 — 2c)t + 5 — 4c)t?
—2(1-2(1—0o)t)((3—2¢c)t — 1)t
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and hence
B HL() = (— 4(1 - ¢)(3 — 2¢)t + 5 — 4e)t

—2(1-2(1—0)t)((3—2c)t — 1)

= —(5—4e)t + 2.

Since the function —(5 — 4¢)t + 2 is decreasing, we have the following: If
c < 3/4, then one has 2/(5 — 4c) € ((3 — 2¢)71,1) and hence

max {Hc(t) : t € (3 —2¢)71, 1)}

2
—H. (=
<5—4C)

(6—4c) —4(1-0))(2B3—-2c) = (5—4¢)) 1

This implies that

takes the maximum 9/8 at t = 2/(5 — 4¢). Meanwhile, 9/8 is greater than 2c¢
only when ¢ < 9/16.

In case of 3/4 < ¢, from 1 < 2/(5 — 4¢) one has that H.(t) is increasing.
Hence we have

max {H(t) : t € (3—2¢)"1, 1)} = H(1) =2(1 —¢)(2c — 1)

This implies that

—i—l 1+5
u+ - | —= w
5 O

takes the supremum 1+ (1 —¢)(2¢ — 1). We note that 1 + (1 —¢)(2c—1) <
1+ (2c—1)=2c 1

Therefore we obtain the following proposition.
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PROPOSITION 4.6. Let ¢ € [1/2,1]. Then IB(X.)~! = DW(X,)/2 coin-
cide with

1+ 1-c 1+ ¢ ) i loec?d

max s y 3 n -—~cx~ -,

{T+v2e {1+2(1—¢)}2" 8 2 16
l1—c c 9 1+5

max 4 1+ , 14 ,2cp if —<ce< )

{ {1+ v2c}? {1+2(1-0¢)}? } 16 4

1-— 1

max{1+c,2c} if +\/5§c§1.

{14 v2¢}? 4

Hereafter we suppose ¢ < 1/2. Similarly to the above paragraph,
DW(X.) = 2max{M(ey), M(u)} holds. On the other hand, for v; and wy,
Birkhoff orthogonality relations differ from the above paragraph. We have
er Lp v fort € [0,¢], e1 Lp w for t € [1/2(1 —¢),1] and v Lp w; for
te€[0,1/2(1 —¢)].

By [15, Theorem 2.9 and Corollary 2.10], one figure out

M (e1) = max { sup{m(ei,v;) : t € (0,¢)},
sup{m(e1,w) : t € (1/2(1 —¢),1)}}

and
M (u) = sup {m(u,w) : t € (0,1/2(1 —¢)) \ {1/2}}.

LEMMA 4.7. Let c € [0, (3 —v/5)/4]. Then in X,
3
sup {m(e1,v¢) : t € (0,0)} = 3¢

Proof. Let t € (0,c¢). Then in a similar way to the proof of Lemma 4.1, we

have
(1—c—1t)t

(1—c+t)(c+1t)

m(er,v) =1+

Moreover letting
(I—c—1t)t

F(t) = (I—c+t)(c+t)

we also have

(1—c+t)2(c+t)’Fi(t) = —(2 — e)t* — 2¢(1 — o)t + (1 — ¢)?
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again. From c € [0, (3 — /5)/4], it is more than
—(2=0¢) = 2¢(1 — ¢)e+ (1 —¢)? = ¢(4c® —6¢+1) > 0.

From this fact, F.(t) increases and hence

sup {m(e1,v) : t € (0,¢)} =14 Fo(c) = g —c.
|

Suppose that ¢ € ((3 — v/5)/4,1/2). Then for ty defined in the same
formula to the proof of Lemma 4.1, we have tg € (0,c¢) and F(tp) = 0. Hence
we obtain

LEMMA 4.8. Let c € ((3 —+/5)/4,1/2). Then in X,
1—c¢

sup {m(e1,v¢) : t € (0,0)} =1+ m
LEMMA 4.9. Let ¢ € [0,1/2). Then in X,
sup {m(e1,w) : t € (1/2(1—¢),1)} =2(1 —¢).

Proof. Let t € (1/2(1 —¢),1). Then the norm of e; + Awy is calculated as

1—A if A <0,
F 20—t —1A f0<A< (1 (1-2e)t)"
ller + Awe]| =
tA if(l—(l—Qc)) §A§(1—t)
—14+A if (1—t)"t <A

One can take two real numbers s;, ry satisfying sy < ry < 0, ||leqr + rawy]| =
Hel +(1-(1- QC)t)_lth and ||e; + sywy|| = |ler + (1 —¢) " twy|. It is enough
to consider H61 + %(Tt + (1 —(1- 2c)t)_1)th and H61 + %(st +(1— t)_l)th.
From the equality

21— )t —1

L= llen+ el = fler + (1= (1= 20)0) | =14 T 70

one has
21—t —1

T TT T — 2008
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and hence

1 1 1—(1—c)t
2<Tt+1—(1—2c)t): 1—(1-20)t

It follows from

_ 1
0= llex + spunl = fler + (1 = ) u] = =1+ ——

that 3(s; + (1 —¢)~!) = 1. Since the inequality

1—(1— o)t 1
(L=t

0< — 2~ - -
ST-(—20¢ 1= (1— 20

holds, we obtain

m(ey,wy) = =1+ (2(1—¢)t—1)x1=2(1—-c)t.

1
el + <St+1—t> Wt

This implies

sup {m(e1,w¢) : t € (1/2(1 —¢),1)} =2(1 —¢).
|

For t € (0,1/2(1 —¢)) the norm of u+ Awy; is calculated in a similar way to
the case of ¢ € [1/2,1]. Now we suppose ¢ € [0,1/2) andso 1/2 < 1/2(1—¢) <
1 holds. Thus we have to consider the following two cases again:

If t € (0,1/2) then

c
u + twt < [|u — —wy

If t € (1/2,1) then

<

u—;wt U+ [on

1-t¢

LeEMMA 4.10. Let ¢ € [0,1/2). Then, in X,

sup {m(u,w) : t € (0,1/2)} = max {2(1 —c), 1+

(1++/2(1- c))2}.
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Proof. Let t € (0,1/2). In a similar way to Lemma 4.3, one can take &;
and figure out that this constant satisfy ||u + $(—1/t + &)w| = 1+ (1 —
2¢)(1—2(1—c)t) and that this function of ¢ takes the supremum 2(1—c¢). We
also have ~; and that

1( 20)2( c(1—(3-20)t)

YT T U020 -0

2

Now we are considering the case of ¢ € [0,1/2) and so 1/(3 —2¢) € (0,1/2).
If t € (0,1/(3 — 2¢)), then we have

O<1 n 2c < 2c
o\ 1= S 1

and hence
N 1 N 2c N ct(1— (3 —20)t)
u - w .
o\ M) " 1—t(1—2(1-c))

For t; defined by same formula to Lemma 4.3, we have ¢; € (0,1/(3 — 2¢))
and that the function

+1 n 2¢c
YT\ Ty )"

takes maximum 1+ ¢/(1 + /2(1 — c))2 at t;.

Assume that t € (1/(3 —2¢),1/2). Then from the inequality

1 1 2\ c(B-20)t—1)
_t<%<2<%+1—t> T -t -201-e)) <0

we obtain
c((3=2c)t—1)

=1
+ 1-t¢

+ 1 n 2c
YT\ttt )™
This function of ¢ is increasing and hence less than

c((3=2¢)/2—1)
* 1-1/2

=(1-¢)(142¢c) <2(1—-¢).

Thus we obtain

<2(1-v¢),

+1 n 2¢c
u — w
g\t Ty

which completes the proof. 1
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LeEMMA 4.11. Let ¢ € [0,1/2). Then, in X,
sup {m(u,w) : t € (1/2,1/(2—¢))}

(I—=0¢)(142¢) if0<e<

1
max{(l —c)(1+2c),2} if 71 <¢<

Proof. Let t € (1/2,1/(2—¢)). In a similar way to Lemma 4.5, we take 7,
less than —1/t and 0; € (0,2¢/(1 —t)). Then we have

1 2c
— =—(1-2
2<%+1—t) ( C)

It follows from —1/t < —2(1 —¢) < —(1 — 2¢) < 0 that

+ 1 n 2c
T\t )™
In the situation ¢ € (1/2,1/(2 — ¢)), it takes supremum 1 + ¢(1 — 2¢) =
(1 —¢)(1 4 2¢). In addition, we have

1 1/ 1 (3—2¢)t —1
et =2 )
t<2< i t> 22 <

=1+ (1—2¢)(1—2(1—c)t)

Hence the equality

(1—-2(1=¢)t)((3—2¢)t —1)
2t2

holds. As in Lemma 4.5, one can consider the following two cases:
If 0 < ¢ < 1/4, then the above function is decreasing and hence takes the
supremum

(1-2(1-¢)/2)(3—-2¢)/2—1)

b 2(1/2)2

=14c¢(1-2c)=(1-¢)(1+2¢c)
When 1/4 < ¢ < 1/2, we have that the above function takes maximum
9/8att=2/(5—4c). 1

Indeed, (1 —c¢)(1+42c) is less than 2(1 —¢) for any ¢ € [0,1/2). Meanwhile,
it is easy to see that 2(1 — ¢) < 9/8 only if ¢ > 7/16. Therefore we have
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PROPOSITION 4.12. Let ¢ € [0,1/2]. Then IB(X.)™! = DW(X.)/2 coin-
cide with

max<{2(1—c), 1+ ¢ . if0§c§3_\/5,
(1++v2(1-¢)) 4
max42(1—c¢), 1+ ¢
X - ) 9
(1420 -0)
14 —1=¢ 5 ifg_\/5< <
(1_|_\/%) 4 16
max {1+ c 1+ 1=c ) if ’ <c<1
X s ——— 5, = — S S =
| (+Vai-a) vay 8 TR

Considering the symmetry of the functions

1—

(1+ 20 —0) (14 V20

and that these function takes value 1/8 at t = 1/2, we finally obtain

THEOREM 4.13. Let ¢ € [0,1] and put d = max{c,1 — c¢}. Then both
DW (X.) and DW(X}) coincide with

2 max {Qd, 1+

d
(1420 —d)° } '

This is more than DW (ly.-l;.) = 9/4 and the equality holds only when
c=1/2.

THEOREM 4.14. Let ¢ € [0,1] and put d = max{c,1 — c¢}. Then both
IB(X.) and IB(X}) coincide with

[ (1+/2(1 - d))*
2d° g4 (1+20—ad)* )

This is less than IB(ly -l ;,) = 8/9 and the equality holds only when ¢ = 1/2.
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(1++20-2)

The graphs of the functions y = 2z, y =2(1 — ), y =1+

1—=x 9
y =1+ ——= and y = - on the interval [0, 1].
(1+ v22)? 8
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