Article in press
Available online November 10, 2026

EXTRACTA MATHEMATICAE

The dual of (Cy(X), t,): measures
and Gulick’s conjecture

SUBIMAN KUNDU !, MANISHA AGGARWAL %®, ALEXANDER V. Osipov 3

! Former Professor, Department of Mathematics
Indian Institute of Technology Delhi, New Delhi 110016, India

2 Assistant Professor, Department of Mathematical and Computational Sciences
National Institute of Technology Karnataka, Surathkal, Mangaluru 575025, India

3 Head Scientist Researcher, Krasovskii Institute of Mathematics and Mechanics

Professor, Ural Federal University, 620990, Yekaterinburg, Russia

skundu@maths.iitd.ac.in, manisha@nitk.edu.in|, OABQlist.ru

Received March 17, 2026 Presented by G. Plebanek
Accepted July 31, 2026

Abstract: In [], D. Gulick introduced a new topology, o-compact-open topology to on Cp(X),
where Cp(X) is the set of all real-valued bounded continuous functions on a Tychonoff space X.
This space was denoted (Cy(X),ts) by him and he studied its dual space. First we give an elegant
measure-theoretic characterization of this dual space. Gulick compared this dual space with the
dual of (Cy(X),tn), where ¢, is the topology on Cp(X) generated by the supremum norm | - ||oo
on Cy(X). Since to C tp, the dual (Cp(X),ts)* C (Cp(X),tn)*. Gulick has conjectured that
for a locally compact Hausdorff space X, if the duals are same, then t, = t,. By constructing
a complicated locally compact Hausdorff space X, we show that the duals are the same but ¢, is
strictly weaker than ¢,.
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1. INTRODUCTION

Let X be a completely regular Hausdorff space, that is, a Tychonoff space,
and Cy(X) the set of all real-valued bounded continuous functions on X. The
classical well-known topology on Cy(X) is t,, the topology generated by the
supremum norm || - ||, that is,

[fllc = sup [f(z)| V[ e C(X).
zeX

It is well-known that (Cy(X),t,) is a Banach space. We denote the dual
space of (Cp(X),t,) by Aso(X) and the dual (or conjugate) norm on Ay (X)
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is given by
[All« = sup{[A(f)] = f € Co(X), [Iflloc < 1}

In order to define the o-compact-open topology on Cp(X), we first
consider the collection o(X), the set of all non-empty o-compact subsets of
X. Recall that a subset A of X is called o-compact if it is a countable union
of compact sets and the closure of a o-compact set is called almost o-compact.

For each A € o(X), define the semi-norm p4 on Cy(X) as follows:

pa(f) =supl|f(z),  V[feGX).
€A

The locally convex topology on C(X) generated by the collection of semi-
norms {p4 : A € 0(X)} is denoted by t,. Note that since t, is finer than the
compact-open topology ¢ on Cy(X), t, is Hausdorff. Also it is easy to see
that t, < t,, that is, t, is weaker than t,. And t, = t, if and only if X is
almost o-compact.

Moreover, for t, on Cy(X), we can consider the following subbase:

{[A,V] : A€ o(X),V is a bounded open interval in R},

where [A,V] = {f € Cy(X) : f(A) C V}. This actually justifies calling
t, the o-compact-open topology. Also t, can be seen as the topology of
uniform convergence on the o-compact subsets of X as follows: for each
f € Cy(X), the subsets {(f,A,e) : A € o(X), e > 0} give a neighborhood
base at f, where

(f, A e) ={g € Co(X) : [f(z) — g(x)| <€ Vz e A}.

For more details on t,, see [4} 6], [7].

Since t, < tj, the dual of (Cy(X),t,) is contained in As(X). The dual of
(Cp(X),t,) is denoted by A,(X). Here we mention that if ¢; is the compact-
open topology on Cp(X), then the dual of (Cy(X),tx) is denoted by Ag(X).
Hence Ag(X) C As(X) C Ao (X).

In Section we develop a nice measure-theoretic characterization of
A (X), while in Section |3| we deal with Gulick’s conjecture.

2. MEASURE-THEORETIC CHARACTERIZATION OF A, (X)

In order to have this measure-theoretic characterization, we need to talk
about the following concepts and results. X will always denote a Tychonoff
space.
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A linear functional A on Cy(X) is called positive provided that A(f) > 0
for each f € Cp(X) such that f > 0 and we express this by the notation A > 0.
Now let Aj(X) ={X € Aj(X) : A > 0}, where j is k, o or co and this is
called the positive cone of A;(X).

If A is a linear functional on Cy(X) and A is a subset of X, then A is
said to be supported on A provided that whenever f € Cy(X) with f|4 = 0,
then A(f) = 0. Since A is linear, this is equivalent to saying that whenever
f,9 € Cp(X) with f|4 = g|a, then A(f) = A(g).

The next result ([5, Lemma 4.1]) says what kind of linear functionals on
Cy(X) can be continuous on (Cy(X), t,).

THEOREM 2.1. For each A € A,(X), there exists a o-compact subset A
of X such that \ is supported on A. Conversely, if A is a positive linear
functional on Cy(X), which is supported on some o-compact subset of X,

then A € AT (X).

In fact, it has been established in [5] that (A, (X), ||-]|«) is a Banach lattice.

Now we recall some basic concepts from the measure theory. The o-algebra
generated by the family of all closed subsets of X is denoted by B,(X). By a
measure on B,(X), we usually mean a (countably additive, real-valued) signed
measure (also called charge). A member of B,(X) is called a Borel set, while
a measure 4 defined on B,(X) is called a Borel measure. It can be shown that
a Borel measure has finite total variation. For a proof, see [I, Theorem 36.4,
pp. 332-334].

A positive measure p defined on B,(X) is called closed regular if for each
A € Bo(X), u(A) = sup{u(C) : C C A, C is closed in X}. Now if p is
a (signed) measure on B,(X), then it is called closed regular provided both
pu and p~ are closed regular. This definition of regularity can be rephrased
as follows: a (signed) measure p on B,(X) is called closed regular whenever
A € B,(X) and € > 0, there are closed and open sets C' and U in X such
that C C A C U and |u|(U \ C) < e. Such a closed regular measure is called
compact-regular or tight if the closed set C' can be replaced by a compact
subset of X. Obviously, a closed regular Borel measure having a compact
support is compact regular. Recall that a Borel measure p has support A,
where A C X and A € Bo(X), if [u[(X \ A) =0.

Now we fix some notations.

Let M (X) be the linear space of all closed regular Borel measures defined
on By(X), My(X) ={p € M(X) p is compact regular}, and

M (X) ={p € M(X) : p has a compact support}.



4 S. KUNDU, M. AGGARWAL, A.V. OSIPOV

Note that My(X) C My(X) C M(X). Let M*(X), M;"(X) and M, (X)
denote the corresponding subsets of positive measures in M (X), M;(X) and
M. (X) respectively, that is,

For p € M(X), define ||u]| = |p|(X). It can be easily shown that || - || is
actually a norm on M (X). This norm || - || is called the total variation norm.

Also for a pair of elements p and v in M(X), define p < v provided
u(A) < v(A), for all A € B,(X). Then it can be verified that < is an order
relation under which M (X) becomes a vector lattice and consequently, the
total variation norm becomes a lattice norm. Hence each of M(X), M (X)
and M (X) equipped with the total variation norm || - || is a normed vector
lattice, while each of M (X), M, (X) and M,"(X) is a metric space equipped
with the metric induced by the total variation norm.

THEOREM 2.2. (RIESZ REPRESENTATION THEOREM) If X is compact
and Hausdorff, then the map F : (M(X),|| - ||) = (Aco(X),|| - ||«) defined

by
Fu)(f) = /X fdu

is an isometric lattice isomorphism of M(X) onto Ax(X). Under this
isomorphism, M (X) is identified with AT (X).

Note that if X is compact and Hausdorff, then M (X) = M(X) and
Ao(X) = Ay(X) = Ap(X). By Theorem M (BX) is isometrically
isomorphic to Ag(8X) = Ax(8X). Actually, Aso(8X) can be considered
same as A (X) by identifying an element A of Ay (X) with the unique ele-
ment A of Aso(8X), where X : (Cy(8X),t,) — R is defined as follows:

A =Aflx), Ve G(BX).

Conversely, if N € Ay (8X), define X : (Cy(X),t,) — R as follows:
AH=XN(7),  VIeqX),

where f# is the unique continuous extension of f to SX. Clearly, N = A
Hence My (5X) is actually isometrically isomorphic to Ao (X).
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An element \ of Ar(BX) has a compact support. Now, we show that if
such a compact support is the closure of a o-compact subset A of X, then
A € Ay(X). Actually, it gives a useful characterization of A,(X).

Let A be a o-compact subset of X and f € Cy(X). If fP is the unique
continuous extension of f to BX, then clg f(A) = f#(clgx A) and consequently
pa(f) = pz(fﬁ) where A = clgx A. Since X is compact, every real-valued
continuous function on SX is bounded. Note that ¢, = t, = t on Cp(SX)
and consequently Ao (8X) = Ay (BX) = Ap(BX).

Given A € Ay(X), a A in Agx(8X) can be defined as follows: for h €
Cy(8X), define A : Cp(BX) — R by A(h) = A(h|x). Since A € Ay(X), there
exist M > 0 and a o-compact subset A of X such that |[A(g)| < Mpa(g) for all
g € Cy(X). Now, [A(h)| = |A(h|x)| £ Mpa(h|x) = Mpz(h) and X € A (BX).

Conversely, let u € Ag(8X) and suppose p is supported on clgx A where
A € o(X). Since |u| = p* + p~, both uT and p~ are supported on clgx A.
Now define A\, A2 : Cp(X) — R as follows. For each f € Cy(X), define
M(f) = pT(f%) and Aao(f) = p~(fP). Both A\; and )y are positive linear
functionals and supported on A. Hence A; and A2 are in AJ(X). Now, let
A= A1 — X2. Then A € A,(X) and for each

FECX), M) = () = X(f) = pF(f7) = = (f7) = u(£7).

Consequently, © = A.

Also note that if f € Cy(X), then ||f|l < 1 if and only if ||f#]le < 1.
Consequently, |Alls = [|[Alls. Also it is easy to see that if Aj, Ay € Ay (X),
then Ay = X9 if and only if 5\1 = 5\2. Given A € A,(X), we call \ the natural
expansion of A to (Cy(8X), tk).

Now denote by M, (X) the set

M, (X) ={p e Mp(BX) : |u|(BX — clgxA) = 0 for some o-compact A C X}
and M} (X)={p € M,(X) : p > 0}. Note that
My(BX) = My(BX) = M,(8X) = M(BX).

The following result justifies the use of the notation M, (X) as it identifies
Ay (X) with M, (X).

THEOREM 2.3. For any X, the map F : (Ms(X),| - ||) = (As(X), ] - |l+)
defined by F(u)(f) = / fPdu is an isometric lattice isomorphism of M, (X)
BX

onto A,(X). Under this isomorphism, M} (X) is identified with A} (X).
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Proof. Let p € My(X). So there exists a o-compact subset A of X such
that |u|(BX — clgxA) = 0. Now given f € Cp(X),

Fu)(f)| = ] /ﬁ ) fﬁdu] < //3 AP = [ 1w
clgx
< pa(F9) ul(elax A) = pa(F)l1l (B),

where A = clgx A. Hence F(u) € Ay (X).
Note that for all h € Cy(8X), F/'(u\)(h) = F(u)(hlx) = hdp and

BX
— —

consequently |F'(u)(h)| < pz(h)|p|(clgxA). Hence F(u) € Ap(8X). So by

Theorem 2.9 [ F(u)l. = [lull. But [F ()]l = [F(w)..

Now we need to show that F is onto. Here it suffices to show that if
A € AT(X), then there exists p € M} (X) with F(u) = A. So let A € AF(X)
be arbitrarily chosen and let )\ be the natural expansion of A to A;: (6X). By
Theorem there exists a o-compact subset A of X such that X is supported
on A. Since \ € A (BX), by Theorem there exists a u € M, (8X) such

that A(h) = / hdy for all h € Cy(8X). So for each f € Cy(X),
BX

AP = AP = /

fPdp = F(u)(f).
BX

Hence, F'(u) = A

Now let B be any compact subset of 3X — clgx A. Because of the nor-
mality of SX, there exists a continuous function h : SX — [0,1] such that
h(xz) =1, for every x € B and h(x) = 0, for every = € clgx A. Consequently,

O—A(h\X)—j\(h)—/ hdu—/ hdu+/ hd,u—,u(B)—l—/ hji.
BX B BX—B BX—-B

Hence, p(B) = 0.

But, since p is compact-regular, u(5X — clgxA) = 0 and consequently,
p € M (X). We have shown that if A € AT(X), then there exists u € M, (X)
such that F(u) = X. Also our definition of F' shows that if u € M} (X),
then F(u) € AF(X). Hence by [I, Lemma 38.6], F is an isometric lattice
isomorphism. |
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3. GuLICK’S CONJECTURE

Gulick’s conjecture arises out of his result stated in [4, Theorem 5.5]. In
this result, Gulick has proved that if X is locally compact and paracompact
and Ay(X) = Ax(X), then t, = t,. In fact, he has proved that X is
o-compact. In [4], by giving a counter-example, Gulick has shown that if
X fails to be locally compact, then his aforesaid result may not hold.

But Gulick conjectures that paracompactness of X may be dropped from
his result, that is, he believes that for a locally compact space X,
As(X) = Ao(X) if and only if t, = ¢, on Cp(X). In this section, we show
that Gulick’s conjecture is false. In view of Theorem [2.3] it will be so if we
can have a space mentioned in the following result.

THEOREM 3.1. There is a locally compact Hausdorff space X which is not
almost o-compact and which satisfies the following condition: there exists a
o-compact subset B of X such that (X \ X) C clgxB.

Before constructing a space as mentioned in Theorem [3.1 we explain why
the existence of such a space makes Gulick’s conjecture false.
Let X be a locally compact Hausdorff space as mentioned in Theorem [3.1}

1. Since X is not almost o-compact, t, is strictly weaker than t,, that is,
to 75 tn on Cb(X)

2. Since X is locally compact and dense in X, X is open in 5X. Hence,
X is a Borel subset of fX. Now for each p € Mp(8X), |u/(BX) =
lp|(BX \ X) + |p|(X). Since p is compact regular, there exists a o-
compact subset C' of X such that |u|(X) = |u[(C). Let D =C U B. So
D is a o-compact subset of X.

Note C U B = C'U B = D, where the closures are taken in 3X. So,

1l (BX) =|pl(X) + |pl(BX \ X) = [p[(C) + [p|(BX\ X) =
lul(CU (X \ X)) = |u|(CUB) = |ul(D).

Hence, |u|(BX\ D) = 0. So u € M,(X) and one has My(8X) = M,(X).
Now by using Theorem|[2.3] it can be easily shown that As(X) = A (X).

Proof of Theorem Let 71 = [0,ws] X [0,w;1] and T = [0,wq] X
[0,wp], where w; and wy are the first and the second uncountable ordinals
(respectively), while wq is the first infinite ordinal. Of course, [0,ws], [0,w1]
and [0,wp] are given the interval topology.
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Let T be the quotient space obtained from 77 @ T, by identifying each
point (wo, @) of T7 with (o, wp) of Ts, where o € [0,w1]. Let f: Ty & Ty — T
be the corresponding quotient map. Put p = f({w2,w1)) = f({wi,wp)) and
let X =T\ {p}. Also, let T} =T1 \ {{w2,w1)} and T35 = T3 \ {(w1,wp)}. Let
Xy = f(T7) and Xy = f(T5). Then flr: : 7Y — Xy and flr; : T3 — Xo are
homeomorphisms.

Claim: X =1T.

Let h : X — [0,1] be a continuous function. Then there exist
a € [0,ws), B € [0,w;) such that h(x,y) = h(a, ) for all z > «, y > 8 where
(z,y) € flry(Ja,wa) X [B,w1)), that is h is a constant function on the set
flr ([, w2) x [B,w1)). Clearly, we can determine h(p) := h(«, ). Note that
h*f(O(h(p))) is an open set in T for every open neighborhood O(h(p)) C [0, 1]
of the point h(p) because there is n < wq such that h(y,m) € O(h(p)) for all
m >n and y > B where (y,m) € f|r;([8,w1) X [n,wp)). Thus, h is a contin-
uous extension on 7. By [2, Corollary 3.6.3], T'= 8X.

Claim: X is not almost o-compact.

If a subset A of X is o-compact, then A N X7 is also o-compact, because
X1 is closed in X. So if X is almost o-compact, so is X7, and hence so is
T} (because X is homeomorphic to T7). Therefore, to show that X is not
almost o-compact, it suffices to show that 77} is not almost o-compact.

If a subset A of T} is o-compact, then A is also o-compact in 77; and
since (wy,w1) is a P-point in T} (recall that a point p in a topological space
X is called a P-point [3] if every Gs-set containing p is a neighborhood of
p) and it does not belong to A, there exist @ < we and 8 < wjy such that
AN ((o,wa] x (B,w1]) = 0. Thus A # Ty

If we set A= {p} and B = f({{w1,n) € To: n < wp}), then BX \ A =X
and A C clgx B hold. 1

Remark. Actually, X of the space mentioned in Theorem is not para-
compact. Note T3 is not normal, see [8, Example 87]. Hence X3 is not normal
either. Also X5 is closed in X. Hence X cannot be normal. So X is not
paracompact either. Also it follows from [4, Theorem 5.5] that X cannot be
paracompact.
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