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1. INTRODUCTION

The name Minkowski is associated with (at least) three different kinds
of mathematical object: the 4-dimensional spacetime of special relativity; a
seminorm used in functional analysis; and a class of vector space structures
which play an important role in Finsler geometry. This paper is concerned
with the last of these. I have called them Minkowskian spaces in the title in
the hope of avoiding the otherwise almost inevitable confusion: it is rarely if
ever used in the other contexts.

The subject of the paper is the Killing vector fields, or infinitesimal isome-
tries, of the Riemannian metric defined by the norm in a Minkowskian space.
As everyone knows, Euclidean space, that is R™ with the Euclidean metric, de-
fining hyperspheres centred at the origin, is the simplest kind of Minkowskian
space. Its Killing fields consist of infinitesimal rotations and infinitesimal
translations. Together they form a Lie algebra which is the semi-direct sum
of these two components.

Research on Minkowskian spaces in general is bound to be influenced by
the presence of this simple and important example. For instance, there is the
search for properties of Euclidean space which also hold more generally in
Minkowskian spaces: the result that the indicatrices of a Minkowskian space
are always totally umbilical hypersurfaces, just like Euclidean hyperspheres,
falls into this class. In another direction, there are various results about neces-
sary and sufficient conditions for a Minkowskian space to reduce to Euclidean
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2 M. CRAMPIN

space: one thinks of the theorems of Deicke and Brickell.

The present paper follows this standard pattern. There are two main
results. The first, Theorem [I]in Subsection [3.2] shows that the structure of the
Lie algebra of Killing vector fields on a Minkowskian space mirrors that of the
Euclidean case: it explains how to define infinitesimal rotaions and translations
in the general context, and proves that the Killing algebra is the semi-direct
sum of these two subalgebras. The second is concerned with conditions on
the Killing algebra of a Minkowskian space necessary and sufficient for the
space to be Euclidean, with conclusions to be found in Theorems [2] to [f] in
Subsection Unsurprisingly the result is, with some caveats, that the space
must be maximally symmetric, in the sense that the dimension of the Killing
algebra is in(n + 1) (where n is the dimension of the space).

Each result is embedded in an extensive analysis of the relevant theory of
Minkowskian spaces, which itself contains several new results. There are also
a couple of examples.

For background reading I suggest Chapter 14 of the standard text on
Finsler geometry by Bao, Chern and Shen [I]. I have to say however that
many of the main topics of the present paper are scarcely covered in depth
there — nor anywhere else so far as I know.

2. BAsIcCS

2.1. DEFINITIONS AND NOTATION. Assuming that the definitions are
well known, the main function of this section is actually to establish my no-
tation.

An n-dimensional Minkowskian space is the space R? = R™ —{0} equipped
with a homogeneous positive function F' such that, at any point of R?, with

respect to linear coordinates v,

4, O*F? P°E
Y 20yioyl  Oyioyd
are the components of a positive definite quadratic form. By homogeneous
here I mean that for any positive A\, F(A\y) = AF(y). Occasionally we will
encounter functions F' which satisfy the stronger condition F(\y) = |A|F(y)
for all nonzero A: equivalently F'(—y) = F(y). Such functions are said to be
absolutely homogeneous.

F' is often called the Minkowski norm, E the energy, and g is sometimes
called the Hessian metric of £. A Minkowski norm which is not absolutely
homogeneous may be called positively homogeneous, but I will not bother.

g = 3F?
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2-dimensional Minkowskian spaces have their own idiosyncratic properties,
which I don’t intend to deal with, so I shall assume throughout that n > 3.

I should straightaway make some comments about coordinates. Many cal-
culations below could be made with respect to natural coordinates on R™: but
any linearly related choice will do, without significant alteration to formulae,
so I usually, as above, speak of linear coordinates without singling any system
out. In fact there are occasions when one wants to use a linear change of
coordinates to bring some object into a standard form: for example, if the
g;j are constant, to transform them into the components ¢;; of the Euclidean
metric. Since this is always possible — it is essentially equivalent to finding
an orthonormal basis — in order to show that a Minkowski space is Euclidean
it is enough to show that the components of its metric with respect to linear
coordinates are constants. So far as linear coordinates are concerned, another
way of saying much the same thing is to point out that most geometrical ob-
jects we have to deal with are linear tensor fields, that is, they transform as
tensors of the type indicated by their indices under linear transformations of
coordinates.

Some calculations, however, are made using the index-free methods usually
found in books and papers about differential geometry nowadays. The objects
appearing in such calculations are tensors in the full sense. Representing
such objects in terms of linear coordinates produces linear tensors, and the
calculations have linear coordinate versions. The catch occurs if one tries
to go the other way. Consider the formula for g;; above. Suppose that z¢
(with @ running from 1 to n) is a system of general, that is nonlinear, local
coordinates. We have two choices in how we extend the objects above to the
general coordinate system. First we may put

oy Oy’
Gab = gij@@-

The gq are the components of a type (0,2) tensor field with respect to the
2%, which coincide with the g;; when the coordinates are chosen to be linear.
On the other hand we may consider 9F/0202°. But it is not the case that
Gap = OE/02°02": indeed the right-hand side is not a tensor component.

It will generally be my practice to represent a geometric object by a single
kernel letter, and to indicate its components with respect to linear coordinates
by using the letters i, j, k and others from the adjacent part of the alphabet
as superscripts and subscripts. Thus g is the type (0,2) tensor field whose
components with respect to linear coordinates are the g;; defined above. This
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means that a Minkowskian space is a Riemannian space over R?, whose met-
ric is g. Its Riemannian structure is of a special kind, of course: it is the
purpose of this paper to describe some of its special features. What makes
the study of Minkowski geometry special is the availability of linear coordi-
nates, homogeneity, and the fact that the metric is the Hessian of the energy.
These special factors allow for special techniques, such as the use of partial
derivatives with respect to linear coordinates rather than always depending
on covariant derivatives; these features will be frequently exploited below.

What I have said here about coordinates corresponds to the usual prac-
tice in Finsler geometry. A Finslerian structure on a manifold defines a
Minkowskian structure on each fibre of its slit tangent bundle. Linear co-
ordinates on a fibre are those naturally induced by coordinates on the base.
A coordinate transformation on the base induces a linear coordinate trans-
formation in the fibre, whose matrix is given by the Jacobian of the base
coordinate transformation evaluated at the base point, which is of course con-
stant over the fibre. More general coordinate transformations of the fibres are
rarely if ever encountered in Finsler geometry.

Back to Minkowskian spaces and to expressions in linear coordinates. To
save space I shall use a comma to denote a derivative.

We can express g alternatively as

9ij = FFij+ F,F;.
Note that, by the definition of g;;, if we set Cyj; = gi; 1 then Cjjp, is completely

symmetric in its indices. Moreover, since evidently each component function
gij of g is homogeneous of degree 0,

Y Cijr = y"gijn = 0 = y*Crij = ¥ Cir;.

Furthermore, every derivative of Cjj;;, is symmetric in all of its indices. The
case that will be most important for us is Cj;r; = Cyj1 1 - Moreover,

Y'Cijis = ¥'Cijir = ('Cijt) &k — Cijie = —Cijis,

another result that will be very useful later.
It follows from the 2-homogeneity of E that

E;=gijy’ =y, = FF,.

Thus in particular the 1-form y;dy® = dE is exact.



THE KILLING ALGEBRA OF A MINKOWSKIAN SPACE )

The map y* — Yj = g,-jyi can be regarded simply as a change of coordi-
nates, or from a more sophisticated point of view as a Legendre transforma-
tion. Note that

0 0

yi L g2
J oy’ * (‘Jyj '

@ = gik,jyk + 9i; = Cz‘jkyk + 9ij, or

In the Legendre transformation interpretation one regards the y; as linear
coordinates on the space Rl* = R™ — {0}. The Legendre transformation
corresponding to the Lagrangian F is

)

oE j
y = e 9ijY
as before. The corresponding Hamiltonian is
H(yi) = iy’ — E*(yi) = 2E*(4i) — E* (i) = E* (i)

where E* is the function on R?* obtained by expressing E in terms of the y;,
that is E*(y;) = E(gYy;) (where g*gy; = (5]‘) I mention this as a point of
passing interest, though I make no use of it below.

For any vector field &,

EE; = i€y’ = FF;.
In particular ‘ o
FFy' = F* = gijy'y’ = 2E.
I denote by A the dilation field,

. 0
A :y’ayi.

It is of course well-defined on R", not just R?, and its integral curves are
the rays in R™, together with the origin itself (which is a fixed point). The
calculations above show that, on R?, F~!A is the unit vector field along the
rays: it will be denoted by A. We have

E(F) =g(&,A),  equivalently £(E) = g(&,A),

a formula that will be used frequently. In particular £(E) = 0 if and only if
g(§,A) = 0: & is tangent to the level sets of E if and only if it is orthogonal
(with respect to g) to the radial lines in RY.
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The level sets of F' or E are called indicatrices; in particular the set {y :
F(y) = 1} is called the unit indicatrix, or even just the indicatrix. I denote
by Z the unit indicatrix, Z, the set {y : F(y) = r}. I usually work on Z when
considering indicatrices: corresponding results for Z, are easy to guess.

The unit indicatrix in Euclidean space is of course the unit hypersphere
centred at the origin. It is tempting to think of 7 as its equivalent for a
general Minkowskian space. Since each ray intersects each indicatrix once
and once only, it can be seen that the map from (say) Z to the unit Euclidean
hypersphere S by projection along the rays is a diffeomorphism. It follows that
7 (indeed, any indicatrix) has the same topological properties as the Euclidean
hypersphere: in particular it is compact, connected and simply connected.

One can form a direct product of two Minkowskian spaces by adding the
energy functions on the components. Thus if Fy and Es are energy functions
on n1- and ns-dimensional Minkowskian spaces we take F1+ F5 as total energy
function on (n1+ng)-dimensional space. This is not the only way of combining
two Minkowskian spaces: for example one could add the Minkowkski norms
rather than the energies. The product using the energies is in particular the
Riemannian direct product of its components regarded as Riemannian spaces.
I shall therefore call it the Riemannian product of two Minkowskian spaces.
It is the simplest product to deal with, and will be enough for my purposes.
In terms of linear coordinates %, a = 1,2,...,n1 and 2% , a = 1,2,...,ng9,
so that Ey = E1(y*), F2 = E2(z%), the metric components on the product
satisfy

agab -0 8.904,8 _

920 =Y 8ya 0, Jaa = 0.
Conversely, if for a given Minkowskian space we can find linear (and I stress
linear) coordinates y*, a =1,2,...,r and y*, a =r+ 1,7+ 2,...,n such that
the metric components satisfy
0 0
I —o, TV 0, g =0,

oye oy°
then the space is the Riemannian product of an r-dimensional and an
(n — r)-dimensional Minkowskian space whose components have energy
functions %gaby“yb and %gagyayﬁ , respectively.

2.2. HOMOGENEITY. The test for homogeneity of a tensor is to apply
L, the Lie derivative with respect to A. A tensor T is homogeneous of
degree 7, or r-homogeneous for short, if

LAT =1rT.
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T is homogeneous if and only if its component functions are. But be warned:
not of the same degree. For example, a vector field is r-homogeneous if and
only if its coefficient functions are all homogeneous of degree r + 1; thus £ is
0-homogeneous if and only if
AL =& =y

Again, a covariant tensor of rank k is r~-homogeneous if and only if each of its
coefficient functions is homogeneous of degree r — k. Of course a function f is
r-homogeneous if and only if Af = rf. In particular, AF = F and AE = 2F.
Furthermore, Ag;; :ykcijk =0, so (as a tensor) g is homogeneous of degree 2.

(I should mention here that my convention is not universally accepted. For
example, Szilasi, Lovas and Kertész, in their classic text on Finsler geometry
and related matters [6], use the homogeneity degree of components to measure
the degree of the object. So they say that a vector field ¢ is homogeneous of
degree 0 if its components satisfy A = 0, rather than A&l = 7))

Note that for any vector field &,

LA =[N €] = —LeA.

So LA& = 0 if and only if LA = 0. The first gives us information about the
behaviour of £ under the flow of A, that is, along the rays; the second gives
us information about the behaviour of A under the flow of &; together they
say that the two flows commute.

If a vector field ¢ satisfies LAE = 0 then along any ray t — elyg, for some
initial point yo, its coefficients satisfy &'(y) = &(elyo) = e'é(yy) = e'&p. In
particular, if {, = 0 then £(y) = 0 for every point on the ray. Conversely, if
we are given some vector £ at a point yo then we can define a vector field
¢ along the ray which satisfies L€ = 0 by setting & (elyy) = €&}, a process
quaintly described as dragging &y along the ray.

A function which is homogeneous of degree 0 and continuous at 0 is con-
stant, while a function which is homogeneous of degree 1 and continuously
differentiable at 0 is linear (see [6, Lemma 4.2.5]). No function which is ho-
mogeneous of negative degree can be so much as continuous at 0, unless it
vanishes completely.

2.3. CONNECTION THEORY. I denote by V the covariant derivative oper-
ator of the Levi-Civita connection of g. Its connection coefficients (Christoffel
symbols) are given in linear coordinates by

) a1 (99 091 Ogjk ;
_ 1l J J gk} _ 1 il
ka =39 (8yj + oyl - oyl )~ 59" Cin.
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That is to say

oyt
Another way of expressing this formula is to say that %C’Jl ;. s the difference
tensor between V and the covariant differentiation operator D of the standard
flat connection on R™, given in terms of linear coordinates by
Ont 0
Den =& ———.
0yl dy

o . .
Ven = (5]8;71 +39 leklgjnk)

Thus in geometrical terms %C}k has a dual role: it can be regarded as a
connection coeflicient or as a component of a tensor; the expressions of these
two geometrical objects in linear coordinates coincide.

I point out that (Van)! = An, so that Van = 0 if and only if An = 0,
that is, Van = 0 if and only if n is homogeneous of degree —1.

On the other hand, V¢A = £, which can be expressed in the typograph-
ically entertaining form VA = id. Notice also that VA = DA (D is de-
fined above): so this is a universal expression, independent of the choice of
Minkowski norm.

The curvature tensor is

Rijit = 9™ (CitmCikn — CitmCiin) = 3(CCrnji — CHCriit).

It is obvious from this formula by inspection that R;ji; enjoys the well-known
algebraic properties of a Riemannian curvature tensor. The components of
the curvature tensor are homogeneous of degree —2.

Note in particular that contracting R;;x; with y' on any index gives zero.
Moreover, if the components of the metric are constant, so that the Cj;; all
vanish, then the space is flat, as one would expect.

The sectional curvature of a two-plane is given by Rijkmig‘j n*¢! where 7
and ¢ form a basis for the two-plane, assumed (without loss of generality) to
be unit vectors orthogonal to each other. It follows from the remark above
that any two-plane containing a radial vector has zero sectional curvature. To
put it another way, if we set n = Y + AA, ( = Z + AA in the expression
above for the sectional curvature, where ¥ and Z are the components of n
and ¢ orthogonal to A, then RijkmiCjT]kCl = RijleiZijZl. In particular, if
at p € Z the sectional curvature of all two-planes tangent to Z vanishes then
the sectional curvature of all two-planes vanishes.

I now briefly consider some aspects of the geometry of the indicatrix
Z, ={y: F(y) = r}, considered as a hypersurface (embedded submanifold of
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codimension 1) of the Minkowskian Riemannian space. Following [1] I denote
by ¢ the metric on Z,. defined by restriction of the ambient metric g, and by
R the derived curvature. The relation between R and R is obtained from the
Gauss curvature equations, and is

Rijin = Rijia + 2 (Gindjt — duds)-

Note that R, though its components may be expressed in terms of linear
coordinates on RY7, is an object on Z,. In other words, its vector arguments
must always be tangent to Z,., or orthogonal to A; and similarly for the terms
involving g.

(One can avoid the awkwardness of having to restrict the arguments in
what appears to be a tensor equation as follows. First, consider the tensor
hij = gij — F; F;: it agrees with g;; when both of its arguments are orthogonal
to A, and vanishes when either of them is a multiple of A. It is therefore
the projection of g orthogonal to A, and its restriction to Z, is §. h is often
called the angular metric. It can be written h;; = F'F;;. 1 define a modified
covariant derivative V on R” by

Ven = Ven + F72h(€,n)A,

where as usual V is the Levi-Civita covariant derivative of g. Vis evidently a
symmetric connection: its restriction to Z, is the Levi-Civita covariant deriva-
tive of ¢, and it agrees with V when either of its arguments is a multiple of
A. Tts connection coefficients are

f‘jik =1g"Cjy + F1F iy
Conveniently, its curvature turns out to be
Rijii = Riju + F~2(highji — hqhjy,).

This is a proper tensor equation. On restriction to Z,, R becomes R, since it
is just the curvature tensor of the Levi-Civita covariant derivative of ¢, and h
becomes §. Contracted with A on any index R returns 0. The formula above
for R is effectively equivalent to this expression for R, though the latter is
fully tensorial. This calculation unexpectedly provides a way of deriving the
Gauss equations directly.)

Consider the sectional curvatures of two-planes tangent to Z, as calculated
with respect to ¢ and g. I call the first an intrinsic sectional curvature and
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denote it by &£(P) (where P represents the two-plane), and the second an ex-
trinsic sectional curvature and denote it by x(P). Then using an orthonormal
basis for P one sees that

k(P) = k(P)+ 1.

If 7 has constant intrinsic curvature 1 (that is, if all of its intrinsic sectional
curvatures are 1) then all extrinsic sectional curvatures of two-planes tangent
to Z are zero. It follows that the sectional curvature of any two-plane in
the ambient space is zero. The sectional curvatures determine the curvature
tensor, and if all sectional curvatures vanish then R;j;; = 0. Thus if 7 is of
constant intrinsic curvature 1 then the Minkowskian space, as a Riemannian
space, is flat. According to Brickell’s Theorem, provided that n > 3 and
that F' is absolutely homogeneous (that is, it satisfies F'(—y) = F(y)), the
Minkowskian space is Euclidean. The more general case is unresolved.

(See [I, Chapter 14] for a more detailed exposition of some of the results
used here, including a more conventional derivation of the Gauss equations,
and the fact that sectional curvatures determine the curvature tensor.)

The shape operator S of the hypersurface Z, C RZ, relative to the unit
normal A, is given by

S(X) = —VxA,

where X is tangent to Z,: it is a type (1, 1) tensor field on Z,. Now for any X
we have (since X (F') = 0)

FVxA=VxA=DxA=X.
That is to say, .S is a multiple of the identity I:
S=—(1/F)I =—(1/r)I.

A hypersurface whose shape operator is a multiple of the identity is said
to be totally umbilical. The prime example of a totally umbilical hypersurface
is the Euclidean hypersphere. Indicatrices share with Euclidean hyperspheres
the property of being totally umbilical hypersurfaces. The indicatrix Z, has
mean curvature —1/r (negative since it curves away from the normal). Re-
markably, this holds for any Minkowskian space whatsoever. Don’t forget,
though, that the definition of the shape operator implicitly involves the am-
bient metric, which of course differs from Minkowskian space to Minkowskian
space. Each indicatrix is umbilical with mean curvature —1, just like the unit
hypersphere in Euclidean space: but whereas the curvature of the hypersphere
is calculated with respect to the Euclidean background that of the indicatrix
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of a different Minkowskian space refers to a different background. The shape
operator of the indicatrix of a general Minkowskian space relative to the Eu-
clidean background is quite a different, and rather more complicated, thing:
for a start, its unit normal won’t be A. So let us not get too excited by the
statement that all indicatrices are umbilical.

In the course of their discussion of intrinsic and extrinsic curvatures, Bao
et al. ([Il 14.5]) repeat ‘an interesting observation by Xinyue Chen’. He is
reported as pointing out that the indicatrices Z, ‘do not look “round” intrin-
sically’, but extrinsically they ‘do look “round”’. The use of the word ‘round’
implies of course comparison with Fuclidean spheres. The sphere of radius r
has constant intrinsic sectional curvature 1/r, and constant mean curvature
—1/r (relative to the outward normal). For most hypersurfaces of Riemannian
manifolds, however, these two kinds of curvature are unrelated. The indicatrix
of a Minkowskian space need not have constant intrinsic sectional curvature,
so in general does not look round intrinsically. It is however always totally
umbilical with mean curvature —1/r, so does look round extrinsically — but
with the caveat discussed above.

However, special cases are of interest. If the indicatrix does have constant
intrinsic curvature 1, then the ambient space is flat, as I pointed out above.
What happens if it has constant intrinsic curvature different from 1 is not
so clear. If on the other hand an indicatrix should turn out to be totally
umbilical with respect to Euclidean ambient space then it would indeed be
round, since a connected totally umbilical hypersurface with non-zero mean
curvature in a Euclidean space is a standard hypersphere.

3. KILLING FIELDS

3.1. BASIC PROPERTIES. A vector field £ on RY is a Killing field, Killing
vector, or infinitesimal isometry, of g if

Leg=0.
The vector field
; 0

is a Killing field if and only its components & satisfy Killing’s equation

dgij 0k ogk

¢k 0.
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Killing’s equation may be written more succinctly as
& Cigr + ginsls + gjnél = 0.
Alternatively, with & = gix&¥,
§ij+ & — &ij =0.

Equivalently
&isj + &5 =0,

where the semi-colon indicates a covariant derivative. In short, the 2-covector
&i;j is skew symmetric. This is a well-known alternative formulation of Killing’s
equation which holds (mutatis mutandis) for all Riemannian spaces and in
general coordinates.

Please note carefully that the definition above is not the same as — or
better not the obvious translation of — that of an infinitesimal isometry of a
Finsler space according to the standard definition of an isometry of a Finsler
space given by Deng and Hou [3]. The latter would amount to defining a
Killing field as a vector field that satisfies £(F') = 0. As will appear later, this
difference has important consequences.

To continue briefly in the general Riemannian context, let me remind the
reader that, as a consequence of the invariance of g, a Killing field leaves
invariant most objects derived from g: for example, the Levi-Civita connection,
the curvature, and the metric volume form. (The metric volume form defined
by a Riemannian structure is

Q=+/detgdy' Ady?> A--- Ady™.

It is to be expected, and can easily be proved, that for any Killing field &,
L =0.)

Though these things hold true for Riemannian spaces in general, in Rie-
mannian spaces of Minkowskian type there are some unexpected departures
from the rule that a Killing field leaves invariant objects derived from g.

Back to the Minkowskian case. On carrying out the Legendre transforma-
tion y' — y; = g;;4", using the formula 9/9y’ = g;;0/0y;, Killing’s equation
converts into

O | 0 | 06

—
S Oy g 0y, 0y;
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This shows that £,0/0yy is a Killing field of the metric derived from E* on
R?* if and only if £¥0/0y" is a Killing field of the metric derived from E on
R?.

From Killing’s equation

& Ciji + gu€l; + g€l = 0,
differentiating with respect to y* yields
g€ + 9ulin + Cimli + Cam€ly + Cijily, + Cijraél = 0.

The terms involving C' are collectively symmetric in ¢, 7 and k, the terms
involving ¢g only in ¢ and j. Interchanging j and k gives gﬂgfik = gklgfij,
whence

291«1523- + Cjklﬁfi + Cik:lﬁ,lj + Cijl§,lk + Cijri€ =0,

or equivalently
5,’2]' = _%gkm<cjml§,li + Cimlﬁ,lj + Cijlf,lm + Cijm,lfl)-

One important point to note about this expression is that the right-hand side
is homogeneous linear in & and ffj, because it allows one to use known facts
about systems of homogeneous linear ordinary differential equations to prove
results on the uniqueness of Killing fields. Using standard arguments one can
show that a Killing field is uniquely determined by the values of £ and {fj at
any chosen point p.

I point out in passing the interesting and perhaps unexpected fact that for
any Killing field &, £ﬁjyiyj = 0.

In the expression

gui€lij + Cjralli + Cira€lj + Ciji€ly + Cijrae' = 0.
the terms not involving ffij actually form (L¢C)gj:
(LeC)iji = &' Cijrg + Cjréli + Ciméy + Cijiélhy.

Thus for a Killing field £, £:C = 0 if and only if §§j = 0, that is, if and only
¢ is an affine function of linear coordinates.

(This is a result about the components of the tensor C', which as I pointed
out earlier are not the same as the connection coefficients of the Levi-Civita
connection of g, despite the fact that the two effectively agree when expressed
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in terms of linear coordinates. The condition for £ to preserve the connection
is in origin quite different from the one for the tensor: in fact it turns out to
be the formula for ffzj given above, which we know holds for Killing fields.
So this result does not contradict the fact that, in any Riemannian space,
infinitesimal isometries are connection-preserving. With hindsight, indeed,
the result is not unexpected: transforms of connection coefficients typically
involve second derivatives, after all, while transforms of tensors involve only
first derivatives. Since as a tensor C' is the difference tensor of the Levi-
Civita connection and the flat connection, for a transformation to preserve
the Levi-Civita connection and the difference tensor it must also preserve the
flat connection, that is, be affine with respect to linear coordinates.)

I denote the vector space of Killing fields by ¢. Recall that for £ € ¢,
&i.j +&j;i = 0. Denote the vector space of skew-symmetric bilinear forms on
R"™ by S,,. By uniqueness the map ¢ — R" &S, by & — (£(p),&;(p)) is
injective, so dim€ < n + in(n — 1) = in(n + 1).

The Lie bracket of any two Killing fields is again a Killing field, and since,
as we now know, ¢ is finite-dimensional it is a Lie algebra.

(The result just derived is standard, but not all of the methods used to
obtain it.)

This seems as good a point as any to make a few remarks about skew
symmetry. One reason why skew symmetry is of interest is that so(n), the Lie
algebra of the orthogonal group in n dimensions, is the Lie algebra of n x n
skew-symmetric matrices with the commutator as bracket: and when it acts
on R™, so(n) is a key ingredient of the Killing algebra of Euclidean space — it
is the Lie algebra of infinitesimal rotations.

The argument above about uniqueness depended on the fact that for a
Killing field &, the &;; are components of a skew-symmetric bilinear form.
However, in most applications I prefer to deal with the type (1,1) linear tensor
whose components are fZJ Suppose that {(p) = 0 at some point p. Then, at
D, gikﬁf“j + gjkfﬁ = 0. This says that fzj(p) is skew-symmetric with respect
to gij(p), in the sense that I shall now explain. In order to avoid continually
having to repeat the phrase ‘at p’, let me consider the fzj (p) as the components
of a matrix R on a vector space V equipped with a scalar product g. Then R is
skew-symmetric with respect to ¢ if and only if g(R(u),v)+ g(u, R(v)) = 0 for
all u,v € V. Now the conventional way of defining skew symmetry of a matrix
is to say that a matrix M is skew-symmetric if M (u)-v+u-M(v) =0. If R
is skew-symmetric with respect to g and we denote by M the matrix whose
entries are the components of R with respect to an orthonormal basis for ¢
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then M (u)-v+wu-M(v) =0, and conversely. To put it another way, we can
find a non-singular linear transformation L of V' such that g(L(u), L(v)) = u-v
(that is, we can convert g to the standard scalar product by a linear change
of coordinates, determined in fact by the components of an orthonormal basis
with respect to the original basis). Then M = L 'RL. So a matrix R
which is skew-symmetric with respect to ¢ is simply a matrix which is skew-
symmetric in the usual sense, subject to a change of basis. What works for
conventionally skew-symmetric matrices works equally well for those skew-
symmetric with respect to some other scalar product. I shall tend therefore
to drop the qualifier ‘with respect to ¢’ from the phrase ‘skew-symmetric with
respect to g’.

Consider next a linear vector field &, with & = Réyj, and suppose that
&(p) = 0. Since ¢ is linear, LC' = 0, so that at p

CjklRé + Cz'k;lRé‘ + Cilei; =0,
given that ¢/ = 0. Again, let me write this as
C’(R(u), v, w) + C(u, R(v), w) + C(u, v, R(w)) =0, for all u,v,w eV

where C' is to be thought of as a completely symmetric trilinear form. The
most basic kind of skew-symmetric matrix is one which satisfies R(u) = v,
R(v) = —u, for an orthonormal pair of vectors u and v, and R(w) = 0 for
w orthogonal to u and v. (It is easy to check that R is skew-symmetric. In
fact the set of such matrices with v and v taken in pairs from an orthonormal
basis of V' forms a basis for the vector space of all skew-symmetric matrices.)
For this R we have

C(R(u),u,u) + C(u, R(uw),u) + C(u,u, R(v)) = 0 =C(u,u,v) =0,
C(R(u),u,v) + C(u, R(u),v) + C(u,u, R(v)) = 0 = C(u,u,u) = 2C(u,v,v),
C(R(u),v,v) + C(u, R(v),v) + C(u,v,R(v)) =0=C(v,v,v) =2C(u,u,v),
C(R(v),v,v) + C’(v,R(v),v) + C(v,v,R(v)) =0=C(u,v,v) =0

That is to say, C' vanishes on the two-dimensional subspace of V' spanned by
u and v. This result will make a brief reappearance later.

3.2. HOMOGENEITY OF KILLING FIELDS. It may be thought that since
Killing fields preserve g, and g is directly derived from E and vice versa, that
Killing fields preserve F. However things are more complicated than that:
and homogeneity plays a significant part in explaining why.
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For a Killing field £ we have from Killing’s equation, by contracting with
Y,
0= gy’ & + gjny’ &
N L L JeRY ik ek
= gik AL + (g]k‘y 3 )71' ijkY g gzk&
= gin (A" — &%) + (f(E))l

So if £(F) = 0 then ¢ is homogeneous of degree 0. If £ is a 0-homogeneous
Killing field then £(F) is constant on RY. Now when ¢ is 0-homogeneous,

A(S(E)) = §(A(E)) = 2¢(E).

But £(F) is constant, so the left-hand side is zero, and therefore {(EF) = 0.
In summary a Killing field preserves E, or equivalently F', if and only if it is
0-homogeneous. Equally a Killing field is tangent to indicatrices if and only
if it is 0-homogeneous.

I next consider the converse question: when is a vector field £ which satisfies
£(B) =0 = g;;4°¢ a Killing field? On differentiating that equation twice we
find that

958 + gy’ € = 0,
Ciii€"™ + gins + g€’ + guy/'€; = 0.

This doesn’t reveal a clear answer in general: but if §f§j = 0 then ¢ is a Killing
field. Bearing in mind that £ must be 0-homogeneous, that amounts to £ being
linear in terms of linear coordinates, that is, & = Ré»yj with constant R; So
a linear vector field which is tangent to indicatrices is a Killing field. Indeed,
by homogeneity it is sufficient for £ to be tangent to any single indicatrix,
say Z.

Let us go back to the consideration of homogeneous Killing fields. Suppose
that £ is an r-homogeneous Killing field with r» = —1. Then

0= Leg(A, A) = 26(E) — 2(LeA, A)
= 26(E) + 29(Laé, A) = 2(1 + r)E(E).

But we know that if £(E) = 0 then £ must be 0-homogeneous. So the only
homogeneous Killing fields are of degree 0 or degree —1.
Note that

LA(Leg) = Le(Lag) + Lraeg =2Leg+ Lrncg,
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so that if L¢g = 0 then Lz,¢g = 0. That is to say, if § is a Killing field
so is LAE. Of course if € is a homogeneous Killing field this tells us nothing
new. But suppose that £ is a Killing field which is a linear combination of
homogeneous vector fields, say (dealing with the case of most interest)

§=Ap+pr,

with p a 0-homogeneous vector field and 7 one of degree —1, where A and p
are non-zero constants. (We don’t really need A and p in fact, because each
can be absorbed into the corresponding vector field.) Then

Eﬁg = —uT,

so 7 is a Killing field, and therefore p, as a linear combination of Killing
fields, is also one. That is, in this particular case, if a Killing field is a lin-
ear combination of homogeneous vector fields (of different degrees) then each
homogeneous component is a Killing vector field.

The bracket of two Killing fields is again a Killing field. For any two vector
fields & and 7,

LA [57 77] = [£A£7 77] + [f»EAU]

So the bracket of two 0-homogeneous Killing fields is again a 0-homogeneous
Killing field. Next, if £ is 0-homogeneous and 7 is —1-homogeneous then [, 7]
is —1-homogeneous. Finally, if £ and 7 are both —1-homogeneous then [, 7]
is, in principle, —2-homogeneous. But there are no non-zero —2-homogeneous
Killing fields. Thus, in this case, [{,n] = 0.

I call the space of 0-homogeneous Killing fields R, the space of —1 homo-
geneous Killing fields 7, and their vector space direct sum K. We know that
R is a subalgebra of I while 7T is an Abelian ideal in I, which as a Lie algebra
is therefore the semi-direct sum of R and 7.

The next task is to investigate the relationship between K and €. The
question is, given an arbitrary £ € ¢, are there vector fields p € R and 7 € T
such that & = p + 77 Here the fact that for any Killing field &, fﬁjyiyj =0,
proved earlier, becomes significant. This equation may be rewritten in terms

of Agk:
0=¢&5y'y’ = vy = (€iv') 0 — 5y’ = A% — A¢h,

That is to say, A&’ is of homogeneity degree 1 and £F — A¢F is of homogeneity
degree 0. So if we take p¥ = AEF then p € R, and if 7% = ¢¥ — A€F then
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7€ T:and p+ 7 =& Thus K = ¢. (This essentially repeats a calculation
just above, but with the extra information about A&?.)

We need ways of identifying elements of R and 7 more readily.

So far as R is concerned, we may use the fact that it consists of Killing
fields which are tangent to indicatrices. I shall show that if £ € R then its
restriction £ to the indicatrix Z, or indeed any indicatrix, is a Killing field of
g, the restriction of g to Z. Let X, Y be any vector fields on RY which are
tangent to Z. Then

= ’S(g(Xv Y)) _g([’gaX]aY) _g(Xa [EvY]) = ‘ng(Xv Y)a

since [£, X] is tangent to Z, and equal to [5 , X| there. Conversely, suppose that
we have a vector field £ on Z which is a Killing field of §, the restriction of ¢ to
Z. By dragging 5 along rays we generate a vector field £ on R? which satisfies
LA& = 0; and likewise for X and Y. Then (remembering that LAg = 2g)

A(Leg(X,Y)) = A(&(9(X,Y)) = g(I& X1, Y) = (X, [6,Y]) )
=&(A(9(X,Y)) —29([¢, X].Y) —29(X, €, Y])
=2(&(9(X,)) = g(l& X1,Y) — (X, [£,Y]) )
=2Leg(X,Y).

That is to say, L¢g(X,Y") satisfies a homogeneous linear ordinary differential
equation along each ray. But it vanishes on Z: it follows that L¢g(X,Y’) = 0.
To show (as I intend) that L¢g = 0 we must consider L¢g(X,A) (where
9(X,A) =0) and L¢g(A,A). For the first,

because [£, X] is tangent to indicatrices, and so orthogonal to A, when both
¢ and X are. Finally, and familiarly,

Leg(A,A) = 26(E) = 0.

For £ € T, on the other hand, we know that, since A& = 0, (£(E)); =
git€*. But then

(E(B)) ;5 = gin€ls + Cipn&®

= gl + Cijié,
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since of course the left-hand side is symmetric in 7 and j. It follows that
k k k
9l = g€l = —5Ciws".

Equally, we may write
€isj = &ji = 0.

Conversely, if { satisfies these conditions then, firstly, &.; + &, = 0 so { is a
Killing field; and secondly

g A" = gjk{]ﬁyi =10yt =0,

so A¢F =0 and € € 7. That is to say, T is the space of covariant constant, or
as it is more usually called, parallel, vector fields of the Levi-Civita connection.

One important consequence of this is that no nonzero element of 7 can
vanish at any point: for if £ € 7 and &'(p) = 0 then §Z(p) =0,50&=0.

Furthermore any £ € 7 has constant length, that is, g(&, ) is constant;
the integral curves of £ are affinely parametrised geodesics; and R;klgj =0
where R is the curvature tensor. These in fact are all properties of a parallel
vector field on any Riemannian manifold, as is demonstrated in the appendix
on parallel vector fields.

To conclude:

THEOREM 1. The Lie algebra t of the Killing fields of the metric g of any
Minkowskian space, if it is not empty, is the semi-direct sum of two subalgebras
R and T, where T is an Abelian ideal in €. The subalgebra R consists of
Killing fields which are homogenous of degree 0; it can be identified with the
Lie algebra of Killing fields of the metric induced by g on the indicatrix Z.
The ideal T consists of Killing fields which are homogenous of degree —1;
equivalently, it is the Abelian Lie algebra of vector fields which are parallel
with respect to the Levi-Civita connection of g.

In the case of Euclidean space R consists of the infinitesimal generators of
rotations, 7 of translations (whence the notation).

Of course, we have no reason to believe that Z has any nonzero Killing
fields; nor that there are any nonzero parallel vector fields. If there are neither
than the Minkowskian space is no longer of any interest so far as this enquiry
is concerned. I proceed on the assumption that there are some nonzero Killing
fields of one kind or the other.
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3.3. FURTHER PROPERTIES OF 7. I want first to consider how the value
of E changes as one moves along an integral curve of an element of 7. (In the
case of R the answer is obvious of course: it doesn’t.)

Take 7 € T with integral curve ¢ — o(t), where o(0) = yo say. Set
E(t) = E(o(t)). Then

FE = E7i(5'2 = Eﬂ;Tl,
E=E ;5" + Ej076" = E6' + gjpo?o = E;6° + gpriTF.

But 7, being parallel, has constant length, say A (and of course A > 0). So
E = EJ&i 4+ A. Now o, being an integral curve of a parallel vector field, is a
geodesic: that is,

5"+ 1Cre'e’ = 0.

Since Ej, = gyt we obtain
It follows that E = A, that is,
B(0) = 3¢ + B0} + E(yo)

I shall be interested below in the case in which 7 is tangent to the indicatrix
through yo, that is, F(0) = E x(yo)7*(yo) = 0. For such 7

E(t) = 3Xx*+ E(0),  so E(t) > E(0).

The important point to note is that an integral curve of an element of T, if
once tangent to an indicatrix, cannot meet the same indicatrix anywhere else.

For a given point p, consider the linear map ¢ — T,R? by £ € € — £(p).
Its image is a subspace of T,RY and its kernel is just the space of Killing
fields that vanish at p. Let me denote the image space at p by €,. Then £
defines a distribution on R}, whose constituent subspaces are the €,. Since € is
closed under bracket (it is a Lie algebra after all) this distribution is involutive
and therefore integrable by Frobenius’ Theorem: the leaves of the resultant
foliation are the orbits of the integrated action of £. I denote by £, the leaf
of the foliation through p: it is a submanifold of R whose tangent space at p
is €,. The ideal T of £ is also integrable, and its leaves are contained in those
of €. I denote its leaf at p by £,.

Of course if p’ € £, then £, = £,. It is a property of leaves of a foliation
that two leaves are either completely distinct or they coincide.
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I shall show that, provided of course that 7 # {0}, at each point p,
1,8, =% =T,8, =T,

Consider first 7. There is one leaf of the distribution which would pass
through the origin if it could. On any other leaf Ep there is a point at which
it is tangent to an indicatrix: without loss of generality (that is, by choosing
another leaf if necessary) we may take the indicatrix to be Z. It is a point at
which F' takes its minimum value on the leaf. Such a point is unique on the
leaf, by the argument that began this subsection. This will be my choice of
basepoint: I'll call it g, for clarity.

Now R consists of Killing fields which are tangent to indicatrices. That is
to say, R4 is tangent to Z at g, as well as 7,. But ¢, = T, ® R,. It follows
that if Qq is tangent to Z at ¢ then so is £,. Suppose that there were some
¢ € R with £(q) # 0. Let t — p; be its flow, so that ¢t — p.q is the integral
curve of & through ¢g. The integral curve of any Killing field lies in the leaf
of £ through its initial point. It follows that p; maps £, to itself. Moreover,
since [R,T] C T, p+ maps £, to itself. But p;q € Z. That is to say, £, would
be tangent to Z at p.q, and flq likewise. But again, the argument that began
this subsection shows that this cannot hold.

It follows that for all £ € R we must have £(q) = 0. Now £ projects
surjectively onto Tp£,. Since R, = {0}, and 7 has no zeros, it follows that
the kernel of the projection is precisely Ry, and so 7, = T;£,. In particular,
dim7 = dim £, = dim £, for every p. Now 7T consists of Killing fields,
that is, 7 C ¢, whence for every p, 7, C T,£,. But their dimensions are
the same, so in fact 7, = T),£,. In other words, the leaves of the integrable
distribution defined by £ coincide with the leaves of the integrable distribution
defined by 7. Moreover, elements of 7 never vanish, and they commute, so
we can find coordinates z%, a = 1,2,...,dim 7T, such that T is spanned by the
corresponding coordinate fields. However, such coordinates are not necessarily
linear.

In the discussion above I have made no assumptions about the behaviour
of elements of 7 at the origin of R™. The components of elements of T
are 0-homogeneous, and as I have pointed out earlier, a function which is
homogeneous of degree 0 and continuous at 0 is constant. If all elements
of 7 have components which are continuous at the origin then the situation
regarding linearity is much improved, as I show in the next section.

3.4. A SIMPLE EXAMPLE. There is a straightforward situation in which
a Minkowskian space has a non-vanishing Killing algebra: when it is a Rie-



22 M. CRAMPIN

mannian product of Minkowskian spaces one component of which is an Eu-
clidean space. Suppose the second component admits no Killing fields. Then
the Killing algebra of the product is the familiar Lie algebra of infinitesimal
isometries of the Euclidean component, acting in the fibres of the projection
onto the other component. In particular 7 consists of constant vector fields
(vector fields whose components are constant with respect to linear coordi-
nates).

I now consider the converse.

One obvious subspace of T consists of constant vector fields £ which satisfy
§kCijk = 0. I shall suppose that in fact all elements of T take this form. This
occurs if and only if all elements of 7 have components which are continuous
at the origin.

In this case the leaves of the distribution spanned by ¢, equivalently by
T, consist of parallel affine subspaces of R™, including one which contains the
origin (which is of course a vector subspace of R™).

We can choose linear coordinates y*, a = 1,2,...,d, d = dim 7T, and y%,
a=d+1,d+ 2,...,n, so that the leaves of T are given by y® = ¢* for
constants ¢, and the y® are coordinates on each leaf (in particular on the leaf
y® = 0, the one through the origin). In such coordinates the condition that
determines 7T, which is that it consists of constant vector fields that satisfy
ka’ijk = 0, comes down to

39z’j
oy®

ZOZCija, a:1,2,...,d.

Since
Cipp = 99ij _ 39j(€ _ Ogri
oyk oyt oyl’
the condition Cjj, = 0 amounts to the facts that g,; is constant, that is, ggs
and g, are both constant for all @ and o. Moreover, g,z is independent
of y*, in other words is a function of y”? alone. If we make the coordinate
transformation §% = y® + ¢®gpay®, §% = y* (where g%gy = 67), which is
linear because the coefficients ¢?° and g, are constants, we find that o, = gap,
GaB = GaB, and Jeo = 0. This coordinate transformation amounts simply to
a change of origin of the coordinates in each leaf. 1 assume below that this
coordinate transformation has already been made.
Each Killing field £ is tangent to every leaf, that is, is a linear combination
of the vector fields 9/0y®, or again satisfies £* =0, a =d+ 1,d+ 2,...,n.
Recall that for any Killing field
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¢hi = =305 (Cimsli + Comi€l + (Ciji€") m).

Since £€* = 0 this reduces to
G = —%gam (ijbf,bi + Cz‘mbf,bj + (Cijbfb),m)-

But Cjj, = 0 for every a = 1,2,...,d, so ézj = 0, which is to say that £¢ is
an affine function of the y':

€% = R&y' 4+ T for some constants R¢ and T°.

Killing’s equation for & gives gq..Rj + gn.fl; = 0 and gabRg = 0. From the
latter, R = 0. So the Killing fields take the form

&= ngb + 7 for some constants Ry and 7,

where R is skew-symmetric. This is of course the familiar expression from the
Euclidean case, acting in the leaves of the distribution determined by 7. The
Minkowskian space is therefore a Riemannian product of Minkowskian spaces,
one component of which is Fuclidean, the other being undetermined. Assum-
ing that the original Killing algebra is the full Killing algebra of
the Minkowskian space the second component can have no Killing fields
of its own.

3.5. THE MAXIMALLY SYMMETRIC CASE. I consider now the case of an
n-dimensional Minkowskian space for which dim& = $n(n + 1), so that the
Minkowskian space is maximally symmetric. It is well known that a maximally
symmetric Riemannian space is a space of constant curvature: its curvature
tensor takes the form

Rijri = 5(9agjk — 9ikgj1)
for constant . If the manifold is simply connected and geodesically complete
then it is one of the three standard space forms: Euclidean if kK = 0, spherical if
K is positive, hyperbolic if « is negative. Unfortunately R? is not complete, so
we cannot apply this result directly. However, Z is. Moreover, in our context
we have to bear linearity in mind.

However, let us consider the relation above for the whole Minkowskian
space (not just for Z). It is a tensor equation (and k is a scalar) so holds in
the same form in linear coordinates. Clearly, if x = 0 then the space is flat.
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I show that x must be 0. Let X be any vector field orthogonal to A, that is,
tangent to indicatrices. Then

Rijy' X7 Xy = k(gay'y") (g X7 XF).

The left-hand side is zero, since Rijklyl = 0 (recall that the sectional curvature
of any two-plane containing A vanishes). On the other hand, g;y'y' # 0,
gijij # 0. So k = 0. So R;ji; = 0: the space is flat. However, this is not
in general enough to ensure that the space is Euclidean: to establish that it
is, we may appeal to Brickell’s theorem, but to do so we have to assume that
the norm F' is absolutely homogeneous. Thus:

THEOREM 2. A maximally symmetric Minkowskian space whose norm is
absolutely homogeneous is Euclidean.

It is easy to see that dim 7 must be n, in which case the dimension of its
complement R is $n(n — 1). Then R consists of Killing fields of Z, whose
dimension is n — 1, and so it has the maximum possible dimension for the Lie
algebra of such Killing fields.

First, consider 7. Its dimension is n. Every element 7 of T is parallel,
and therefore satisfies R;lej = 0 (see the appendix on parallel vector fields
for the straightforward proof). Since for any p we can choose 7(p) to be any
element of T,RY we must have Ré‘kl = 0: the Riemannian space is flat. Thus:

THEOREM 3. A Minkowskian space whose norm is absolutely homoge-
neous and for which T has maximal dimension is Euclidean.

Secondly, suppose that dimR = %n(n — 1). Then the indicatrix is a
space of positive constant curvature. If the curvature is 1, then provided its
norm is absolutely homogeneous the space is Euclidean, as I pointed out in
Subsection 2.3l However, there seems to be no good reason why the curvature
should be 1. It might be thought that carrying out a rescaling, that is, making
a homothetic transformation, would rescale the curvature: but bearing in mind
that this operation would also change the indicatrix, in fact the curvature
would be unchanged. Likewise, changing to a new indicatrix has no effect. The
problem is that the formula # = k+1, derived from the Gauss equations, holds
only for the indicatrix Z: the corresponding equation for Z, is & = k + r—2.
So what you win on the swings by changing the indicatrix you lose on the
roundabouts. As I discussed earlier (in Subsectionn the problem arises
because one has to consider not just the intrinsic geometry of the indicatrix
but also its relation to the ambient space.



THE KILLING ALGEBRA OF A MINKOWSKIAN SPACE 25

So I shall have to add this condition on the curvature as an extra hypoth-
esis.

THEOREM 4. A Minkowskian space whose norm is absolutely homoge-
neous, for which R has maximal dimension, and for which the sectional cur-
vature of 7 is 1 is Euclidean.

I should like to make an observation about the problem that arises in this
result. It strikes me that what is lacking is a means of bridging the gap between
general geometrical results of the form ‘a compact Riemannian manifold with
such-and-such a property is isometric to a sphere’ and our special case ‘if the
indicatrix has this property then, as a hypersurface in R? it is an Euclidean
sphere’ (or perhaps better ‘it coincides with an Euclidean sphere’). 1 think
of the required result as a counterpart to Brickell’s Theorem: ‘a Minkowskian
space whose indicatrix is isometric to a sphere and ... is Euclidean’ (dots to
be filled in), compared with ‘a Minkowskian space whose curvature vanishes
and whose norm is absolutely homogeneous is Euclidean’.

It is worth pausing here to briefly discuss a possible alternative proof of
Theorem [3] assuming ab initio that the norm is absolutely homogeneous.

I denote the map R? — R? : y — —y by u: it is simply reflection in
the origin. Absolute homogeneity amounts to p*F = F. It follows from this
that p is an isometry of g, and therefore that the Killing algebra is invariant
under p. Moreover, u preserves the semi-direct sum decomposition: p, 7 =T,
<R = R, since evidently p preserves (positive) homogeneity degree. By
direct calculation one finds that for any vector field ¢, (14¢)*(y) = —C'(—y).
For 7 € T, consider the vector field 3(7 — . 7), which also belongs to 7. Its
components are 5(7¢(y) + 7'(—y)) = T'(y) say: and T?(—y) = T'(y). Then
T (tyo) = T"(yo) = T"(—yo) = T"(—tyo) for any fixed yp € RZ, since T is
0-homogeneous. If we set T%(0) to be the common value of lim; .o 7% (tyg) =
limg 0 T%(—tyo) then T(y) is constant on the line ¢ ~ tyo. It appears that
the value of T%(0) might depend on the choice of yo: but it follows from the
continuity of 7% on R” that this cannot be the case. So T%(0) is independent
of yo, which means that 7% is constant. Then TkC,-jk =0.

Notice that u. is an involution, and so its eigenvalues are +1. For affine
Killing fields 7 is the —1 eigenspace of u., R the +1 eigenspace. If the same
is true in general — which seems very plausible — then the argument above
applies directly to every 7 € 7. However, it is not clear to me whether this
holds in general. Of course . T = . (3(7 — pu7)) = =T

The bugbear in all of this is the problem of establishing the linearity of
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coordinates. Of course assuming absolute homogeneity resolves the problem
immediately. Otherwise, there are several, admittedly somewhat artificial,
ways of forcing linearity. One I have used already, in Subsection [3.4} namely
assuming that all elements of 7 are continuous at 0. Indeed, the argument
following from that assumption can be modified to apply to the present sit-
uation, to show that the Minkowskian space is Euclidean. Another is the
observation that for a Killing field £, £:C = 0 if and only if §f§j =0.

Be that as it may, let us consider the case in which ¢ is affine, say & =
T + R;:yj where T' and R are constant. Killling’s equation becomes

(Tk + R{“yl)Cijk + gika + gj]fRi€ =0.
Separating out the terms of homogeneity degree —1 and 0 we obtain
chijk =0, Rfleijk + gikR;? + gijf =0.

In the maximally symmetric case we see that Cj;, = 0, so g;; is constant in lin-
ear coordinates; and gika + giji-C = 0. We obtain this rather straightforward
result.

THEOREM 5. If a Minkowskian space is maximally symmetric and its
Killing algebra consists of affine vector fields then it is FEuclidean.

It is noteworthy, if not entirely unexpected, that of the two subalgebras it
is 7 provides the most direct approach. That being so, there is an obvious
challenge, to invoke only the properties of R. So I now consider the linear
case for R. Somewhat surprisingly, perhaps, one doesn’t have to explicitly
mention R, since linear vector fields ¢ that satisfy {(EF) = 0 are Killing, as I
showed in Subsection I shall prove the following theorem.

THEOREM 6. Ifin an n-dimensional Minkowskian space the space of linear
vector fields & that satisfy {(E) = 0 is of dimension in(n — 1) then the
Minkowskian space is FEuclidean.

I shall suggest two different ways of proving this: the first picks up a point
made earlier, the second introduces an idea that I will use later. Despite the
remarks made earlier, both proofs depend on the fact that dimR = %n(n— 1).

Proof. The first proof uses the following fact derived in Subsection [3.1
For a linear vector field £ € R, with ¢ = Ré-yj, such that {(p) = 0, where R is
given by R(u) = v, R(v) = —u for an orthonormal pair of vectors u and v, and
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R(w) = 0 for w orthogonal to v and v, C), vanishes on the two-dimensional
subspace spanned by w and v. In particular, Cp(u,u,u) = Cpy(v,v,v) = 0.

I apply this result to all £ € R such that (p) = 0 (with dim R = in(n—1)).
The map R — T,Z by & — £(p) is surjective, and its kernel, which is of
dimension 3n(n—1)—(n—1) = 1(n—1)(n—2), consists of all (n—1) x (n—1)
skew-symmetric matrices, acting in T,Z. So the result above holds for any
orthonormal pair of vectors. It follows that Cp(u,u,u) = 0 for any w. Since
C) is completely symmetric, this is enough to ensure that C, = 0. This holds

for every p, so C' =0. 1

Here is my second proof.

Proof. 1 pointed out in Subsection that the metric volume form €2 on
R? defined by the Minkowskian Riemannian structure satisfies £¢£2 = 0 for
any Killing field £. I shall actually be interested in the induced volume form
w on Z, which is given by

w = 1AL

Then
,ng = L[&A]Q + LA(,CSQ) = L[é’A}Q.

For £ € R, [§,A] = =LA = 0. So for such §, Lew = 0.
Consider the averaged metric § on R? defined by

Jij :/gijw-
T

(In the integral g;; is to be treated simply as a function on Z. Strictly speaking,
to obtain an average one should divide by the volume of Z: but this is just
a positive constant, and so can safely be ignored.) g is clearly a type (0,2)
linear tensor, which defines a positive-definite symmetric bilinear form whose
components with respect to linear coordinates are constant: that is, it is an
Euclidean metric on R™.

For any diffeomorphism ¢ of Z,

/<Z>*(9ijw)=/ gijw:/gijw-
T #(T) T

Using this formula with ¢ the flow of any vector field £ tangent to Z, by
differentiation we obtain

/I'C&(gij w) = 0.
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Suppose that £ € R

0= /Iﬁﬁ(gij w) Z/Ié(gij)w = /Iﬁkcijkw = —/I(gikﬁ,kﬁrgjkﬁ,’?)w

Finally, suppose that ¢ € R is linear, say & = R;-yj with R; constant:

0= /(QikR? + ginRY) w = g RE + g RY.
T

That is to say, R is skew-symmetric with respect to the constant metric g. So
the linear vector field £ is a Killing field of an Euclidean metric on R? as well
as the original Minkowskian one. In the case when its dimension is %n(n —1),
therefore, R coincides with so(n).

We can identify Z with an Euclidean hypersphere of suitable radius as
follows. Consider the function x(y) = g;;jy'y’ on Z. With £ tangent to Z
where £ = R;-yj we have

£(x) = 20 Ry’ y* = 0

since R is skew-symmetric. That is to say, x is constant on Z. But x(p) is
just the Euclidean distance of p € Z from the origin, up to a linear coordinate
transformation. That is, all points of Z are at the same Fuclidean distance
from the origin, in other words Z is an Euclidean hypersphere. |

This second proof is the infinitesimal version of an argument I used in [2].
What makes this style of argument so appealing is that it establishes that
for any Minkowskian space, the subalgebra of the Killing algebra consisting
of the linear vector fields tangent to Z can be identified with so(k) where k
is its dimension. Moreover, it bridges the gap between general results and
results specific to Minkowskian spaces that I mentioned earlier (immediately
after the proof of Theorem 4)).

3.6. A SOMEWHAT MORE SOPHISTICATED EXAMPLE. The analysis of the
simple example in Subsection 3.4 ended with an unspoken question: what hap-
pens if the undetermined component has Killing fields of its own. I shall now
discuss a case which, while certainly not answering this question completely,
may throw some light on it — as well as being interesting in its own right.

It concerns essentially what in the Finslerian context would be called an
(a1, a9) space. It is assumed that we are given a pair of complementary
orthogonal subspaces of R™ of dimensions k and n — k, with 1 < k <n — 1.
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In other words, we write R” as R¥ @ R* %, with linear coordinates y®, a =
1,2,...,k on the first component, z%, o =1,2,...,n — k on the second. Each
of the two subspaces is to be regarded as an Euclidean space, by restriction of
the standard Euclidean metric to it. We may assume that the coordinates are
chosen so that the two Euclidean metrics take the form d4, and d,5. Suppose
that we are given a function f of two variables, say f(u,v), which is smooth on
an open subset of R? — {0} containing the quadrant u > 0,v > 0, is positive,
and is homogeneous of degree 1. Define a function £ on R? by

E(yz) = E(y*,y*) = f(%dabyayb, %5a52azﬁ).

Then provided it is strictly convex, which requires that f satisfies some
complicated conditions that I won’t go into, E is the energy function of a
Minkowskian space. (In fact the Minkowski norm v/2F is absolutely homo-
geneous.) I denote by g the metric defined by E in the usual way. It is not
necessarily the case that the component subspaces R and R"* are orthog-
onal with respect to g (even though they are with respect to the Euclidean
metric). In other words, the cross terms gq, of the metric need not vanish: and
unlike on previous occasions, we cannot linearly transform them away because
in order to preserve the underlying structure we may not use transformations
that mix the y* and the 2.

The discussion is concerned with the Lie algebra of linear vector fields on
R” which are tangent to Z, the indicatrix of g. It is a subalgebra of R for this
space: shall denote it by LR.

It is easy to see that if u is a Killing field of the Euclidean structure on
R* then it is also a Killing field of g: in fact u is a linear vector field, which
satisfies u(E) = 0 because u(dqy®y®) = 0. So u € LR. The same holds for
the Killing fields of the Euclidean structure on R"~*. By the averaged metric
trick,

so(k) ®so(n—k) C LR C so(n).

Moreover, LR = so(n) if and only if the space is Euclidean. Now so(k) &
so(n — k) is maximal as a subalgebra of so(n): that is to say, there is no
proper subalgebra of so(n) which properly contains so(k) @ so(n — k). So if
LR # s0(k) @ so(n — k) — in other words, if there is an element of LR which
is not a linear combination of the individual Killing fields of its component
parts — then LR = so(n), and the space is Euclidean. Conversely, if the space
is not Euclidean LR = so(k) & so(n — k).
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It is easy to see that the metric components g, of F are given by

Gaa = f,uvéabyb(saﬁzﬁ~

For this to vanish we must have f,, = 0, that is, f(u,v) = p(u) + ¢q(v) for
some functions p and ¢ of a single variable, each homogeneous fo degree 1.
But then p(u) = up(1), ¢(v) = vq(1), so that f(u,v) = au + bv for constants
a and b, and the space is clearly Euclidean. If f,, # 0, so that g, # 0, the
two Euclidean subspaces R* and R"* are not orthogonal with respect to g,
and LR = so(k) @ so(n — k).

(For more information about (a1, ) spaces consult Deng and Xu [4], the
paper in which the concept, in the Finslerian setting, was first introduced.
The conditions for F to be strictly convex are given there. The result above
is essentially the Killing algebra version of Lemma 3.4 of the paper of Deng
and Xu. It is a particular case of a situation discussed at length by Xu and
Matveev in [7].)

4. CONCLUDING REMARKS

One could regard the results of this investigation as reassuring, since none
of them is very unexpected. But equally, for the same reason, one could regard
the results of this investigation as boring. For the interesting features one has
to look a little deeper.

One interesting feature is the fact that the expression of ¢ as the vector
space direct sum of its differently homogeneous parts, 7 and R, directly re-
veals its Lie algebraic semi-direct sum structure, which is highly satisfactory.
The identification of T as parallel vector fields and R as Killing fields of the
induced metric on Z is also illuminating. Of course the results obtained here
are dependent on the special properties of the Minkowskian nature of the
space.

Another interesting, and challenging, feature is what a difference assuming
that elements of R are linear makes. You have to assume less and you get
more: every linear vector field on 7 is a Killing field; and it can be established
directly that if the dimension of R is %n(n — 1) the Minkowskian space is
Fuclidean without it being necessary to assume that its norm is absolutely
homogeneous.

Optimists believe that Brickell’s Theorem holds without the extra proviso
of absolute homogeneity: but nothing in this enquiry suggests that this is likely
to be true. It strikes me, indeed, that it would be worth investing effort in
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studying absolutely homogeneous Minkowskian spaces as objects of interest
in their own right.

A. PARALLEL VECTOR FIELDS

This appendix is about the properties of parallel vector fields on Rie-
mannian spaces in general, that is, it doesn’t appeal at all to facts about
Minkowskian spaces. I shall use P denote the vector space of parallel vector
fields, on a Riemannian manifold M with metric g. A vector field U is par-
allel if and only if VU = 0, that is, V,U = 0 for all vectors v (where V is
the covariant differentiation operator of the Levi-Civita connection). P is a
(finite-dimensional) vector space. At each point p, P, is a subspace of T, M,
of dimension equal to the dimension of P, and this assignment to each p of a
subspace of T, M is a distribution.

For U,V € P, [U,V] =0, since [U,V] = VyV — VyU. It follows that the
distribution generated from P is involutive.

For U € P and any vector field Z on M, [U,Z] = LyZ = VyZ.

For U € P, Lyg = 0, since for all vector fields X,Y

=Vyg(X,Y)=0.
For all vector fields Z and for VW € P, Z(g(V,W)) = 0, since
Z(g(V,W)) = g(VzV,W) +g(V,VzW) = 0.

In particular elements of P have constant length.

The integral curves of U € P are affinely parametrised geodesics, since if
VU = 0 then in particular VyU = 0.

For U € P and for any vector fields X,Y, R(X,Y)U = 0 where R is the
curvature tensor, since

R(X,Y)U = VxVyU — VyVxU — Vix yU = 0.

I denote by P+ the distribution on M consisting of vector fields orthogonal
to P.
For Y € P+ and any X, VxY € P, since for U € P

0= X(g(U,Y)) = g(VxU,Y) +g(U,VxY) = g(U,VxY).
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The distribution P+ is involutive: this follows immediately from the pre-
vious result.

Since P and Pt are complementary and both involutive there are local
coordinates on M such that pointwise

0
P is the span of —, a=1,2,...,r
ox?

Pt is the span of i, a=r+1,r+2,...,n.
ozr™
Then g,q = 0 by definition, and g, is constant because Z(g(V,W)) = 0 for
all vector fields Z and for V,WW € P. From the fact that VxY € P+ when
Y € Pt we have

V9,00 = l“glaj e pt, i,j € {a,a};

in particular
ab 89@5 )
Oxb

aaﬁ :0: —%g

That is to say, gog is independent of the z¢.

It follows that locally M is the Riemannian product of a flat space of
dimension r with local coordinates {z®} and constant metric gq;, and a Rie-
mannian space of dimension n — r with local coordinates {z®} and metric
gap(x7). The parallel vector fields are the constant vector fields on the first
component (the vector fields which have constant coefficients with respect to
the coordinate vector fields 9,).

It is instructive to investigate the full Killing algebra of M, though its
relationship with that of a Minkowskian Riemannian space is not entirely
clear (the special coordinates invoked above need not of course be linear in
the Minkowskian case). Killing’s equation reads

0gij o¢* ok
kO9ij o5 , _
'3 Dk + Gik 907 + gjk B 0.

Remembering that the g,; are constants, and g, = 0, we have the following
cases:

o 850 aé-c N
1) = ab gacw + gbcaxa - 07
g o ok
g 99ap %3 o¢g”
— 2 - — =
ij=ab & ox" +ga78x5 + 987 e — 0-
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It is clear that the parallel fields, for which £ is constant and &% = 0, satisfy
these equations. Imposing the equivalent of the condition that 7 is an ideal
in ¢ simplifies things somewhat: by that condition I mean in effect that

0 a0 (0
0z’ > Oxt oz [’

that is, that

&~
=0
0x?
From the case ij = aa we see that
o0&
=0
ox®

So the equations break into separate non-interacting parts: the first says that
0¢%/0x is a component of a skew-symmetric matrix; the last that £*9/0z®
satisfies Killing’s equation for g,g. If the Riemannian space is derived from
a Minkowski norm, and the coordinates are linear, we get back a slightly
enhanced version of the simple example in Subsection

For further information about parallel vector fields and 1-forms see [5].

DiscLAIMER. Al has not been used in the preparation of this paper,
otherwise than in the form of summaries of the results of Google searches.
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