Article in press
Available online October 9, 2026

EXTRACTA MATHEMATICAE

Groupoid homology and classifying-space
homology are not isomorphic

LUCIANO MELODIA®

Department of Mathematics, Friedrich-Alezander-Universitiat Erlangen-Niirnberg
Cauerstrafie 11, 91058 Erlangen, Germany

luciano.melodia@fau.de

Received May 25, 2026 Presented by Noelia Rizo
Accepted September 17, 2026

Abstract: For an ample groupoid G, Matui-type groupoid homology He(G;Z) is built from the nerve
Ge via the Moore complex of compactly supported locally constant chains C.(Gn,Z), with differ-
ential the alternating sum of pushforwards along the face maps. For a discrete group the theory
agrees with the singular homology of the classifying space. For a totally disconnected locally com-
pact Hausdorff space, viewed as a groupoid of units, it computes compactly supported cohomology
instead, which is not a homotopy invariant. We make the resulting discrepancy explicit: for the
unit groupoid on the Cantor set X we compute Ho(G;Z) = C(X,Z), a countable group, whereas
H(S)mg(Bg;Z) = P, cx Z has cardinality 280, Cardinality alone separates the two groups, and it
separates them in degree 0 already. In every positive degree they agree for this groupoid.

Key words: ample groupoid, étale groupoid, groupoid homology, classifying space, singular homol-
ogy, Cantor set.
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1. INTRODUCTION AND STATEMENT

A groupoid gives rise to two homotopy-theoretic invariants, both built
from the same nerve G,, yet with opposite variance in the chain data. On
the one hand, Matui-type groupoid homology He(G;Z) is the homology of
the Moore complex (Definition of compactly supported locally constant
Z-valued functions on the nerve, the differential being the alternating sum of
fiberwise-sum pushforwards along the face maps. The theory goes back to
Crainic and Moerdijk [2 Section 3] and was recast for ample groupoids by
Matui [5, Definition 3.1] and recalled in [3, Section 4]. On the other hand,
the geometric realization of Ge is the classifying space BG, whose singular
homology He "(BG;Z) records its homotopy type.
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2 L. MELODIA

For a discrete group I', regarded as a groupoid with a single unit, the
two invariants agree: groupoid homology is then group homology [2, 3.5(1)],
and group homology is the singular homology of the classifying space BT’
[1, Chapter II, p. 36]. One might be tempted to expect the same for every
ample groupoid. Groups sit at one end of that class, and what happens at
the other end argues against it. A totally disconnected locally compact Haus-
dorff space X, regarded as a groupoid consisting of units only, has groupoid
homology H,(X;Z) = H;™(X;Z), the cohomology with compact supports
placed in negative degrees [2, 3.5(3)]. In particular Hy(X;Z) = C.(X,Z) and
H,(X;Z) =0 for n > 1, as stated for zero-dimensional spaces in [3, Propo-
sition 4.4]. Compactly supported cohomology is not a homotopy invariant,
so for a space there is no reason for the two theories to agree. Any claim of
agreement across the whole class has to account for both ends of it, groups
and spaces. We work out the second.

Degree 0 already separates the two theories. Groupoid homology records
there the locally constant integer-valued functions on the unit space, singular
homology the path components. On a totally disconnected unit space these
two pieces of data are incomparable, and the following proposition turns the
gap between them into an unconditional non-isomorphism, by cardinality.

PROPOSITION 1.1. Let X := {0,1} be the Cantor set and let G := (X =
X) be the unit groupoid. Then

Hy(G;Z) = C(X,Z), H,(G;Z)=0 for all n > 1, (1.1)
whereas .
Hy"8(BG;Z) = (P Z. (1.2)
zeX

The first group is countable and the last has cardinality 2% In particular
Hy(G;Z) # Hy"*(BG; Z).

All notions entering Proposition [1.1] are defined in the body of the note:
the unit groupoid in Examples groupoid homology H,(G;Z) in Definition
the classifying space BG and singular homology H,"® in and
the direct sum €, y Z in Definition The groupoid homology of a space is
not computed here for the first time. It appears as [3, Proposition 4.4] and is
contained in [2, 3.5(3)]. We give the elementary proof because the comparison
with the classifying space is the point of this note, and that comparison needs
both sides in one explicit model.
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defines étale and ample groupoids, the nerve, the pushforward
of compactly supported locally constant functions, and groupoid homology.
computes H,(G;Z) for the Cantor unit groupoid. identiﬁes
BG with X and computes HSmg. separates the two groups by
cardinality and completes the proof of Proposition [1.1

2. GROUPOID HOMOLOGY VIA PUSHFORWARD
AND THE MOORE COMPLEX

This section supplies the definitions used in Proposition [1.1], in the order
in which they build on one another: groupoids, étale and ample groupoids,
the nerve, the fiberwise-sum pushforward, and the Moore complex, whose
homology is groupoid homology. Functoriality of the pushforward under local
homeomorphisms (Lemma is what makes the differential square to zero.

GRUPOIDS AND THE NERVE

DEFINITION 2.1. A groupoid G is a small category all of whose morphisms
are invertible. We identify G with its set of morphisms, called arrows, and its
objects with the units, the identity morphisms Q(O) C G. We write r,s: G —
G for the maps assigning to an arrow the unit at its target and at its
source, G = {(v,n) € G x G : s(y) = r(n)} for the set of composable
pairs, (y,n) — yn for composition and ~ + y~! for inversion. A topological
groupoid is a groupoid G equipped with a topology for which composition
G®@ — G and inversion G — G are continuous, where G(?) carries the subspace
topology of G x G and G that of G.

In a topological groupoid the maps r and s are continuous, since r(y) =
vy~ ! and s(y) = v~ 17, and inversion is a homeomorphism, being a continuous
involution.

DEFINITION 2.2. An étale groupoid is a topological groupoid G whose
topology is locally compact and Hausdorff and whose range map r: G — G(©)
is a local homeomorphism: every v € G has an open neighborhood U C G
such that 7(U) is open in G and 7|y: U — 7(U) is a homeomorphism. A
bisection of an étale groupoid is an open set U C G such that r|y and s|y
are homeomorphisms onto open subsets of G(0). An étale groupoid is ample
if G has a basis of compact open sets.

Since s = r o (-)~! and inversion is a homeomorphism, the source map
of an étale groupoid is a local homeomorphism as well. Every arrow of an
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étale groupoid lies in a bisection: intersect an open neighborhood on which
r restricts to a homeomorphism onto an open set with one on which s does.
On the open intersection both restrictions remain injective, continuous and
open onto their open images. The convention for étale groupoids is that of [5,
Section 2]. For ample groupoids compare [3, Section 2.1], where a groupoid is
called ample if it is étale with zero-dimensional unit space, equivalently if it
has a basis of compact open bisections.

ExAMPLES 2.3. (a) A discrete group I' is an ample groupoid: all elements
are arrows, the only unit is the neutral element, r and s are constant, and the
topology is discrete.

(b) Every locally compact Hausdorff space X is a topological groupoid
with 6 = GO0 = X, r = s = idx and zz = z for all z € X, the unit groupoid
X = X. It is étale, and it is ample exactly if X has a basis of compact open
sets. The Cantor set {0, 1}N has such a basis, given by the sets of sequences
with prescribed first n coordinates, so the unit groupoid of Proposition (1.1
is ample.

(¢) The unit groupoid of the real line R is étale but not ample, since R
has no nonempty compact open subset.

For n > 0 set [n] :== {0,1,...,n}. A map 6: [m] — [n] is monotone if
0(i) < 0(j) whenever i < j. For n > 1 and 0 < i < n, the i-th coface
o": [n — 1] — [n] is the unique monotone injection whose image omits i.
Explicitly, 67 (k) = k for k < i and ¢}*(k) = k + 1 for k > 1.

LEMMA 2.4. Forn > 2 and 0 < i < j <n one has
87 o bt =61 087 ). (2.1)

Proof. Composites of monotone injections are monotone injections, and
a monotone injection is determined by its image, so it suffices to compare
images. Since 07 (i) =i for i < j, the left-hand side has image

5;‘([n —1]\ {z}) = ([n] \ {j}) \ {7} 47 injective

o (2.2)
= [n]\ {i, 7}
Since 6}'(j — 1) = j for j — 1 > 4, the right-hand side has image
o ([n—1\{5 —1}) = (D] \ {i}) \ {5} & injective (2.3)

=[]\ {4, 7}

as well. 1
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DEFINITION 2.5. A simplicial space Lo is a family (Ly,)n>0 of topological
spaces together with a continuous map 6*: L,, — L,, for every monotone
0: [m] — [n], such that (idp,)* = idg,, for all n > 0 and (00 6')* = 6" 0 6* for
all monotone ': [I] — [m] and 0: [m] — [n]. A morphism of simplicial spaces
fo: Le — L is a family of continuous maps f,: L, — L] with f,, o 0* =
0* o f,, for every monotone 6: [m] — [n]. It is an isomorphism if every f, is a
homeomorphism.

If every f,, is a homeomorphism, the family (£, 1),>¢ is again a morphism,
since f,, 00* = 0% o f,, gives 0* o f,/1 = 1 06*. An isomorphism of simplicial
spaces has an inverse morphism.

DEFINITION 2.6. Let G be a topological groupoid with unit space X =
G, Set Go:=X and, forn > 1,

Gn={(7,....m) €G" : s(i) =r(yiy1) for 1 <i <n-—1}, (2.4)

with the subspace topology of G". For g = (71,...,7) € G, define units
xo(g) = r(y1) and zp(g) = s(y) for 1 < k < n. For g = = € Gy set
zo(g) =z. For 0 < a < b < n write Y45 = Yat1Var2 - W € G for a < b, and
Ya,a = Za(g). The product is well defined by associativity, and induction on
b — a, respectively ¢ — b, from associativity and the unit laws gives

T(’Ya,b) = ma(g)7 3<7a,b) = xb(g), Ya,b Vb,c = Va,c fora <b<ec. (2-5)
The nerve of G is the family Go = (G),)n>0 with the structure maps
0°: Gn = Gm,  0°(9) = (V00),601): V0(1,6(2)+ - - - » Vo(m—1),00m))  (2.6)

for monotone 6: [m] — [n] with m > 1, and 6*(g) = 7g(0)(g) for m = 0. The

string 0*(g) is composable since s(vg(j—1),0(j)) = Za(j)(9) = T(Va(j),6(j+1))- For
n >1and 0 <1i < n the i-th face map is d; :== (6]")*: G, = Gn—1.

Unwinding the definition: for n > 2,

(727"'a7n)a i =0,
di(fylv"‘77n): (71)"'772'/%%-17"‘7771)) O</L<n7 (27)
(717"'7'771—1)7 i:n7

while for n = 1 the two face maps are dy = s and d; = r: G, =G — Gy = G,
The map 6* for the monotone surjection [n + 1] — [n] that takes the value i
twice inserts the unit x;(g) after the i-th entry. These maps are the degeneracy
maps s;: Gp — Gpy1 for 0 < i < n.
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LEMMA 2.7. For every topological groupoid G the nerve G, is a simplicial
space, and for allm > 2 and 0 <1 < j <mn,

dz’ o dj = dj—l o dZ Qn — gn_g. (28)

Proof. e CONTINUITY OF 6*. For 1 < k < n the iterated multiplica-
tion pg: Gy — G with pg(v1,...,7%) == 71+ is continuous by induction
on k: the map pq is the inclusion G; = G, and g — (uk_l(vl, . 7')’k—1)7’7k)
is a continuous map into G?), because s(y1 - Yp—1) = s(Vh—1) = 7(7x), SO
composing with the continuous multiplication G — G gives p;. Every com-
ponent of 6* is a i applied to a subtuple of consecutive entries, or a unit
za(9) € {r(Ya+1), $(7a)}, or, for n = 0, the point g itself, hence continuous. A
map into the subspace G,, C G™ is continuous as soon as its components are.

e FUNCTORIALITY. One has (idj,))* = id since yx—1% = Y- Let 0': [I] —
[m] and 0: [m] — [n] be monotone, g € G, and h := 0*(g). The units of h are
wx(h) = o) (g9): for m = 0 this reads xo(h) = h = xg(y)(g) by definition, and
for m > 1 one has zo(h) = r(7(0),61)) = Z6(0)(9) and xx(h) = s(Yor—1).0(k)) =
To(ry(g) for 1 <k < m. Writing 7, for the partial products formed from h,
the identity ¥4 5Vp,c = Va,c telescopes to

Nab = V6(a),0(a+1) """ Vob-1).00) by (2.6)
= Y0(a),0()> by (2.5)

including the case a = b, where 14,0 = Z4(h) = %o(4)(9) = V6(a),6(a)- Hence

0/*(9*(9)) = (ne’(]—l),e’(]))lsjgl by "

(2.9)

= (799’(j—1),99’(j))1§j§l by " (210)
= (000)(9), by (2.6)

and for | = 0 likewise 0™ (h) = xg/(0)(h) = Tger(0)(9) = (0 0 0')*(g).
e FACE IDENTITY. By functoriality and Lemma [2.4

diodj = (67067 ")* by
= (67007 1)" by (2.11)
=dj_10d;, by
which is . |
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LEMMA 2.8. Let G be an ample groupoid. Then:

1. for every n > 0 the space G, is locally compact, Hausdorff and totally
disconnected;

2. for every n > 1 and 0 < i < n the face map d;: G, — G,_1 Iis a local
homeomorphism.

Proof. e G HAS A BASIS OF COMPACT OPEN SETS. Let v € G and let
Q) C G be an open neighborhood of 7v. Choose an open U C ) with v € U such
that 7|y is a homeomorphism onto the open set 7(U) € G(© (Definition [2.2)).
Since G is ample, there is a compact open V C GO with r(y) e VCr(U).
Then (r|y) (V) is a compact open neighborhood of v contained in Q.

e § IS TOTALLY DISCONNECTED. Let v # nin G. As G is Hausdorff,
there is an open 2 > v with n ¢ Q, and inside it a compact open A with
v € A C Q. Compact subsets of Hausdorff spaces are closed, so A is clopen.
Every S C G containing « and 7 is disconnected by S N A and S\ A, so the
connected components of G are singletons.

e THE SPACES G,. The product G" is locally compact Hausdorff, being a
finite product of such spaces, and totally disconnected, since the components
of a product are the products of components. The subset G,, C G" is closed: it
is the intersection of the sets {g € G" : s(vi) = r(yi41)} for 1 <i <mn—1, each
the preimage of the closed diagonal of G0 x GO ynder the continuous map
g+ (s(7i),7(7i+1))- A closed subspace of a locally compact Hausdorff space
is locally compact Hausdorff, and every subspace of a totally disconnected
space is totally disconnected. The space Gy = G\ is a subspace of G, hence
Hausdorff and totally disconnected, and it is locally compact because it has a
basis of compact open sets.

e OUTER FACES. For n = 1, dy = s and di = r are local homeo-
morphisms by Definition and the paragraph following it. Let n > 2
and ¢ = (71,...,7%) € Gn, and choose a bisection U > =;. Then U =
(U x G"1)N G, is an open neighborhood of g and V := {(n1,...,7n—1) €
Gn-1 : r(m) € s(U)} is open in G,—1. The map ¥:V — U given by
V(.. mn—1) = ((slo)" (r(m)),m,...,mn—1) is well defined and contin-
uous, and do(U) C V because r(y2) = s(71) € s(U). Moreover dy o ¢ = idy,
and 1 o dy|yy = idy since s|y is injective and v, € U. Hence dply: U — V is
a homeomorphism onto an open set, so dy is a local homeomorphism. The
face d, is treated symmetrically, with a bisection U’ > ~, and the entry

(rly) "1 (s(nn-1)) appended.
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e INNER FACES. Let n > 2 and 0 < ¢ < n, and choose bisections U > ~;
and V' 3 v;11. On the open set 7~ 1(r(U)) C G define the continuous maps
AC) = (r|lv) t(r(¢)) € U and ®(¢) = A(¢)7!¢, the latter defined since
s(AO)™H) = r(A(Q) = 7(¢). Set UV := ®~1(V), an open subset of G. Every
¢ € UV factors as ¢ = A(¢) ®(¢) with A(¢) € U and ®(¢) € V, since

MO AT = (MOXMCQ) ™M) ¢  associativity
=7(¢)¢ r(A(Q) =1(C) (2.12)

=, unit law

and the factorization into an element of U times an element of V is unique:
¢ =ynwithy € U and n € V forces r(y) = r({), hence v = A({) by injectivity
of 7|y, and then n = y71¢ = ®(¢). Now U := (G x U x V x g=i=1)ng,
is an open neighborhood of g, and V := {(n1,...,Mn—1) € Gn—1 : 7 € UV} is
open in G,_1. For h = (n1,...,m,—1) € V the string

Y(h) = (1, e 1, A1) R(03)s it 15+ -+ 5 M1) (2.13)

is composable, since s(r;1) = r(m) = r(A(m), s(A@) = r(An) ) =
r(®(n;)) and s(®(1;)) = s(ni) = r(ni+1), the first condition being vacu-
ous for ¢ = 1 and the last for ¢ = n — 1, and v is continuous. Then
di(U) C V, because A(Yivi+1) = v and @(v¥it1) = ¥, YiYit1 = Yis1 € V.
The same computation gives ¥ o d;|y = idy, and d; o ¢ = idy by the fac-
torization A(n;) ®(n;) = ;. Hence d;|yy: U — V is a homeomorphism onto
an open set. [

PUSHFORWARD

The chains of the Moore complex are compactly supported locally constant
functions, and its differential moves them along the face maps. We now define
that operation and establish its basic properties.

DEFINITION 2.9. Let Y be locally compact Hausdorff and totally discon-
nected. Set

C.(Y,Z) ={f:Y = Z : flocally constant, supp(f) compact}. (2.14)

Since f is locally constant and Z is discrete, {f # 0} = f~(Z\ {0}) is clopen,
so supp(f) = {f # 0} is a compact open subset of Y.
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If Z is locally compact Hausdorff and totally disconnected, p: ¥ — Z is a
local homeomorphism and f € C.(Y,Z), define p,f: Z — Z by

PN = Y fl). (2.15)

yEP~L(2)

The sum is finite: p~!(z) is closed (as Z is Hausdorff and p continuous) and
discrete (as p is a local homeomorphism), so supp(f) N p~!(z) is a compact
discrete set, hence finite, and only its points contribute.

LEMMA 2.10. Let Y, Z and W be locally compact Hausdorff and totally
disconnected, and let p: Y — Z be a local homeomorphism. Then:

1. puf € Co(Z,Z) for every f € C.(Y,Z),
2. if q: Z — W is a local homeomorphism, then (q o p)s« = qx Px,
3. if p is a homeomorphism, then p, = (p~')*, the pullback f + fop~L.

Proof. Fix f € C.(Y,Z) and put K := supp(f), a compact open set with
flnx =0.

e LOCAL CONSTANCY OF p,f. Fix z € Z and enumerate the (finite) fiber
of the support,

Knp™(2) ={y1,....4m}, m=>0. (2.16)

Because p is a local homeomorphism, f is locally constant, and Y is Hausdorff,
we may choose pairwise disjoint open sets Vi,...,V,, with y; € V; such that
for each j the restriction p\vj : Vj = p(Vj) is a homeomorphism onto an open
set and f|y;, = f(y;). Indeed, a local-homeomorphism chart at y; gives the
first condition on a neighborhood, intersecting with the clopen set on which
f is constantly f(y;) gives the second, and Hausdorffness lets us shrink the
finitely many V; to be disjoint. Set K’ := K \ (V1 U---UV,,). This is closed
in K, hence compact, and contains no point of p~!(z), since every point of K
over z is some y; € Vj. Thus z ¢ p(K'), and p(K') is compact, hence closed
in Z. Consequently

W= (2 \p(E") 0 () p(V)) (2.17)
j=1

is an open neighborhood of z (each p(Vj) > z is open, and for m = 0 the empty
intersection is read as Z). We claim p,f = (p«f)(z) on W’. Fix 2/ € W’. For
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each j, since 2’ € p(V;) and ply, is bijective onto p(Vj), there is a unique
y; € Vj with p(y;) = 2/, and f(y;) = f(y;). The y; are distinct as the V; are
disjoint. Every y € p~1(2’) with f(y) # 0 lies in K, and since 2’ ¢ p(K') it
cannot lie in K’, so it lies in some V; and hence equals y;. Therefore

(p-N)(Z)=" > fly) by @15

yep~i(z’)

m
Z W) the nonzero terms sit at the
(2.18)

<.
Il
-

I
NE

f(y;) fW;) = f(yy)
p«f)(2) by

As z € Z was arbitrary, p.f is locally constant.

e COMPACT SUPPORT OF p,f. If 2 ¢ p(K), then p~1(2) N K = & and
(p<f)(2) =0, s0 {p.f # 0} C p(K). Since p(K) is compact, hence closed, we
get supp(p«f) C p(K), so supp(p.f) is compact. With local constancy this
gives p.f € C.(Z,7Z).

e FUNCTORIALITY. Let gq: Z — W be a local homeomorphism. Then
g o p is a local homeomorphism (shrink a chart of p at each point until its
image lies inside a chart of ¢), so (¢ o p). is defined. Fix w € W. The
fibers {p_l(z)}zeq_l(w) partition (g o p)~'(w) = p~' (¢~ (w)), and K N (g o
p)~!(w) is finite by the argument of Definition applied to g op. Hence the
rearrangement

Il
—

—~ <.

((qop)S)w)= > [ by (2.15)

- S f(y)  partition of (o p)}(w)

ze€q—H(w) yep~1(z) (2.19)
= > ) by

zeq—H(w)
= (g:(p+1)) (w) by

is a finite reindexing, valid termwise. Thus (g o p). = ¢« ps.
e HOMEOMORPHISMS. If p is a homeomorphism, p~!(z) is the singleton

{p7'(2)}, 50 (0 f)(2) = f(p~1(2)) = (07 1)*f)(2). Thus p. = (p~1)*. N
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THE MOORE COMPLEX

DEFINITION 2.11. Let G be an ample groupoid. By part [I] of Lemma [2.8
each G, is locally compact Hausdorff and totally disconnected, so Definition
applies to it, and by part [2] of Lemma [2.8] and part [1] of Lemma [2.10] each
face map induces a pushforward (d;)«: Ce(Gpn,Z) — Cc(Gn—1,Z). The Moore
complex of G is

Cn(G;Z) = Ce(Gn, Z), (2.20)

0 = 3 (1) (d): ColG:Z) = Cus(G:Z) (> 1), =0,
=0

where C_1(G;Z) = 0.

In words, the Moore complex is the unnormalized chain complex of the sim-
plicial abelian group n — C.(G,,Z): its groups are the compactly supported
locally constant chains on the nerve, and its differential is the alternating sum
of the face pushforwards.

LEMMA 2.12. For every ample groupoid G and every n > 1 one has 0,,_1 0
0, = 0. In particular, the Moore complex is a chain complex.

Proof. For n = 1 this holds because dy = 0, so let n > 2. Functoriality
(part [2 of Lemma turns each composite of face pushforwards into the
pushforward of a composite, and the face identity governs those com-
posites. Concretely,

On—10n = Z (_1)i+j(d’) (dj)- by (2.20),
. (2.21)
= (=1)"M(d; o dj)« by part [2] of Lemma [2.10
=0 j=0

Split the index set into ¢ < j and 4 > j. On the first block d;od; = dj_10d;
by (2.8]), so reindexing by (a,b) := (i,j — 1) rewrites it as

- Y (=) dyoda)a (2.22)

0<a<b<n—1
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The second block is exactly
+ > (=1)"(dyoda)s (2.23)
0<a<b<n—1

The two cancel, so 0,19, = 0. 1

DEFINITION 2.13. The groupoid homology of an ample groupoid G is

ker(0y,)

Hn(g’ Z) = 1m(an+1) 9

n>0, (2.24)

the homology of its Moore complex.

For ample groupoids this is the homology introduced by Matui [5, Defini-
tion 3.1]. It reframes, for ample groupoids, the compactly supported homology
theory of Crainic and Moerdijk [2, Section 3|, as explained in [3, Section 4].

3. THE CANTOR UNIT GROUPOID AND MOORE HOMOLOGY

Throughout this section X = {0, 1} carries the product topology. For
n € N and € € {0,1}" let the cylinder be

el ={z=(xp)ken € X : z1=¢€1,...,Tp =Ep}. (3.1)

Each [¢] is clopen, and the cylinders form a countable clopen basis of X.

Let G := (X = X) be the unit groupoid of the item (b) of Examples
so the only arrows are units and r = s = idy. A composable n-string of units
forces all base points to agree, whence

Gn=A{(x1,...;2p) € X"t ;1= =z} ={(z,...,2) : z€ X} (3.2)

forn >1and Gg = X. Forn > 1 let t,: X — G, and p,: G, — X be the
mutually inverse homeomorphisms

tn(x) = (z,...,2), pn(z,. ... z) ==, Pn O Ly = idx, (3.3)

and put g := po = idx (all are continuous: the components of ¢,, are idx, and
pn, is the restriction of a coordinate projection). The outer faces dy, d,, delete
an end coordinate. An inner face d; (0 < i < n) multiplies two units over the
same point, which again deletes one coordinate. Either way the output is the



GROUPOID HOMOLOGY AND CLASSIFYING-SPACE HOMOLOGY 13

constant tuple over the same base point, so for all 0 < i < n, including n = 1,
where dyp = s and di = 7:
di = lp—19° Pn- (34)

Since X is compact and Z is discrete, every continuous map X — Z has fi-
nite image, hence is locally constant with compact support. Thus C.(G,,Z) =
C(Gn,Z), and pullback along the homeomorphism p,, furnishes the identifying
isomorphism

ph: C(X,2) 5 C(GnZ),  pof=Fopn, (b)) =uh  (35)
LeEMMA 3.1. For every n > 1 and 0 < i < n, the pushforward
(di)s: Cn(G:Z) — Cn-1(G; Z)
becomes id¢(x,7) under the identifications py,, p;,_1-

Proof. Tt suffices to track a generic f € C(X,Z), identified with p! f €
C(Gn,Z), and to show (d;)«(pk f) = pi_1 f. From and functoriality (part
of Lemma (di)x = (tn—1)« (pn)«. Both factors are pushforwards along
homeomorphisms, so part [3|of Lemma [2.10]reads them as precomposition with
the inverse:

(P = (P ) =15 (m1)s = (1,2)" = Pt (3.6)
Applying these in turn,

(pn)x (o f) = (fopn)op,' =T,

3.7
(bn—1)sf = fo L;i1 = fopn-1=pp_1f (37

Hence (d;)«(plf) = pj_1f. The index i never enters the computation, so all
n + 1 face pushforwards coincide with idg(x 7). |1

LEMMA 3.2. One has Hy(G;Z) = C(X,Z) and H,(G;Z) = 0 for alln > 1.

Proof. By Lemma for n > 1 every (d;)« is id¢(x,z), 50

- , id, n even
O = (D (1) idcc&z)::{ ’ * and 8y =0. (3.8)
<i:0 ) 0, mn odd,

The complex thus alternates between 0 and id,

A ox,n) L ox,z) S ox,z) S o(X,z) — o, (3.9)
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and we read off homology degreewise:

e DEGREE 0. Here 9p = 0 and 0; = 0, so Hy = kerdp/im0; =
C(X,2)/0=C(X,Z).

e n EVEN, n > 2. Then 9, = id is injective, so ker 9, = 0 and H,, = 0.

e n oDD, n > 1. Then 9, =0, so kerd,, = Cy,. Also 0,41 =1id (asn+1
is even), so im d,, 41 = Cy,. Hence H, = C,/C, = 0.

Therefore Hy(G;Z) = C(X,Z) and H,(G;Z) =0 for alln > 1. 1§

Remark 3.3. Lemma is not new. For a zero-dimensional space, re-
garded as an ample groupoid consisting of units, the computation appears as
[3, Proposition 4.4], and it also follows from the identification of the groupoid
homology of a space with its compactly supported cohomology [2], 3.5(3)]. We
keep the elementary proof so that both sides of the comparison rest on the
same explicit model.

Remark 3.4. The vanishing in positive degrees is witnessed constructively
by a contracting homotopy. Define h,,: Cp,(G;Z) — Cp11(G;Z) by

id dd
h, = {1 ox.zy T ods (3.10)
0, 7 even.
A case check against 0,, € {0,id} gives, for every n > 1,
Ont1hn + hp_10, = idcn(g;z), (3.11)

so id ~ 0 on the truncation in degrees > 1: every positive-degree cycle is a
boundary. The relation fails in degree 0 (there hop = 0 and h_; = 0), which is
why Hy survives.

4. CLASSIFYING SPACE AND ZEROTH SINGULAR HOMOLOGY

Throughout this section X is the Cantor set, G = (X = X) is its unit
groupoid, and ¢, p, are the mutually inverse homeomorphisms of
The computation that identified the face maps there identifies every structure
map of the nerve: for monotone 0: [m] — [n], each entry of 6*(x,...,x) is a
composite of units at = (Definition , hence equals x, so

0" = 1, 0 pp. (4.1)

In particular every degeneracy map is s; = tp41 © pp, and p, 0 0% oy, = idx
for every monotone 6.
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DEFINITION 4.1. For a topological space Y the constant simplicial space
cY is the simplicial space with (¢Y), =Y for all n > 0 and 0* := idy for
every monotone 6.

LEMMA 4.2. Let X be the Cantor set, let G = (X = X) be its unit
groupoid, and let p,: G, — X be the homeomorphisms of [Section 3. Then
Pe = (Pn)n>0: Ge — ¢X is an isomorphism of simplicial spaces.

Proof. Each p,, is a homeomorphism. For monotone 6: [m] — [n] the
compatibility square

o [om

x 4, x
commutes:
Pm © 0" = pm 0 Lm © pp by (4.1)
— pn by (3) (4.2)
=idx o py.

Hence p, is a morphism of simplicial spaces, and since every p, is a homeo-
morphism it is an isomorphism. |

GEOMETRIC REALIZATION

For n > 0 the standard n-simplex is

AP {t = (to, ..., tn) € [0,1]"+1 Z;O t; = 1}, (4.3)

with the Euclidean topology. For a monotone 6: [m] — [n] let 6,: A™ — A"
be the affine map

0.0 = Y (4.4)

i€0=1(4)

an empty sum being 0. It does land in A", since its entries are nonnegative
and the fibers of ¢ partition [m], so >27_(0.(1)); = >_i"o t; = 1. Being linear
in ¢, it is continuous. The assignment is functorial: (idj,)« = idan, and for
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monotone @': [I] = [m] and 8: [m] — [n], t € Al and j € [n],

((000).();= >, by
i€(00) 71 (5)
= Z Z t; partition of (66')71(j) (4.5)
keb—1(j5) ied'—1(k)

= (0.(0.(1)));- by

Let Lo be a simplicial space. The geometric realization is

L= ([[A" % La) [~ BuOp) ~ (67w, (46)

n>0

where ~ denotes the equivalence relation generated by these identifications,
with 6 ranging over all monotone maps [m] — [n] and (¢,y) over A™ X L,,.
Write @ for the quotient map, [t,y] == Q(t,y), and *¢ for the unique point of
A®. The classifying space of a topological groupoid G is BG = |G,|.

LEMMA 4.3. An isomorphism of simplicial spaces fo: Le — L, induces
a homeomorphism |fe|: |Le| — |L,| with |fe|([t,y]) = [t, fu(y)] for all
(t,y) € A" x Ly,

Proof. The continuous map ano(idAn X fn) sends each generating pair
to a generating pair,

(0x(t), fu(y)) ~ (8,67 (fn(y))) by

= (t, fm (0% (v))), by Definition [2.5 (4.7)

so by the universal property of the quotient topology it descends to a con-
tinuous map |fe| with the stated formula. The same construction applied to
the inverse morphism (f,; 1)n20 gives a continuous map in the other direction,
and the two composites fix every class [t,y], so |fe| is a homeomorphism. |}

LEMMA 4.4. For every topological space Y the maps
PoleY| —Y, P(ty) =y, 5:Y — Y] s(y) =[xyl  (48)

are mutually inverse homeomorphisms. In particular |cY | =Y.
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Proof. e P 1S WELL DEFINED AND CONTINUOUS. The projections
pry: A" x Y — Y assemble to a continuous map on [[, A" x Y that agrees
on each generating pair, since both sides carry the same second coordinate:
pry (0«(t),y) = y = pry(t,y). By the universal property of the quotient it
descends to a continuous P: |[c¢Y| — Y with P([¢,y]) = v.

e 7 IS CONTINUOUS. It is the composite

Y =AY < [[Aa"xY L || (4.9)
n>0

of the inclusion of the degree-0 summand with the quotient map, hence con-
tinuous. No hypothesis on Y is used. In particular, no product is taken with
a quotient map.

e Py=idy. For y €Y one has P(y(y)) = P([*0,y]) = .

e )P =idyy|. Fix (t,y) € A" XY and let 6: [n] — [0] be the unique
monotone map. Its affine map 6,: A” — AL is constant with value g, and
0*(y) = y in ¢Y, so the generating relation gives

(x0,4) = (0:(t),y) ~ (t,y),  thatis, [xo,y] = [t,y]. (4.10)

Hence j3(P([t,y])) = 3(y) = [*0,y] = [t, y], and as the classes [t, y] exhaust |cY |
we get jP = id.

Thus P and j are mutually inverse continuous bijections, hence homeo-
morphisms. |1

Applying Lemma[4.3] to the isomorphism pe: Go — ¢X of Lemma [£.2] and
then Lemma yields homeomorphisms

BG = |Ga| & |cX| 2 X. (4.11)

SINGULAR HOMOLOGY IN DEGREE ZERO

DEFINITION 4.5. For a set I the direct sum is
@Z ={a: I —7Z : a(i) # 0 for only finitely many i € I}, (4.12)
el

an abelian group under pointwise addition. For i € I the standard generator
ei € e Z is given by €;(i) = 1 and ¢;(j) = 0 for j # i. Every element a
equals the finite sum >,/ ;)20 a() €.
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The direct sum is the free abelian group on its standard generators: for
every abelian group A and every map ¢: I — A there is exactly one homo-
morphism €P,;c; Z — A with €; — (i), namely a — >,y a(i) @(i). It is
additive because each a +— a(7) is, and it is unique because the e; generate.

DEFINITION 4.6. Let Y be a topological space. A singular n-simplex in
Y is a continuous map o: A" — Y. Write S,(Y) for the set of singular
n-simplices. The group of singular n-chains is the free abelian group

cire(viz)= @ z (4.13)
ceSh(Y)
of Definition We write ¢ also for the standard generator e,. Since A°
is a point, the singular 0-simplices correspond to the points of Y. For y € Y
we write (y) € Csmg(Y Z) for the generator at y. The singular boundary
A" CEME(Y; Z) — CP"8(Y'; Z) is the homomorphism determined by
n ) .
oo =3 (“ioo (@) (n>1), OE=0,  (414)
i=0
with C*"8(Y; Z) := 0 and (67),: A"! — A™ the affine map of the coface 7,
and the singular homology of Y is
ker(asing)
im(ays)
~ This is the standard singular chain complex [4] Section 2.1]. The identity
"8 0 0p "8 = 0 follows exactly as in Lemma [2.12] with functoriality of 6 — 0,
and Lemma [2.4) in place of part [ of Lemma [2.10] and Lemma [2.7 Write
vp = (1,0) and vy := (0,1) for the two vertices of Al. Then (§}).(*0) = v1
and (01)«(*0) = vo, so the boundary of a singular 1-simplex o is

&80 = (o(v1)) — (o(vo))- (4.16)
A continuous map u: Y — Y’ induces homomorphisms

Cins(Y;Z) — Cns(Y'5 Z)

HSMe(Y: 7) = n > 0. (4.15)

given by ¢ + w o o, which commute with the boundaries, because (u o o) o
(6" = wo (o0 (07)s). The assignment is functorial in u and is the iden-
tity for u = idy, so a homeomorphism induces isomorphisms H, Sing(Y VAR
Hy,"8(Y';Z) in every degree. Combined with (4.11) this gives H"$(BG;7) =~
H3™8(X;Z) for the Cantor unit groupoid.
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LEMMA 4.7. For every topological space Y the group Hging(Y;Z) is
isomorphic to @cen, vy %, where mo(Y) denotes the set of path com-
ponents of Y.

Proof. Two points of Y lie in the same path component if some continuous
map [0,1] — Y sends 0 to the one and 1 to the other. This is an equivalence
relation: constant paths give reflexivity, precomposition with ¢ — 1 — ¢ gives
symmetry, and concatenation of paths, continuous because [0,1/2] and [1/2, 1]
form a finite closed cover of [0,1], gives transitivity. The set of classes is
mo(Y), and § € mo(Y) denotes the class of y € Y. Since 95" = 0, the group
HI™(Y;Z) is C3™(Y;Z)/im 8™, Write = for congruence modulo im &5™®.

e ENDPOINTS OF 1-SIMPLICES. If y,7/ € Y lie in the same path compo-
nent, there is a continuous o: Al — Y with o(vg) = y and o(vy) = y': pre-
compose a path with the homeomorphism A.l — [0,1] given by (to,t1) — t1,
which sends vy to 0 and vy to 1. Then 9]¢ = (y/) — (y) by (4.16)), so
(y) = (y'). Conversely, for every singular 1-simplex o the points o(vy) and
o(v1) lie in the same path component, since t — o(1 —t,t) is a path between
them. .

o THE MaP (3. Let 8: C"8(Y;Z) = @peny(y)Z be the unique homo-
morphism with 5((y)) = ey, which exists by the universal property stated
after Definition [£.5] For every singular 1-simplex o,

B 0) = B({o(v1))) — B((o(v0))) by

= e~ Coton) = 0, definition of 8

because the two endpoints lie in the same path component. Hence 3 vanishes
on im d;"® and induces a homomorphism 3: Hy ¢(Y;Z) — Dcernn Z

e THE MAP a. Choose a point yo € C for every C € m(Y), and let
a: Deenyv)Z = H{"8(Y;Z) be the unique homomorphism with a(ec) =

(4.17)

(yo) +im 8§ing , again by the universal property.
e MUTUALLY INVERSE. On generators, S(a(ec)) = ((yc)) = eye = ec,
so Boa =id. For y € Y the points y and yj lie in the same path component,

so (y) = (yy) and

a(B({y) +im 3img)) = afey) definition of 3
= (yy) +im ;™ definition of « (4.18)
= (y) +im ;"% (y) = (vg)

The classes of the generators (y) generate HSing(Y; 7), so o f = id. Hence
« and B are mutually inverse isomorphisms. |
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Since X is totally disconnected, the image of every path [0,1] — X is
connected, hence a singleton. Therefore every path component of X is a
singleton. We identify mp(X) = X, and Lemma together with
yields

Hy"8(BG;Z) = Hy"8(X;Z) = (P . (4.19)
zeX

Remark 4.8. Total disconnectedness forces every singular simplex A" —
X to be constant, since A" is connected, so Cy,"#(X;Z) is free on the points
of X and each face sends the constant n-simplex at = to the constant (n —1)-
simplex at . The singular boundary is thus osine — (Z?ZO(—l)i)id forn > 1,

together Wlth 8smg = 0: exactly the alternating pattern of the Moore complex
in Lemma [3 Consequently

HS™8(BG;7) = H"(X;Z) =0 = H,(G;Z)  forn>1, (4.20)

so the two theories agree in every positive degree. They part company only in
degree 0, where the degree-0 groups are C(X,Z) for the Moore complex and
P.cx Z for the singular complex: the same complex shape, but a countable
group against one of cardinality 2%0.

5. CARDINALITY SEPARATION

Recall from Definition the direct sum @,y Z and its standard gen-
erators ;. The assignment z + e, is injective, and |X| = [{0, 1}}| = 2%,

S0
‘@Z‘ > |X| = 2%, (5.1)
reX

We bound C(X,Z) from the other side. The argument rests on the

elementary combinatorics of cylinders: for ¢ € {0,1}™ and & € {0,1}"

with m < n,

[e]N[e] #9 <= cisaprefix of ¢/, in which case [¢'] C[e].  (5.2)

Otherwise [¢] and [¢/] are disjoint. In particular the 2%V level-N cylinders {[¢'] :
¢’ € {0,1}} form a clopen partition of X, and each refines the partition at
every lower level.

LEMMA 5.1. For every f € C(X,Z) there exists N € N such that f is
constant on each level-N cylinder.
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Proof. e LOCAL TRIVIALIZATION. Fix f € C(X,Z). Since f is locally
constant and the cylinders form a basis, each x € X admits a cylinder [¢,] > =
on which f = f(x).

e COMPACTNESS. The family {[e;]}rex is an open cover of the compact
space X, so it has a finite subcover [e4,], ..., [ez,]. Put N = maxi<j<,les |-

e CONSTANCY AT LEVEL N. Fix ¢/ € {0,1}¥. The cylinder [¢] is
nonempty, and since the [g;;] cover X it meets some [e;,]. As |e4,| < N, the
dichotomy forces [¢'] C [e4,], and there f = f(x;). Hence f is constant
on [¢], with &’ arbitrary. I

LEMMA 5.2. The group C(X,Z) is countably infinite.

Proof. For N > 0 set
Ry ={f € C(X,Z) : fis constant on each level-N cylinder}. (5.3)

e EACH Ry IS COUNTABLE. Evaluation on the (finitely many) level-N
cylinders gives a homomorphism Ey: Ry — Z{I%U" | where Ex(f)(¢') is the
value of f on the cylinder [¢'], well defined as f is constant there. It is an
isomorphism: its inverse sends g: {0,1}" — Z to

> gle) 1y, (5.4)

e’ e{0,1}N

where 11,1 has value 1 on [¢] and 0 elsewhere. This sum is locally constant,
hence lies in Ry, and it is well defined because the level-N cylinders partition
X. The two composites are the identity by evaluation on cylinders. Since
{0,1}V is finite, 70N > 72V §g countable, hence so is Ry.

e EXHAUSTION. Refinement gives Ry C Rpy4+1, and Lemma [5.1] gives
C(X,Z) = Un>o Rn. Thus C(X,Z) is a countable union of countable groups,
hence countable. It contains the constants Z, so it is countably infinite, that
is, |C(X,Z)] =Ny. 1

By Lemma [5.2) |C(X,Z)| = No, whereas |@,cx Z| > 2% by (5.1). The
two groups have different cardinalities, so there is no bijection between them,
a fortiori no group isomorphism:

C(X,z2) 2Pz (5.5)
xeX

Together with Hy(G;Z) = C(X,Z) and Hy,(G;Z) = 0 for n > 1 (Lemma [3.2)
and Hy"®(BG;Z) = @, x Z ([4.19), this proves Proposition
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The example locates the mismatch. In degree 0 the Matui-type theory
sees locally constant integer-valued functions on the unit space, the singular
theory path components. On a totally disconnected space the first group is
countable and the second is free of rank 280, so the two invariants come apart
at the first degree where either of them is nonzero. Above that degree they

agree, by Remark
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