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1. INTRODUCTION

In finite dimension, the theory of Poisson groupoids was introduced by
Weinstein in [40] as a natural extension of symplectic groupoids, which had
previously been introduced in [10] and, independently, in [42]. Both Poisson-
Lie groups and symplectic groupoids play a fundamental role in the integration
theory of Poisson manifolds (see, e.g., [10, 19]). Weinstein further observed
that, for a Poisson groupoid G, the dual vector bundle A*(G) of its Lie alge-
broid A(G) can be endowed with a canonical Lie algebroid structure.

This infinitesimal aspect was further developed by Mackenzie and Xu in
[27]. In that work, the authors emphasized the close analogy between the
Lie theory of Poisson-Lie groups and that of Poisson groupoids. Recall that,
for connected and simply connected Lie groups, Poisson-Lie group structures
are in one-to-one correspondence with Lie bialgebra structures on their Lie
algebras. Extending this correspondence to the groupoid setting, Mackenzie
and Xu introduced a natural infinitesimal invariant associated with a Poisson
groupoid G, namely a Lie bialgebroid structure on its Lie algebroid A(G), and
investigated its fundamental properties.

Motivated by the correspondence between Poisson and infinitesimal struc-
tures in finite dimensions, several extensions of Poisson geometry to infinite-
dimensional settings have been proposed. A Banach-space version of a Poisson
manifold was first introduced in [33] and further developed by Odzijewicz and
coauthors. In parallel, the authors of the present paper introduced in [35] the
notion of a partial convenient Poisson manifold, providing a generalization of
Poisson geometry to the convenient setting. Furthermore, A. B. Tumpach de-
fined in [38] the notion of a Banach Poisson-Lie group. A detailed comparison
of these approaches may be found in [16], which also contains an extensive
bibliography on the topic.
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In [34], Odzijewicz and Slizewska associated a Banach Lie groupoid with
W*-algebras. The theory of Banach-Lie groupoids was subsequently devel-
oped in [5], where connections were established with earlier studies of infinite-
dimensional manifolds arising from Banach algebras. In [32], Odzijewicz, Jaki-
mowicz, and Slizewska introduced the notion of a sub-Poisson groupoid in the
setting of W*-algebras and provided a variety of examples illustrating this
framework.

The first aim of this paper is to propose a framework in which one can
define notions of Banach and, more generally, convenient partial Poisson and
sub-Poisson groupoids, as a generalization of Weinstein’s finite-dimensional
construction. This approach allows us to recover the results of [32].

Secondly, we show how the results of [27] can be extended to this infinite-
dimensional setting.

We end this paper with the notion of von Neumann algebra and endow an
associated object with a Lie-Poisson structure.

This paper is self-contained and is organized as follows:

e Section 2 summarizes all the essential properties of a partial Poisson
manifold which are well known in the convenient setting (cf. [8, Chap-
ter 7]) and some complements which are needed in the other sections.

e Section 3 is devoted to the study of convenient partial Poisson-Lie groups.

e Section 4 shows how Weinstein’s arguments in [40] on finite-dimensional
Poisson-Lie groupoids extend to the infinite-dimensional setting, and
which results remain valid.

e Section 5 is devoted to the setting in which some results of [27], in
particular the canonical identification between the conormal bundle of
the unit space and the dual of the Lie algebroid of a Lie groupoid, can
be extended to the convenient setting.

e Section 6 contains essentially the construction of sub-Poisson structures
on the cotangent bundle of a Lie groupoid.

e In section 7, the previous results are extended to an ascending sequence
of finite dimensional Poisson groupoids and is illustrated by an example.

e In Section 8, we recall the definition of a von Neumann algebra, intro-
duce the associated groupoid, and endow it with a Poisson-Lie structure.

e Finally, in an Appendix, we summarize the main properties needed to
understand the results on groupoids associated with W*-algebras pre-
sented in this paper.
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2. CONVENIENT PARTIAL POISSON MANIFOLDS

We begin by reviewing the basic framework of convenient calculus devel-
oped by Frolicher, Kriegl, and Michor in [14] and [21].

We also collect the main properties of partial Poisson manifolds in this
infinite-dimensional setting that will be used in the subsequent subsections.
Several of these results are available in the book [§], some are refinements
or extensions of known results, and the rest are original contributions,

such as §2.§

2.1. CONVENIENT CALCULUS. A convenient vector space E is a locally
convex topological vector space (l.c.t.v.s) such that a curve ¢ : R — E is
smooth if and only if A o ¢ is smooth for all continuous linear functionals A
on E [2I| Theorem 2.14 (4)]. We then get a second topology on E which is
the final topology relatively to the set of all smooth curves and called the
c>®-topology [21], Definition 2.12]. This last topology may be different from
the l.c.t.v.s topology and, for this topology, E cannot be a topological vector
space. However for Fréchet (and so Banach) spaces, both topologies coincide.

A map f:E — R is smooth if and only if foc: R — R is a smooth map
for any smooth curve ¢ in E [2I], Definition 3.11]. Any composition of smooth
mappings is also smooth.

The convenient calculus provides an appropriate extension of differential
calculus to such spaces because, for any ¢>°-open set U of a convenient space
E and any convenient space F, we have the following properties:

e the space C™ (U, F) of smooth maps may also be endowed with a struc-
ture of convenient space;

e the differential operator d : C*°(U,F) — C* (U, L(E,F)) defined by:

df (z) . v = lim flttv) = o)

t—0 t

exists for every f € C* (U,F). Moreover, d is a linear and smooth
map [21], 3.18]. Here L(E, F) denotes the space of bounded (equivalently
smooth) linear mappingsﬂ from E to F;

!Let E and F be convenient vector spaces, and let T : E — F be a linear map. Then the
following conditions are equivalent:

(a) T is bounded, i.e. it maps bounded subsets of E to bounded subsets of F;
(b) T is C°°-smooth;
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e the chain rule holds [21), 3.18].

The notion of convenient manifold modelled on a convenient vector space
is then defined via an equivalent class of smooth atlases [21) 27.1].

On a convenient vector space E, two kinds of tangent spaces at a point
a of this space can be defined [21| 28.1]: the kinematic tangent space and
the operational tangent space. We are only interested in the first 0neE| T.E
consisting of all derivatives ¢/(0) at 0 of smooth curves ¢ : R — E with ¢(0) = a.

The kinematic tangent bundle T'M of a convenient manifold M [21] 29.9],
is the quotient space for the equivalence relation:

T=vy
) ) ~ ) ) @ J—
(a,z,0) ~ (B,y, w) { (d¢aﬁ)¢5(x)w —
defined on the disjoint union U {a} x Uy x M where {(Ua, ®a)}ocq is a

acA
smooth atlas of M.

A kinematic vector field is a smooth section of the bundle 7'M [21], 32.1].

The kinematic cotangent bundle T'M is defined as the union of the con-
venient vector spaces T, M of all bounded linear functionals on the convenient
vector space T, M endowed with an equivalence class of atlases [21, 33.1].

A kinematic 1-form is a smooth section of the bundle 7'M [21 33.2].

2.2. RELATIONS IN LINEAR POISSON AND SYMPLECTIC CONVENIENT
SPACES

2.2.1. PARTIAL LINEAR POISSON CONVENIENT SPACES. Let [E be a con-
venient space. Denote by E’ its kinematic dual and by < .,.> the duality
bracket.

Let E? be a vector subspace of E/ endowed with its own convenient struc-
ture where the inclusion map E” < E’ is bounded. The duality pairing <. ,.>
on E/ x E then restricts to a bounded bilinear form on E” x E, which is non
degenerate in the first variable. By abuse of notation, this restricted pairing
will also be denoted by <.,.> whenever no confusion can arise.

A subspace Y of any convenient space X will be call closed if it is ¢*°-closed
according to the terminology used in [21].

(¢) T is c*°-continuous, i.e. continuous with respect to the ¢*°-topologies on E and F.

2The second one D,E corresponds to a family of bounded derivations.



6 F. PELLETIER, P. CABAU

More generally, we systematically adopt notations and terminology
used in [21].

DEFINITION 2.1. A partial linear Poisson structure on E consists in the
following data:

e a vector subspace E? of E' endowed with its own convenient structure,
and such that the inclusion map E’ < E’ is bounded;

e a bounded linear map P : E> — E such that:
< wl,PWQ >= - (,UQ,Pwl >

for all wy and w9y in E.
We then say that (Eb, E, P) is a partial linear Poisson space.

If P is a partial linear Poisson structure on E, so is —P. When no confusion
is possible, if P is a fixed partial linear Poisson structure on E, we simply
denote by E~ the space E provided with the partial linear Poisson structure
—P.

Moreover, if P is a convenient isomorphism, then the 2-form Qp € A*E
defined by

Qp(u,v) =< P~ H(u),v >

is a weak symplectic form on E whenever it is closed.

When E° = E’ then Qp is a linear strong symplectic form. In general,
when E° # E/, Qp is a linear symplectic form on E. Conversely, if  is a weak
symplectic linear form on E and let E* be the range of the associated linear
operator ¥’ : . — E’. Then P = (Q°)~! : E”> — Eis a partial Poisson structure
which is a convenient isomorphism. This justifies the following terminology:

DEFINITION 2.2. Let P : E’” — E be a partial Poisson structure.

If P is a convenient isomorphism, we say that P is a partial linear sym-
plectic structure on E. When E* = E’, we will simply say that P is linear
symplectic.

If P is a partial linear symplectic structure, then —P is also of the same
type. When no confusion can arise, we simply write £~ for this opposite
structure.

DEFINITION 2.3. For any subspace [ of a convenient space E, the annihi-
lator of IF is the subspace

F“::{QEE’:VuEF, <a,u>:O}.
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DEFINITION 2.4. Let (E’,E, P) be a partial linear Poisson space.
1. Given a vector subspace A C E”, the vector space:
AP .= {wEEb Va€eA <w,Pa>= 0}

is called the orthogonal of A relative to P .
The space A is called isotropic if A ¢ AP,

2. If F is a convenient subspace of E (that is F is ¢>- closed) we set:
FO = {ozEIEb :Vu €T, <oz,u>=0}.
The orthogonal F7 of a convenient subspace F of E is the vector space
FLr = P(FY).
The space F is called coisotropic if F° is isotropic in E”.

LEMMA 2.5. We have the following properties:

For every vector subspace A of E°, one has ker P C ALP.

If A is a vector subspace of E?, then ALP is always ¢>®-closed in E.
If F is the ¢>®-closure of a subspace F of E, then FO = (FF)°.

IfF is a subspace of E, then both (F°)17 and F° contain ker P.

A

F is coisotropic if and only if
V(wl,wz) S (IFO)Q, < wi, Pws >=0.
6. If 'y C Fy and Fq is coisotropic, so is Fs.

PROPOSITION 2.6. Let (E’,E, P) be a partial linear Poisson space such
that P is an isomorphism. Consider the symplectic form Qp on E defined by:

Qp(u,v) =< P~ (u),v > .
If F is any c®-closed subspace of E, we have:
Fir = {ueE : Vv eF, Qp(u,v) =0}.

Moreover, we have: (Flp )lP =F if F is closed.
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Now, following the classical terminology (cf. [41]), we have:

DEFINITION 2.7. Let (Eb, E, P) be a partial linear symplectic space.

A convenient subspace F of E is called Lagrangian if P(F") = F.

We say that a Lagrangian space F is a split Lagrangian if F supplemented
in E by a Lagrangian space.

Note that in a partial symplectic structure, any Lagrangian space is also
coisotropic. However, any Lagrangian space is not supplemented in general.
Even more, the reader will find in [20] an example of a linear symplectic
Banach space in which no Lagrangian space admits a supplemented space.

PROPOSITION 2.8. Let (Eb,E, P) be a partial linear Poisson space. If F
is a convenient subspace of E, we have the following properties:

1. P((F%)tr) =Fn P(E’) and so T is coisotropic if and only if F-7 C F.
2. The following properties are equivalent:

(i) F is coisotropic;
(ii) FN P(E") is coisotropic in E.

2.2.2. PARTIAL LINEAR POISSON MORPHISMS

DEFINITION 2.9. For i € {1,2}, let (EE,Ei, R) be a partial linear Poisson
space.

A bounded linear map ¢ : E; — K9 is called a partial linear Poisson
morphism if one has:

(LpPMorph1) ¢*(E}) C E}
(LpPMorph2) P, = ¢o P o¢*.

The bounded linear map ¢ is called a partial linear anti-Poisson morphism if
the adjoint ¢* of ¢ satisfies (LpPMorphl) and the following property:

(LpAPMorph) P, = —¢o Pj o ¢*.

Moreover, if each P; is partial symplectic and a Poisson morphism (resp.
anti-Poisson morphism), ¢ is then called a partial symplectic morphism (resp.
partial anti-symplectic morphism).

The product Eq xEg can be provided with two partial linear partial Poisson
structures:
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(LpP+) Py gt : Bf X By = Ey x Ep given by By .zt = (P, P2)
(LpP—) Py, E] x B} — Ei x By given by Py .z = (P, —P2).

Note that if each P; is partial (resp. strong) symplectic, so are PEle; and
P]Eleg. For simplicity, we denote by Ef x EJ and Ef x E; this first and

second structure respectively.
Recalling that the graph E| of ¢ is

Gy = {(u,qb(u)) Tu€ El}

we then have the following characterization of a partial linear Poisson mor-
phism:

ProroOSITION 2.10. A bounded linear map ¢ : E1 — Eo such that ¢* (E%)

C Eﬁ is a partial linear Poisson morphism (resp. partial linear anti-Poisson
morphism) if and only if its graph is coisotropic in E; x E] (resp. E] x Es).

Moreover, if P; and P, are partial symplectic, ¢ is a partial symplectic or
partial anti-symplectic map, respectively, if and only if its graph is Lagrangian
in B x E or in E™ x Es respectively.

Proof. Note that since ¢ is bounded, Gy is closed (cf. [3, 1.1])

{(¢*(a),—a) : a € EZ} (2.1)
is ¢ closed (cf. [3, 1.1]).

For the linear partial Poisson structure Py yg-» we have
2

Py, iy ((G9)°) = { (Pi(¢7(a)), P2(@)) = a € B3}
Now, if ¢ is a linear Poisson morphism, we have P, = ¢ o P} o ¢* and so

Py, &, ((Gg)°) = {(Pro¢* (), p(PLod* () : a € Eg}

which is contained in G.

Conversely, if PEleQ_ ((G4)?) is contained in Gy, this implies that P, =
$oPyog".

3This notation is classical. However, usually, in finite dimension in the classical papers

on symplectic groupoids or Poisson groupoids (cf. [I'7, 10, [I} [41] among many others), the
graph of such a map is denoted Gy = {(éd(u),u) : v € Eq}.
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Assume that Py and P are partial symplectic if Gy is Lagrangian, then
this implies that ¢ is a Poisson morphism.

Conversely, assume that ¢ is partial symplectic, this means that P; and
P are isomorphisms, so PJE1><]E2‘ is an isomorphism from Eli X Eg to Eq1 x Eo,.
Thus it remains to show that:

]El X]E (G(b) (G¢)0
But we have:

Py g (Go) = {(PT (), =Py o ¢(u) : w € Er}
={(¢"(Py ' og(u)), — Py op(u)) : ueEy}.
which is included in (G4)? from . |

2.2.3. LINEAR POISSON (RESP. SYMPLECTIC) RELATIONS. Following
[177, [10} [T, 41], we introduce the following notions:

DEFINITION 2.11. Let [E; and Es be convenient vector spaces.

1. Any closed subspace R C E; x Eg will be called a linear relation.

Given a linear relation R C E; x Ko, we will say that R is a linear
relation from [E; to Eo and we will write R : [E; — Eo. If E; = Ey = E,
we simply say that R is a relation in [E.

2. Let R:E;—E, and S : Es—E3 be two relations. The composition So R
is the relation S o R : E;—[E3 given by

SoR= {(:c,z) €Ey xE3 : Jy € Eg, (x,y) € R and (y, 2) GS}.

In particular, the graph G of a bounded linear map ¢ : E; — Ey (which
is always a convenient subspace of E; x Ey) is a linear relation.

We will reserve the symbol — for a graph Gy and the symbol — will be
used for a general relation. Of course, if ¢ : E; — E9 and ¢ : E; — Egz are
two bounded linear maps, the composition Gy, 0 G is Gyogp-

Following the terminology introduced by Weinstein in [4I], and using
Proposition [2.10, we introduce:

DEFINITION 2.12. 1. A relation R : E;—IE, is called a Poisson relation,
if R is coisotropic according to the partial Poisson structure PEle;.
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2. If for i € {1,2}, (EE,EZ-, PZ) is partial symplectic, a relation R : E;—Es
is called a symplectic relation if R is Lagrangian in PE1><E2_‘

As in [41], we begin by the following result which is the version of Propo-
sition 1.3.2 in our context and whose proof uses the same type of arguments.

THEOREM 2.13. Fori € {1,2}, let (EE,Ei, B) be a partial linear Poisson
space and R (resp. C') a coisotropic space of E; x Eg (resp. Ey). Then, one
has:

R(C) = {yEEQ :dx e O (x,y) ER}.

is a coisotropic space in Eo.
Moreover, if each Py and P, is partial symplectic and if R and C are
Lagrangian, so is R(C).

COROLLARY 2.14. Fori € {1,2,3}, let P, : E2 — E; be a partial linear
Poisson structure on E;. Given two Poisson relations S : E1—Eg and T :
Eo—E3, T o S is a Poisson relation from [Ei—E3. Moreover, if each P; is
partial symplectic and S and T are Lagrangian, so isT o S.

Proof. See proof of [41l, Theorem 1.3.4]. 1

2.3. BASIC PROPERTIES OF PARTIAL POISSON MANIFOLDS. All of the
following properties can also be found in the book [§].

2.3.1. PARTIAL POISSON MANIFOLDS. Let M be a convenient manifold
modelled on the convenient space M. We denote by py; : TM — M its
kinematic tangent bundle and by p), : "M — M its kinematic cotangent
bundle.

Consider a vector subbundle p* : T°M — M of p), : T"M — M such that
P’ : T°M — M is a convenient bundle and the canonical inclusion ¢ : T°M <
T'M is a convenient bundle morphism. Such a bundle p* : T°M — M will be
called a weak subbundle of p,, : T"M — M and its typical fibre is denoted
M.

We denote by <. ,.> the canonical bilinear pairing between 7'M and T M.
Since the inclusion ¢ : T°M < T'M is an injective bundle morphism, we have
an induced bilinear pairing <. ,.>” on T°M x TM defined by:

(o, u) — < o, u >"=< Loa,u>



12 F. PELLETIER, P. CABAU

which is continuous and non degenerate on the first variable. In what follows,
and when no confusion can arise, this pairing will also be denoted by <.,.>.

According to [21], Definition 48.5, we introduce, for any open set U in M,
the set A(U) of smooth functions f € C°°(U) such that, for any k& € N* and
any  in U, the derivative d* f(z) € Lfym(TxM, R) satisfies:

V(ug, ... ug) € (T.MY*Y,  dif(Lug,... up) € TOM. (2.2)

Remark 2.15. In particular, the previous condition implies that, for any
bounded linear functional A on T2M, the map u — A(d*f(u,us, ..., ug)) is
bounded on bounded sets of T, M.

The sets {2((U) € C*>°(U), U open in M} define a sub-sheaf 2A); of the
sheaf %9 = {C*°(U), U open set in M} (cf. [§]). Of course, if T"M = T'M,
then Ay = C53.

We then have the following properties of 2A(U) proved in [8]:

PRrOPOSITION 2.16. Fix any open set U in M.

1. The set 2A(U) is a subalgebra of C*°(U).

2. For each k € N, any local vector fields X1, ..., X, on U and any smooth
map f € A(U), the map

w— d¥f(X1, . X)) (x)
belongs to A(U).

Then {20(U) € C*°(U), U open set in M} defines a sub-sheaf 2(;; of the
sheaf C{¢ = {C(U), U open in M} (cf. [§]). Of course, if "M = T'M,
then 205 = CF;.

A morphism P : T°M — TM is called skew-symmetric if it satisfies the
relation:

<& P()>=— <7, P) >

for all sections & and 1 of T°M.
Given such a morphism P, for each open set U in M, on 2(U) we define:

{f,9}v = — < df, P(dg) >=<dg, P(df) > . (2.3)

In these conditions, the relation (2.3)) defines a skew-symmetric bilinear
map

(3o AU) x AU) — AU)
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which satisfies the Leibniz identity

{fighyv = g{f, v +r{f g9}u

(cf. [35, 2.1]).
In fact, the family of the bilinear maps {., .} defines a sheaf of brackets
which will be denoted by {.,.}p

DEFINITION 2.17. Let p* : T"M — M be a weak subbundle of p/, :
T'M — M.

1. Any skew-symmetric morphism P : T°M — TM is called an almost
Poisson anchor and {.,.}p an almost Poisson bracket.

2. Given an almost Poisson anchor P : T°M — TM, we say that P is
a Poisson anchor if the associated bracket {.,.}p satisfies the Jacobi
identity:

{fa {gah}P}P + {ga {h7 f}P}P + {h,{f,g}P}P =0.

In this case, (TbM ,TM,P,{, } p) is called a partial Poisson structure
on M.

As classically, given a partial Poisson structure (T"M ,TM,P,{, } p), any
function H € A(U) is called a Hamiltonian and the associated vector field
Xy = P(dH) is called a Hamiltonian vector field.

We then have {f, g} = Xy(g) and also [X, X,] = Xy (see [31]), which
is equivalent to:

P(d{f,9}) = [P(df), P(dg)]. (2.4)

If (TbM ,TM,P,{, } p) is a partial Poisson structure on M, then, for any
open set U, the space 2(U) provided with the Poisson bracket { , }p has a
structure of Lie algebra, called classically a Lie-Poisson algebra and, according
to , the Poisson anchor P gives rise to a Lie algebra morphism from 20(U)
to the Lie algebra X(U) of smooth vector fields on U.

2.3.2. POISSON BRACKET ASSOCIATED WITH A CONVENIENT LIE ALGE-
BROID. We recall some results of [8, Chapter 7] and, as in § we consider
the set 2A(U).

Let m: A — M be a convenient vector bundle and 7’ : A" — M its associ-
ated dual convenient bundle. We consider a closed subbundle ¢* : T° A’ — A’
of qu : T'A — A'.
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DEFINITION 2.18. Let U be an open set in M and denote by Ay (resp.
Aj;) the restriction of A (resp. A’) to U. A function ® € C*(Ay;) is called
linear, if the restriction of ® to each fibre A’ is a linear map into R

Let a be a section of Ay and denote by ®, : A’ — R the smooth map
defined by:

Oy(0) =< o,a0m (o) >. (2.5)

It is clear that ®, is linear.
We denote by 2(A;;) the set of smooth functions on A}, which satisfy

£32).
According to [8, 6.3.3], we have:

b gt AT U:d(foﬂ—,)yA:aOW/7
1A —{(O’,T},A)ETU.A CaeT(Ay), fe =) } (2.6)

for any small enough open set U around z.

Each function of the form ®, and each map f o« are such that d®, and
df o ' belong to the set T'(T°AL;) of sections of (T"AL;), for any section a of
I'(A};) and any function f of C*°(U).

Let C”(A};) be the set of smooth maps on A}, whose restriction to each
fibre A/, is constant. Such a function ¢ naturally defines a function @ on U
such that ¢ = pon’.

Therefore, we can identify the subalgebra {f o 7’ : f € C>(U)} of C°(AL))
with C*°(U).

Now, it is clear that the set C”(A};) of functions F € C™(A};), whose
differential belongs to T'(T".Aj;), has a structure of algebra. Note that from
, if ' belongs to A(.Aj;), this clearly implies that dF' must be a section of
T°A’. Since dF is a smooth section of 7" A’ and that T° A’ is closed convenient
subbundle of T' A/, it follows that dF is a smooth section of 7”4}, and so
A(AL;) is contained in C”(Aj;). In fact, we have (cf. [8, Proposition 7.2]):

PRrROPOSITION 2.19. Let U be an open set which is a chart domain. The
algebra A(Ay;) is equal to C’b(.A’U). This algebra is generated by functions of
type f om, and ®q, for any f € C°(U) and any a € T'(Ay).

We introduce the following notion:

4Since ® is smooth, its restriction to A’ is linear and smooth, so it is be bounded
(cf. [21]).
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DEFINITION 2.20. Consider a partial Poisson structure (TbA’ LA P,
{.,.}p) on A’. We say that P is a linear Poisson anchor, or that the Poisson
bracket {.,.}p is linear if, for any open set U and any linear functions ®; and
®, in A(A;), the Poisson bracket {®1, P2} p is linear.

The following result extends to the convenient setting the classical equiv-
alence between algebroid structures on a finite-dimensional anchored vector
bundle and linear Poisson structures on its dual (cf. [8, Theorem 7.1]).

THEOREM 2.21. Let P : T°’ A’ — T'A’ be a linear Poisson anchor on A’
Then there exists a unique structure of convenient Lie algebroid (A7 w, M, p,
[.,.]p) characterized in the following way, for any open set U in M:

v (aly a2) el (-AU)27 (I)[al,ag}p = {(I)apq)ag}P (2'7)
VfeC®{U), VaeTl (Ay), {®@q, fom}p =df (p(a)) om, (2.8)

where p(a) = Tr'(P(®,)).

Conversely, a structure of convenient Lie algebroid (A,?T,M,p, [.,.]p)
defines a unique linear Poisson anchor P : T' A" — T A" which gives rise to
a linear Poisson bracket {.,.}, on A(A},), for any open set U in M, which is
characterized by relations and . Moreover, the unique structure of
convenient Lie algebroid (A, M, p,[., .]p) associated with P is the original
one.

From Proposition [2.19 and Theorem [2.21] we obtain:

COROLLARY 2.22. Let (A,7,M,p,|.,.]p) be a convenient Lie algebroid
and {.,.}p the Poisson Lie bracket associated with this structure. Then
(M,C" (A'),{.,.}p) is a partial Poisson manifold.

2.3.3. CHARACTERISTIC DISTRIBUTION AND FOLIATION. Given a par-
tial Poisson structure (TbM ,T'M, P), the family of vector spaces

D:={D,=P(T:M)CT,M : z€ M}

is a distribution on M called the characteristic distribution.

In finite dimension, when T°M = T'M, it is well known that the charac-
teristic distribution gives rise to a Stefan-Sussman foliation. Moreover, each
leaf carries a natural structure of immersed symplectic manifold.
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In the convenient setting, this property does not hold in general, and
may even fail in the Banach setting (see Remarks . Nevertheless, the
following theorem provides sufficient conditions under which an analogous
result remains valid (cf. [35]).

THEOREM 2.23. Let (T°M,TM, P) be a partial Banach Poisson manifold
such that the kernel of P is supplemented in each fibre T;M of T"M and
P(T"M) is a closed distribution. Then we have the following:

1. D = P(T°M) is integrable and the foliation defined by D is an almost
symplectic foliation, i.e. on each leaf N of this foliation, we have a
unique non degenerate smooth skew symmetric bilinear form wy on TN
such that for any u and v in TN, we have

wn(u,v) =< o, P(B) >

for any o, 8 € T2M with P(a) = u and P(8) = v.

2. For each maximal leaf N, let wy denote the natural weak symplectic
form on N. Given an open subset V' of N, denote by &, (V') the subset
of functions f € C=(V) such that df belongs to the range W’ (TV).
Then the restriction fy to UNN of any f € &,, (U) belongs to &,, (UN
N) and we have, for any f and g in &, (U),

{fin, 9|N}p|N ={fN. N}y -

Remarks 2.24. (1) In general, in the convenient setting, the characteristic
distribution need not be integrable. Even in the Banach setting, if D is not
closed, we think that the distribution D is not integrable, but, unfortunately,
we do not have any example.

(2) Theorem [2.23| provides sufficient conditions for the integrability of
the characteristic distribution and, on each leaf N of the associated foliation,
the 2-form wy is not, a priori, closed (as stated in [35]). But, in fact, wy is
effectively closed. Indeed, according to Lemma [2.25] for any x € M, there
exists an open set U around x such that any o € TJEM can be written o = d, f
for some local smooth function f : U — R. Thus, for i € {1,2,3}, each
X; € T,N can be written X; = P(d,f;) for some f; locally defined around
x. Each Hamiltonian vector field is tangent to the characteristic foliation
and the tangent space of a leaf NV at x is generated by the value at x of the
set of Hamiltonian vector fields {Xy, f € £(U)}. Using Cartan’s formulae
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for the exterior derivative, the expression dwy(Xy,, Xy, Xy,) involves two
occurrences of the Jacobi identity for the triple (fo, f1, f2). Since the Poisson
bracket { , }p satisfies the Jacobi identity, it follows that wy is closed.

(3) When (T"M ,TM, P) is a partial symplectic structure, even in the
convenient setting, the characteristic distribution coincides with T'M. Conse-
quently, the characteristic foliation reduces to a single leaf, namely M itself.
Thus, the argument in (2) applies, and it follows that M is a weak symplectic
manifold.

2.3.4. PARTIAL LIE ALGEBROIDS AND PARTIAL POISSON MANIFOLDS.
We refer to [8, 3.18.4] for the notion of convenient partial Lie algebroid and
we adopt the same notation as in that reference. We begin with the following
fundamental result (cf. [8, Lemma 7.3]).

LEMMA 2.25. Let (TbM, M,P{., .}p) be a partial Poisson structure.
For each x € M, there exists an open neighbourhood U of x such that the
vector space

Bo(U) ={dof : f€AU)}
is equal to the fibre T2 M.

We then have the following result (cf. [8, Proposition 7.3 and Corol-
lary 7.2]).

PROPOSITION 2.26. Let (TbM, M,P{., .}p) be a partial Poisson struc-
ture. We denote by By the sheaf of 2A(U)-modules generated by the set
{df : feA(U)}. Then the following properties hold:

1. We can define a sheaf of almost brackets [.,.]p on the sheaf P by:

[a, B]p = Lp(a)B — Lp@ya —d < a, P(B) > (2.9)

for any open set U in M and any sections « and (8 in *B(U) where Lx
is the Lie derivative.
Moreover, [.,.|p satisfies:

YV (f,9) € (AU))*,  [df,dglp = d{f,g}p. (2.10)

2. (B, [, .]p) is a sheaf of Poisson-Lie algebras.
In particular, (TbM , p'}w, M, P, ‘BM) is a strong partial convenient Lie
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algebroid and (T"M, M, P,|., .]p) is an pre-Lie algebroid that is P sat-
isfies P ([a, B]p) = [P(a), P(B] for all local sections a, 8 de T M. More-
over, if P is an injective morphism, then (TbM, p?\/p M, P, ‘BM) is a Lie
algebroid.

Remark 2.27. In fact, Assertion (1) of Proposition is also valid if we
only assume that P is an almost partial Poisson anchor. The proof of this
assertion only uses the fact that P is, in particular, an almost partial Poisson
anchor (cf. Proof of [8, Proposition 7.3]). Note that, in this case, we only have
a well defined almost Poisson bracket {f,g}p =< dg, Pdf > on each algebra
2A(U) for any open set U in M.

2.3.5. JACOBI IDENTITY AND SCHOUTEN CONDITION. It is well known
that, in finite dimensions, if P : T*M — TM is an almost Poisson anchor,
then it induces a skew symmetric contravariant tensor A of type (2,0) on T*M
defined by

Ala, B) =< B,Pa > . (2.11)

Then P defines a Poisson structure on M if and only if the Schouten bracket
[A, A] vanishes identically on M (cf. [25]). In fact, the property [A,A] = 0
is equivalent to the Jacobi identity of the bracket {.,.}p naturally associated
with P.

Now consider an almost Poisson anchor P : T°M — T'M.

On the one hand, as in finite dimension, one can associate to P a skew
symmetric contravariant tensor A of type (2,0) on T°M defined by

Ao, B) =< B, Pa > . (2.12)

On the other hand, on any open set U in M, and for any o1 and o9 in B(U),
we have the map [P, P] : B(U) x P(U) — X(U) given by:

[P, P](01,02) = P([o1,02]p) — [Po1, Poa). (2.13)

Then [P, P] is a tensor of type (2,1) with takes values in T M.

On the other hand, as in finite dimension, to P is associated a skew sym-
metric tensor A on T°M of type (2,0) also defined by . Thus we can
consider the tensor [A, A] of type (3,0) on T°M defined by:

[A, Al(o1,02,03) =< 03, [P, P|(02,01) > (2.14)
for any o; € P(U) where i € {1,2,3}.
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DEFINITION 2.28. Let P : T°M — TM be an almost Poisson anchor and
A the associated contravariant tensor of type (3,0). Then 2[A, A] is called the
Schouten bracket of A.

Note that this Definition is justified in [8], 7.2.2]. Now, as in finite dimen-
sion, we have (cf. [8, Theorem 7.2]):

THEOREM 2.29. Let P : T°M — TM be an almost Poisson anchor and
A the associated contravariant tensor of type (3,0). Then P defines a partial
Poisson structure on M if and only if [A,A] = 0.

2.4. PARTIAL POISSON BIALGEBROID AND ITS ASSOCIATED COHOMOL-
0oGY. In this section, we consider a partial Poisson manifold (M, 2, {.,.}p).
We have seen that (TbM,pgw,M, P,Byr) is a strong partial Banach Lie al-
gebroid and (TbM , p?w,M , Pl p) is an almost Lie algebroid (cf. Proposi-

tion [2.26] (2)).

2.4.1. PARTIAL BIALGEBROID. According to [8, 3.18.6.4], let dp be the
associated exterior differential associated with the strong partial Lie algebroid
(T’M, p?W,M, P, ‘,BM) Then, if X is a vector field defined on an open set U
in M, according to [8, Example 7.4], X can be considered as an element of
AL T*(T? M), so we have:

dpX(a,B) =LY <B,X>-Lf <a,X>—<[a,plp,X>. (215)

Therefore, as for finite dimensional Poisson manifolds (see [25]), we have
(cf. [8, Proposition 7.8]):

PrRoPOSITION 2.30. Let A be the Poisson tensor associated with P. Then
with the previous notations we have:

(1) dpX = —LxA;
(2) dp[X,Y] = LxdpY — LydpX.

Remark 2.31. In finite dimension, recall that a Lie bi-algebroid is a pair of
Lie algebroids (A, m, M, p,|[.,.J4) and (A", 7", M, o', [., .| 4) where 7’ : A" — M
is the dual bundle of 7 : A — M with the following compatibility condition:

dy[X, Y|4 = LxdyY — Lyd,X,



20 F. PELLETIER, P. CABAU

for all sections X and Y of A where d, (resp. d,/) denotes the exterior differen-
tial associated with the Lie algebroid (A, m, M, p,|[.,.]Ja) (vesp. (A", 7', M,/
) (cf. [2).

In particular, if M is provided with a Poisson structure defined by a bivec-
tor A and a Poisson anchor P : T*M — M, then the pair (TM, pryv, M, 1d,
[.,.]) and (T*M,pr+p, M, P,[., ]p) is a Lie bi-algebroid (cf. [27]). According
to our notations, in this finite dimensional context, the compatibility relation
is exactly Proposition [2.30/(2).

Unfortunately, in our infinite dimensional context, even if T°M = T'M,
the Poisson structure, in general, does not provide T"M with a Lie algebroid
structure.

Taking Proposition [2.30]into account, we propose the following generaliza-
tion of the notion of Lie bialgebroid in finite dimension:

DEFINITION 2.32. Let (E, 7, M, p,[.,.]r) be a Banach Lie algebroid. Let
7'+ E' — M Dbe the dual bundle of . Assume that there exists a weak
Banach subbundle 7” : E” — M with the following properties:

e " CE, 7= 7r|’Eb and the canonical inclusion ¢ : E” < E’ is a bundle
morphism;

e there exists a pre-Lie algebroid structure (Eb,ﬂb, M, ., ;]Eb) on E”
and also a strong Lie algebroid structure on EP.

We denote by d,, (resp. d ;) the exterior differential on E (resp. E®) associated

with these structures. We say that the pair (E, Eb) is a partial bialgebroid if,
for any open set U in M, we have:

b b
d (X,Y]g = L’))(dpbY — L@dpr,
for all sections X and Y of Ey, considered as 1-forms on EP.

EXAMPLES 2.33. (a) Any finite dimensional bialgebroid (E,FE’) is a
partial bialgebroid.

(b) From Proposition m to any partial Poisson manifold (M, 2y,
{,.} p) is associated a partial bialgebroid (TM 1°M ) (see also Theorem.

5cf. Proposition m
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Proof of Proposition [2.30] Fix some open set U in M. All sections o and
B of T"M and vector fields X and Y considered in this proof are assumed to
be defined on U.

(1) Using the expression of the Lie derivative of a 2-form, we obtain:

LxA(a,B) = — < B,[P(a), X] >
+ < o, [P(B), X] > —X(< 8, P(a) >).

On the other hand, using the exterior derivative of a 2-form on a partial strong
convenient Lie algebroid (cf. [8, 3.18.6.3]), we have:

(2.16)

dpX(o,B) = Pla)(< 5,X >) - P(B)(< a, X >)— < [, Blp, X > . (2.17)
Using the value of [a, 8] p, we get:
dpX(a,8) =< 8,[P(a), X] > — < a,[P(8), X] > +X(< 8, P(a) >)
which ends the proof of (1).
(2) From the value of a Lie derivative and (1), we have:
LxdpY (o, B) = X (dpY (e, 8)) —dpY (Lxa, 8) — dpY (o, Lx3)
=X (Y (< B, P(a) >)) = X (< Lya, P(B) >)
+ X (< LyB, Pla) >) =Y (< Lxf, P(a) >)
+ < LxLya,P(8)>— < LyB,P(Lxa) >
—Y (< B, P(Lxa) >)+ < Lya, P(Lxf3) >
— < LxLypB, P(a) >
By permutation of X and Y, we obtain the corresponding expression of
LydpX. By a direct calculation, we obtain easily that
LxdpY — LydpX = [X,Y] (< a, P(8) >)

(2.18)
— < Lixyjo, PB >+ < Lixy)8, P(a) > .

This expression coincides with dp[X,Y](a, 5). 1

2.4.2. CONVENIENT LINEAR PARTIAL POISSON-LIE SPACES. The con-
cept of Banach Poisson-Lie space was introduced in [33] and generalized in
[38] or in [31, Example 2.10].

In this section, we propose a generalization of this concept to the conve-
nient setting.



22 F. PELLETIER, P. CABAU

DEFINITION 2.34. Let g be a convenient space. Consider a convenient
subspace g’ of g’ such that the inclusion is bounded. Let P : T’g := g x g° —
Tg =g x g be an injective almost Poisson anchor.

We say that (g,g",P) is a convenient partial Poisson-Lie space if gb is
provided with a Lie bracket [.,.]” such that, for all = € g,

P(la, B)(x) = [P, PB](2) (2.19)

where o and 3 are considered as functions in A(g) := {f € C*(g) : dof €
{a} x g’}

We then have the following characterization:

PROPOSITION 2.35. Consider a convenient subspace g’ of g such that the
inclusion is bounded and let P : T°g := g x ¢ — Tg = g x g be an almost
Poisson anchor. Then (g, o, P) is a partial Poisson-Lie space if and only if P
is a Poisson-Lie anchor.

Moreover, in this case, (Tg, I g) is a partial Lie bialgebroid.

Proof. Consider a convenient subspace g’ of g’ such that the inclusion is
bounded and let P : T°g — T'g be an almost Lie-Poisson anchor. We have an
almost Lie bracket on the set A(g) := {f € C*>(g) : dof € {z} x gb} defined
by {f,g9}p =< dg,Pdf >. Then if A is the skew symmetric contravariant
tensor of type (2,0) on Tg associated with P as defined in , the bracket
{.,.} p satisfies the Jacobi identity if and only if the Schouten bracket vanishes:

[A,A] = 0 (cf. Theorem [2.29). But, according to (2.13) and (2.14]), this

condition is equivalent to:

P(d{f.g}) = [Pdf, Pdyg] (2.20)

for all f and g in A(g). In particular, this condition implies that:
P([a, f]) = [Pa, PP] (2.21)
for all sections v, 3 of T”g. Since g° can be identified with the set
{fa€U9) : Vacg, Vaeg, falz) =<a,z>}
then we have a Lie bracket on g’ defined by

v, B = d{ fa, f5}- (2.22)
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Thus g’ is endowed with a Lie algebra structure and the condition
is satisfied.

Conversely, assume that the assumptions of Definition [2.34] are satisfied.
Since P is injective, it follows that the almost Lie bracket on g’ defined by
coincides with the given Lie bracket on g°. Thus the relation is
satisfied and so the Schouten bracket of P is zero. This concludes the proof
of the first part.

Now under the assumption that (g, gb,P) is a partial Lie-Poisson space
the last part is a direct consequence of Proposition |

EXAMPLE 2.36. Assume that g° = g’. According to [33], a Lie algebra g is
a Poisson-Lie algebra if the set C*°(g) is provided with a Lie-Poisson algebra
{.,.} such that considering its dual g’ as a subset of C*°((g), then {., .} induces
a Lie bracket on g’. In fact, we have a natural bounded map P : gx g’ — gXxg
such that {f,g} =< dg, P(df) > which is given by Pa(z) = —ad}, = where,
as classically, ad}, * = —a o ad, (cf. next Example) which satisfies the Jacobi
identity (cf. [33]).

EXAMPLE 2.37. Assume that (g, [.,.]) is a convenient Lie algebra. Then,
to each x € g, we have a bounded linear map ad, : g — g given by ad,(y) =
[,y]. This gives rise to a bounded H coadjoint action of g onto g/ in an evident
way. We also have a bounded coadjoint action

ad* :gxg — ¢

given by: ad} @« = —aoad, forall z € g and a € ¢'.

Consider a convenient subspace g° of g’ whose inclusion is bounded. If g”
denote the dual of g°, we have the inclusions: g C g” C g”. Assume that the
restriction of the previous coadjoint action to g x g’ takes values in g” and is
boundedﬂ When there is no ambiguity, this action will still be denoted ad”.

When g° separates points of g, for any = € g, then the map P, (a(z)) =
—adq(z)(2) is a well defined vector field on g which satisfies the assumption
of Definition m Then, in the Banach setting, from [38, Theorem 3.14],
(g, gb, P) is a partial Lie-Poisson space in the sense of Definition m Thus
this definition can be considered as an adaptation of [38, Definition 3.12].

In [38], the reader can find other more specific and very interesting exam-
ples in the Banach setting.

5Note that this action is continuous for the associated bornological topology of E.
"This condition is automatically satisfied if g° is closed in ¢'.
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2.5. POISSON (RESP. SYMPLECTIC) RELATIONS. By analogy with the
linear setting, in the context of convenient manifolds, a relation R : Mi—M>
is a closed weak submanifold of My x Ms. Any map ¢ : My x My will be
also considered as the relation given by its graph Gy = {(z, ¢(z)) ,x € M;}.
If S : My—Ms is also a relation, then the relation S o R : My—Ms is again
defined by

SoR={(x,2) € M1 x M3 : (z,y) € R, (y,2) € S withy € Ma}. (2.23)
The inverse of R is the relation R~1 : My—M; given by
R ={(y,x) € My x M; : (z,y) € R}.
As in [41], we introduce:

DEFINITION 2.38. Fori € {1,2}, let (T°M;, TM;, P;,{, }p,) be a Poisson
structure (resp. symplectic structure). A relation R : M;—Ms is a Poisson
relation, if R is a closed weak submanifold of M7 x Ms which is coisotropic
for the partial Poisson structure (resp. Lagrangian for the partial symplectic
structure) M; x M, .

Unfortunately, the composition of two Poisson relations is not in general
a Poisson relation and even not a closed submanifold without some adequate
assumptions. In fact, if R : Mi—M>s and S : My—Ms are Poisson relations,
then the product R x S is a closed submanifold of My x My x My x Ms and
if p1 3 is the projection of My x My x My x Mz onto M7 x M3z then according

to (2.23), we have:
SOR:pl’g(RX Sﬂ(Ml X Ag X Mg))

where As is the diagonal of Ms x Ms.
This is why is introduced the following conditions under which S o R will
be a weak closed submanifold in M; x Ms (cf. [41], Definition 1.3.7]):

DEFINITION 2.39. (1) A pair (N7, N2) of closed submanifolds of a conve-
nient manifold M is called a clean pair if N;NNs is a closed submanifold
of M such that T(Ny N Na) = TN N TNf

(2) Let R : My—Ms and S : My— M3 be relations. The pair of relations
(R, S) is called a clean pair if:

8This notion was firstly introduced by R. Bott in his book [6].
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(i) If Ag denotes the diagonal in My x Ma, the intersection of the
closed submanifolds R x S and D = M; x Ay x M3 is a clean pair
ianxMQXMQXMg;

(ii) S o R is a closed submanifold of M; x Ms and the restriction to
(RxS)ND of the projection of py 3 : My x My x My x Ms — My x M3
is a submersion on S o R.

Remark 2.40. In [41], A. Weinstein introduced the notion of clean pair and
very clean pair for the finite dimensional context. Definition [2.39| corresponds
to Weinstein’s notion of very clean pair. But since we will only need the
assumptions of this Definition we simply use the terminology ”clean pair”
instead of ”very clean pair”.

Note that from [8, Remark 1.26], if a pair (R, S) of relations is such that
R x S and D are transverse, then the condition (2) (i) of Definition is
satisfied, but, in general, the condition (2) (ii) is not satisfied. The following
Lemma gives examples of clean pair of relations:

LEMMA 2.41. Consider a smooth ¢ : My — Ms. If p; : My x M3 — M; for
i € {2,3} is the canonical projection, let R : My—Ms be a relation such that
the restriction of p3 to R is a diffeomorphism onto M3z and ¢1(M;) C p2(R).
If we identify ¢ with the relation from My to M given by its graph, then
(¢, R) is a clean pair. In particular, if 1 is a submersion from M3 to My then
(=1, ¢) is a clean pair.

Proof. We consider the relation product

&% R ={(,6(x),02,05) : ¥ € My, (3,45) € R}.

From the assumptions, ¢ x S is a closed submanifold of M x My x My x Mj
modelled on M[; x M3. If As is the diagonal of My x My and D = M x Ay X M3,
then we have

(¢ x R)N D = {(z,9(x), ¢(x),y) : (¢(x),y) € R}
{(z,¢(z), d(2),y) : (z,y) € My x Ms}.

From the assumptions, it follows that (¢ x R) N D is a closed submanifold in
M1 X Mg X M2 X M3 modelled on Ml X Mg.
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Now, for m = (z, ¢(z), ¢(x),y) € (¢ x R) N D, we have

T ((¢ x R)N D) (2.24)
= {(u,v, —’U,’U)) e T, M; x T¢(I)M2 X T¢(x)M2 X TyM2 v = quﬁ(u)}
= T(¢ x R) N Ty D.

Thus condition (2) (i) of Definition is satisfied.
On the other hand the relation (R o ¢) is

{(x,y) € Ml X M3 : ((Z)(x)ay) € R}

which, from assumption, is equal to M7 x Ms.
Moreover, for any m = (z, ¢(x), ¢(x),y) € (¢ x R)N D, according to (2.24),

we obtain:
ﬂww@AWXMHD»:ﬂMde&:ﬂwW%@.

Now, as ple,)(x,y) = {(x,¢(z), ¢(x),y)} which is reduced to a point in
(¢ x R)N D, this trivially implies that the condition (2) (ii) of Definition [2.39]
is satisfied. Finally, if ¢ : M3 — Ms is a submersion, R = 1! satisfies
clearly the assumptions required for R in Lemma This implies the last
Assertion. |1

Now, for a clean pair of Poisson relations, we have:

THEOREM 2.42. Let R : My—+Mjy and S : My—Ms be Poisson (resp.
symplectic) relations such that the pair (R, S) is clean. Then So R : M;—Ms3
is a Poisson (resp. symplectic) relation.

Proof. We only consider the case of Poisson relation. The symplectic case
uses point by point the same type of argument.

Since the pair (R, S) is clean, it follows that for (z,y) € R and (y, 2) € 5,
the tangent space of R x SN D at m = (x,y,y,z) is the intersection of
Tm(R x S) and T;,D. From Definition assumption (ii), Ti,p13 is a
surjective map from T;,(R x S) N1y, D onto T(, .)S o R. But T(,.)(S o R)
is exactly the composition (1(,)S) o (T(,,.)R) of the linear Poisson relations
TR o ToMy—T, My and T(gw)S : TyMo—T,M3z. Thus, from Definition
and Corollary it follows that S o R is a Poisson relation. 1
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Let R : M;—Ms be a Poisson (resp. symplectic) relation between two
partial Poisson (resp. partial symplectic) manifolds. Given any coisotropic
(resp. Lagrangian) submanifold C' in M;, following [41, (2.1)], if {*} is the
trivial Poisson manifold reduced to a point with the zero Poisson structure,
then C' can be considered as a Poisson (resp. symplectic) relation C' : {}—>Mj;
since C' is coisotropic (resp. Lagrangian), C' can be identified with the graph
of the relation C' : {*}—M;. Thus we introduce:

DEFINITION 2.43. Let R : My—M; be a relation and C' a closed subman-
ifold of M. We will say that (R,C) is a clean pair if the pair of relations
(R,C) is a clean pair.

From now on, if (R,C) is a clean pair, we identify R(C) with Ro C. In
this way, Theorem has the following Corollary:

COROLLARY 2.44. Let R : My—M> be a Poisson (resp. symplectic) rela-
tion between two partial Poisson (resp. partial symplectic) manifolds and a
coisotropic (resp. Lagrangian) weak closed submanifold C' in M. If (R, C) is
clean, then R(C) is a coisotropic (resp. Lagrangian) submanifold of M.

2.6. COISOTROPIC SUBMANIFOLDS. Fix a partial convenient Poisson
manifold (T°M,TM,P,{, }p). In this way, for each z € M, P, : ToM —
T, M is a Poisson anchor.

DEFINITION 2.45. 1. An ideal Z in a Poisson Lie algebra £ whose
bracket is { , } is called coisotropic if Z is closed under the bracket

{1

2. A closed submanifold N of M[%]is called a coisotropic submanifold of M,
relative to P if T,N C T, M is a coisotropic subspace of T, M relatively
to P.

We have the following characterization of a coisotropic weak closed sub-
manifold.

PROPOSITION 2.46. Let N be a closed convenient submanifold of M.
Then the following properties are equivalent:

(a) N is coisotropic.

9N is a closed submanifold of M if it is a convenient manifold, the inclusion ¢ of N into
M is smooth and T3i is injective with closed range for any = € N.
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(b) For any open set U in M, the set Zn(U) of smooth functions of E(U)
which vanish on U N N is coisotropic in E(U).

(c) For any open set U and any h € Iy(U), the Hamiltonian field X}, is
tangent to N.

Proof. First, it is clear that the set Zn(U) is an ideal in E(U). For f €
IN(U) fiuny = 0 then for each x € U, d,f belongs to (I,N)? € T, M.
Now from Lemma it follows that (T, N)? is generated by all the forms
{dsf,f € In(U)} for all x € U. According to Lemma 5, the definition
of {, }p and ([2.3), N NU is coisotropic if and only if {f,g}p =0 on NNU,
which gives the equivalence between (a) and (b).

The equivalence between (a) and (c) is a consequence of Proposition
applied at each point x € U according to the definition of X and
Lemma [2.25 1

2.7. POISSON MORPHISMS AND POISSON MAPS

DEFINITION 2.47. Let (T°My,TM:, P, {.,.}p) and (T°Ms, T Mo, P,
{...}r,) be two convenient partial Poisson structures.
A smooth map ¢ : My — My is called a Poisson morphism if:

(pPMorphl) Va € My, (Ty¢)" (T}, M2) C Ty M,
where (T;¢)" is the adjoint of the tangent map T} ¢;

(pPMorph2) T,¢ : T:M; — Ty,)Maz is a linear Poisson morphism from
(T2 My, T My, (Pr),) to (T(;(w)MQ, Ty(z)Ma, <P2)q§(oc)>'

If, moreover, each P; is partial symplectic, a Poisson morphism is called a
symplectic morphism.

The notions of anti-Poisson morphism and anti-symplectic morphism are
defined analogously.
Note that the tangent map T,¢ : T, M; — T¢(x)M2 is a linear Poisson

morphism from (TIle,Tle, (Pl)x) to (Tg(x)MQ,T(z)(x)MQ, (P2)¢(x)) means
precisely that it is bounded and we have:

(P2)¢(x) =Typo(P1)zo (Tpo)". (2.25)
As in the context of partial linear Poisson structure, consider for i € {1,2},

a Poisson anchor P, : T’ M; — T'M; on a Banach manifold M;. Then we can
provide the product My x My with two Poisson anchors:
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L. Pupysasy : TP My x T°My — TMy x TMy given by Pagyxar, = (Pr, Po);
2. PMlxMQ_ : T° My x T’ My — T My x T M, given by P, P, —P)
which will be simply denoted M7 x M, .

1X My = (

Moreover, if each (TbMi,TMi,Pi,{ , }p,) is a partial Poisson manifold on
M;, we obtain in this way two partial Poisson structures on M; x My associ-
ated with these previous Poisson anchors. Moreover, if each (TbMZ', TM;, P;,
{,} pi) is partial symplectic, so are the associated partial Poisson structures
on M1 X MQ.

By application of Proposition [2.10] the graph of a smooth map ¢ : My x Mo
is a closed submanifold of M7 x My and from the definition of a coisotropic
submanifold, we obtain:

PROPOSITION 2.48. Let (T°My,TMy, Py, {.,.}p,) and (T°Ms, TM>, P,
{,.} p2) be two partial Poisson structures and consider a smooth map
¢ : My — My such that (Ty¢)*(T},, Ma) C Ty M for all x € M.

¢ is a Poisson morphism (resp. anti-Poisson morphism) if and only if the
graph of ¢ is a coisotropic submanifold of My x My (resp. My x Ms).

Moreover, if each partial Poisson structure is partial symplectic or partial
anti-symplectic, then such a map ¢ is partial symplectic (resp. partial anti-
symplectic) if and only if the graph of ¢ is Lagrangian in My x M (resp.
M1 X Mg)

The notion of Poisson map is defined as follows:
DEFINITION 2.49. For i € {1,2}, let
{(Si(UZ-), {., .}UZ.), for any open subset U; in MZ}

be a Poisson-Lie algebras sheaf on M;.

A map ¢ : M1 — Ms is a Poisson map if, for any open set U; in M;
such that ¢(Uy) C Us, the induced map ¢* : C*°(Us) — C*°(Uy), defined by
¢*(f) := f o ¢, is such that

(pPMap1l) ¢* (E(Uz2)) C E(Ur);
(PPMap2) Y (f,9) € E(U2)?, {6*(f),0*(9)}p, = ¢* ({f, 9} p,)-

PROPOSITION 2.50. Let (T°My,TMy, Py, {.,.}p,) and (T°Ms, TM>, P,
{,.} p2) two convenient partial Poisson structures and let ¢ be a convenient
Poisson map.
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Then, for any x € M;, we have (T;¢)(T(;(x)M2) C T M, and the restriction
of T}¢ to T;(x)Mg is a bounded map from Tg(m)Mg to T;Ml respectively
endowed with their own topology of convenient spaces.

Proof. Fix some x € M; and consider an open set Us around ¢(z) in My
such that {dfs, fo € &} generates T(Z(x)Mg. Let Uy be an open set around x
in M such that ¢* (£(Uz2)) C £(U1). Thus from the definition and properties
of £(U1), this implies that, for any fo € £(Us), the map T(;(x)qb(dfg) belongs
to T, wal provided with its own convenient structure. This implies that, for
any bounded linear functional A on T2Mj, )\(T(Z(x)¢(df2)) is bounded for any

J2 such that dg,f2 belongs to a bounded set of Tg(m)Mg Since T;(x)MQ is

generated by {d¢($)f2’ fa € 52}, it follows that T;(x)QS is a bounded linear
map from T(Z( x)Mg to TQEMl endowed with their own topologies of convenient
spaces. [

Remark 2.51. Definition 2.49] of a Poisson map is quite different from the
definition given in [3§]. From Proposition the condition in the first
assumption is in Tumpach’s Definition but the second one is not imposed and
cannot be satisfied. On the other hand, the definition of a Poisson morphism
(cf. Definition does not require that the restriction of 7;¢ to Tg(x)Mg is

a bounded map from Tg(x)MQ to T, bel endowed with their own topology of

convenient spaces. Note that both definitions of Poisson morphism in [8] and
Definition [2.47] are coherent.

The results established in the following lemma will be used in the proof of
Theorem [2.53]

LEMMA 2.52. Let ¢ be a smooth map from a ¢*°-open set U around 0 of
a convenient space F, into a convenient space FEs.

Assume that there exists a convenient space Fy contained in E!, with
bounded inclusion and a closed convenient subspace Fy of E'. If the restric-
tion of (Ty¢)* to Fy is a bounded linear map from Fy to F for any x € U any
ug,...,u, € By, then (T7®)(.,ug,...,u,))" is a bounded linear map from Fy
to F, for integer n and x € U.

Proof. Fix some x € U. By assumption the result is true for n = 1.
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Assume that the result is true for all 1 < ¢ < n. Then according to the
definition of d}¢ (cf. [21], 5.11]), we have

t—0

. 1 _ _
T200 ) =l ( (T2 ) = T2 706 () )
On the other hand, for any a € Fy, we obtain

(Tro(ug, ... un)) (@) = ao (Tro(,ug, ... uy)).

Now the map
t— oaoT;_:tbqb(.,UQ,...,un) (2.26)

is a smooth map from E) to E.
Thus we have

d
dt =0 (ao (Trhd(oug, ... un))) = o (Tro(,uus ... uy)).

But the inclusion of Fy in Fj is bounded, F} is closed in E{ and the map
takes values in Fj from the inductive assumption. This implies that
ao (Tro(,u,uz...,uy)) belongs to Fy for any a € F. But the map a —
ao(Trd(,,u,uz...,uy)) is a bounded map from Fy to E{ which takes values
in Fi. Since I is closed it follows that this map is a linear bounded map from
F2 to Fl. [ |

The following result gives relations between convenient Poisson morphisms
and convenient Poisson maps (cf. [8, Theorem 7.53 and Remark 7.54]):

THEOREM 2.53. Consider two partial Poisson structures (TbMZ-, TM;, P,
{, }pi), fori € {1,2}, such that T° M, is closed in T' M, and let ¢ : My — My
be a smooth map.

(1) If¢ is a convenient Poisson morphism, then ¢ is also a convenient Poisson
map.

(2) Assume that the typical fibre M, of T" My is dense in M/ (typical fiber
of T' M, ), for the weak* topology. Then if ¢ is a convenient Poisson map
then ¢ is also a convenient Poisson morphism.

In particular, if P, is partial symplectic or if T’ My = T’ M, the previous
converse Is true.
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Sketch of the proof (1) Suppose that property (pPMorphl) is satisfied.
Since the problem is local, and according to compatible charts as previously,

we may assume that, for i € {1,2}, U; is a ¢ open set in M; such that
TM; =U; x M, T°M; = U; x F; and ¢ is a smooth map from U; — Uy where

o 1,6 ({x} x My) C {¢(z)} x Moy;
o T7¢ ({¢(z)} x Fa) C {z} x Fy.

Moreover, by assumption, Fy is closed in M.
Since ¢*(f) = f o ¢, we have:

de(fo @) =dy) f o Tetp =Ty (dp) f) -

Since f belongs to A(Uz), the map d, f belongs to T;Mg. Thus the previous

relation implies that d,(f o ¢) belongs to Tbel and is bounded since F; is
closed in Mj. As in the proof of Proposition 2., by induction, we can
show that:

d¥(f o ¢) (ur, ..., up)

is a summation of terms of type:

do f <Tzq§(u"1),T§ (u"2),...,T; (u"’),...,Tg (uoh)) (2.27)

where:
e the set {o!,..., 0"} is a partition of the set {1,..., k};

e for ¢*, one has:

— each ¢’ is a disjoint union of v; stri ctly increasing sequences of length
1, that is aj- = ((sé)l,..., (33)1) if vy > 1;

— otherwise ¢* is an empty set;
o forall 1 <[ <kandh+1=Ek, we have:
l/1+21/2—|—---+’il/i+--~—|—hl/h = k,
m+--tv+-Fu = L
oIfyl-Zlanda;:((s;) ,...,(5;'-) ),forje{l,...,ui},weset:
1 i

Ugi = (“(s§)17"‘7u(s§)i)7

7o (ur) = (126 (1) o T () )
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Note that the term is completely defined by such a partition {c, ..., 0"}
and the summation in the expression of d%(f o ¢) (u1,...,uz) is for all such
partitions.

According to Lemma we fix such a partition {¢',...,0"}. Then 1

belongs to one and only one 0’;-0 = ((33-0)1, ce (3;0)1-0) and since this sequence

is strictly increasing, we (320)1 = 1. The corresponding term is

i() 0'1.'0 _ l X .
Tiog (u ; ) =Tlg (u(s;p)l, . ,u(S;O)iO> .

After deleting Uy, in this term we obtain the bounded linear map
J

gﬁ;:ul |—>T;0q5(u1,u Uy gy )
(Sj )i

(830)2’ . i

By application of Lemma [2.52 the restriction of (E) to g is a bounded

linear map into Fy.

Associated with this partition, we consider again the corresponding term
(12.27)):

dib(x)f<qu§ (u"l) T2 (M"’) .. Tig (m) . T <u‘7h) ) (2.28)

In this expression, all vectors
T,é (u‘71> T2 (u‘72> Tl (u") ..., The (u"h>

belong to T, M1 = Fa, which we denote by vy, ..., vs. Among these vectors,
we have one and only one which is equal to g/bz(ul) and we may assume that

v = 61 (ur).
Finally, after having deleted u; in (2.28]), we obtain a term of type

a*<dl¢(z)f(.,v2,...,...vh)>

which belongs to F; from the construction of (¢1)*. But such a property
is true for any term of the decomposition of d¥(f o ¢)(.,us,...,us) for any
k € N and any us, ..., us in T, M;. This implies that d®(f o ¢)(.,ua, ..., uz)
belongs to T, M, for any k € N and any wua, ..., u; in T, M; and so the proof
is completed, according to Proposition [2.16
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(2) By the bipolar theorem (cf. [36, Theorem 3.7 and Theorem 3.12]) the
assumption of 2. is equivalent to the assumption:

(M?)*™™ A M = {0}.

This, in turn, is equivalent to the property that M? separates points in M.
Fix some point © € M; and let U be an open set around ¢(x) in M,
such that set {dy,)f, f € E(U)} is equal to T(Z(x)MQ (cf. Lemma . Since

di(pof) = (T30)(df), and (T36) (T}, Ma) C TyM, the set {dy(f © §)), f €
E(U)} generates T2M;. From the definition of the Poisson bracket from a
Poisson anchor, we have:

<dy(g09), Tad o Pro(Th,0)(dfa(f 0 @) >=<dyw)9, Podg() f > (2.29)

for all f,g € E(U).
Then, for any fixed f € £(U) in relation (2.29 we obtain:

< d¢(x)g, T.¢poPo (T;(x)(]ﬁ) (d¢(w)f — P2d¢(x)f >=0

for any g € £(U). Since the set {dy)9,9 € E(U)} generates T¢(x):ch2, it
follows that T,¢po Pj o (T;(w)gb) (dfz(f 0 ¢)) — Pady(y f belongs to (T(;@)Mg)“ N

T, M but by assumption, as we have seen previously, we have:
(T)M2)* NTy M = {0}

for all y € ¢(M7). This completes the proof.

Now, if P, is partial symplectic , then P, is an isomorphism from 7° M,
onto T'My. This necessary implies that (T;Mg)“ NT,M, = {0} for all y € My.
The same is also clear if T" My = T"Ms. 1

Remarks 2.54. (a) In finite dimension, the notions of Poisson morphism
and Poisson map coincide. However, in the context of Theorem [2.53|(2), in
general, M% # M, and not dense in M) for its weak* topology and so the
assertions (1) and (2) are not equivalent.

For instance, it is always the case if T°M, = T'M;, My is reflexive,
Mg # M, and not dense in M) for its weak* topology, and ¢ is a surjec-
tive submersion.

(b) If a smooth map ¢ : My — My is a convenient Poisson morphism from
(TI’Ml,TMl,Pl,{ , }pl) to (Tng,TMg,Pg,{ , }pQ), ¢ can be also a Poisson
map even if T°M; is not a closed subbundle of T7"M; (cf. Theorem .
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2.8. PARTIAL POISSON STRUCTURE ON THE SOURCE OF A SUBMERSION.
Given a surjective submersion on a partial Poisson manifold, we look for suf-
ficient conditions on the structure of the source for which this submersion is
a Poisson map. More precisely, we have:

THEOREM 2.55. Consider a partial Poisson structure (Tle,TMl,Pl,

{., .}pl) and ¢ : My — My a surjective submersion. Then we have

1. M can be provided with a (unique) Lie-Poisson algebras sheaf

{(m(UQ)a { s '}U2) 5 U2 open set in M2}

such that ¢ is a Poisson map if and only if the relation ¢~ o ¢ is a
Poisson relation from My to Mj.

. Assume that M is connected, and assume that (ker T¢)" = (ker T¢$)* N
T°M, is a closed convenient subbundle of T°M; ((ker T'¢)® is the the
annihilator of ker T'¢). Then there exists a unique partial Poisson struc-
ture (T° My, TMs, Py, {.,.}p,) such that ¢ is Poisson morphism if and
only if the relation ¢! o ¢ is a Poisson relation from My to M. In this
case ¢ is also a Poisson map.

. If (T°My, TM,y, Py, {.,.}p,) is partial symplectic or if we have T’ M; =
T' M, then there exists a unique partial Poisson structure (Tng, T Mo,
P {.,.} p2) such that ¢ is a Poisson morphism if and only if the relation
¢! o ¢ is a Poisson relation from M; to M, and so, in this case, ¢ is
also a Poisson map.

Remark 2.56. Under the same assumptions of Theorem [2.55] we obtain

the same conclusion in 1., 2. and 3. when ¢ is an anti-Poisson morphism if
and only if the graph of ¢~! o (—¢) is a Poisson relation.

Proof. 1. Fix some open set Uy in My. If Uy = ¢~ 1(Us), we consider the

E(Uz) ={g € C®(Ms) : ¢*(g9) € E(Uh)}.

Clearly £(Uz) has a structure of algebra. First, we show that £(Usz) can be
provided with a Lie-Poisson structure.
The Poisson bracket on M; x M, is given by:

{hl’hQ}(Pl,Pf) = —< dlhl,Pl(dth) >+ < dghl,Pl(dghg) >
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where di1h and doh are the partial differential of h relative to the first factor
and the second factor respectively.
Now, in M; x M , the graph of the relation ¢! o ¢ : M;—M; is the set

G={(z,y) € M1 x My : ¢(z) = d(y)}.

Assume that G is a Poisson relation, which means that G is coisotropic in
My x M; . By Proposition the ideal Z,(U; x Uy) is stable under the
Poisson bracket on M; x M in restriction to Uy x Uj.

For i € {1, 2}, to the function f; € £(Us) we associate g;(x,y) = fi(p(x))—
fi(¢(y)) on Uy x Uy . Thus g; vanishes on (U; x Up) NG and the bracket the
{91792}(P1,Pf) also vanishes on (U; x U1) NG and so

{91792}(p1,P;)(55a y) = {fl 0 ¢, fo oqﬁ}(Pl’P;)(a;) - {fl o, fao (f’}(phpf)(y) =0

for all z,y such that ¢(z) = ¢(y). Thus {f1 0 ¢, fa o ¢}(P1,Pf) is constant on
each fibre of ¢. It follows that {f10¢, fo O¢}(P1,Pf) belongs to A(Uz) and only
depends only on f; and fo. Since ¢ is a submersion, in this way, we define a
Poisson bracket on 20(Us).

For the converse assume that ¢ is a partial Poisson map. We first show
that the graph of ¢ is coisotropic. First, note that since ¢ is smooth, for
any x € M, the linear map T,¢ : T, My — T,.M> must be bounded. Thus,
if G denotes the graph of ¢, its tangent space T(; ¢(2)Go = {(u, Tud(u)) :
u € T, M} is a closed subspace of T, M; X Td,(x)Mg and so Gy is a closed
submanifold of M; X Ms. We must show that T, 4(,))G¢ is a coisotropic
subspace of Ty My X Ty, M2 provided with the linear partial Poisson structure
(TgM X T(;(;r)MQ’Tle X T¢(x)MQ, (Pl):c X (_P2)¢(a:))-

Indeed, we have an open set U around x € Mj such that T, ng (resp.
Tg(x)Mﬂ is generated by {d,f1 : f1 € A(U1)} (vesp. {dy)f2 : f2 € A(U2)})
where ¢(U1) C U. Therefore (T(z,4(2))Gs)" = {(du(f2 © 9)), dp(a) f2) : f2 €
2A(Us)}. Since ¢ is a Poisson map, it follows that:

< dy(f209), Prds(g2 0 ) > — < dy(z) f2), P2(dg(z)92) >
={fa0d,g200}tp, —{f2,92}p, 00 = 0.
Thus, from Lemma 5., Tz,6(x)) G 18 coisotropic.

But, (¢~!,¢) is clean pair from Lemma and so from Theorem m
the graph of ¢ o ¢! is coisotropic.
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2. At the one hand, since M is connected and ¢ is a submersion, we have a
convenient space [F such that M is isomorphic to My xF. In particular, ker T'¢
is a subbundle of T'M with typical fibre F. Let (ker T'¢)* be the subbundle of
T’ M, which is the annihilator of ker T'¢. Of course, ker T'¢ is a the typical of
a convenient bundle isomorphic to M. We consider the pull-back ¢* (T’ Ms)
over Mj. Then T*¢ can be considered as a bundle morphism from ¢*(7"Ms)
to T"M;. Since ¢ is a submersion, for any x € M, we must have ker T*¢ = {0}
and T;(;S(T(;(QC)MQ) = (ker T,¢)*. As T*¢ is a bundle morphism, this implies
that T*¢ is an isomorphism from ¢* (7" M) to (ker T'¢)® and so we can identify
(ker T¢)* and ¢*(T'Ms). Thus we have the following commutative diagram:

(ker To)® =2 o* (T My) &= /01 (2.30)
\ M )

where @I is a smooth convenient bundle morphism such that the restriction

¢*, to the fibre (¢*(T"Ms)),, is an isomorphism onto T(;(x) M.
We denote o the inclusion of (ker T'¢)° into (ker T'¢)?.

LEMMA 2.57. (i) For any y € Ma, the vector space TgMg = 55; o
vo ((ker T'9)?) if ¢(x) = y does not depend on such a choice of x and has

a structure of convenient space isomorphic to M.

(ii) The range T° My = %o ((ker T'¢)?) has a structure of convenient weak
subbundle of T'Ms. In particular, (ker T¢)? is the pull-back of T° M
over ¢.

Proof. (i) Note that by construction, for each x € M;, there exists an
open set Us in My around ¢(z) such that (ker T'¢)? is generated by {d.(f2 o
®), fo € A(Uz)}. Indeed the fibre (ker T'¢)%, is generated by the set {d,(f2 o
@), fo € C®(Usz)}. In particular, we can remark that

—

V f2 € C(Us), ¢* (du(f20 ) = dga) fo.

But, since the fibre T2M is generated by {d,f1, fi € A(U1)}, their intersec-
tion is generated by {d,(f20 @), fo € A(Us)}.

Fix some y € M5 and choose an open set Us in Ms around y such that
T, M is generated by {dyfa, fo € C*°(Uz)} and consider Uy = ¢~ (Uy).
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According the the previous Remark, for each € ¢~!(y) the fibre (ker T¢)Y
is generated by {dz(f20 ¢), fa € A(U2)}.

Consider two points x1 # xo such that y = ¢(x1) = ¢(x2). As ¢ is
a submersion, the convenient space M is isomorphic to My x F and, for
i € {1,2}, we have charts (V;, ®;) around x; in M; such that:

(1) ®(z;) = (0,0) € My x F;
(2) ®;(V;) =W xV C My xFand ¥(W) =W C Moy;
(3) Wogod; ! =g where g is the first projection from My x F on M.

It follows that T'®; is a bundle isomorphism from 7'My, to W xV x
My x F and TV is an isomorphism from T Moy to W x My and so ker Tgbm,
is isomorphic to W x V x F. Now from (2) and(3), according to diagram
, this easily implies that we have an isomorphism ©; = T*®_ 1“/1_ from
(ker T(;S)fvi to W x V x M, over ®;. Therefore, if we set § = ;' o &1, then
© = ©,' 00, is a convenient isomorphism from (ker T¢>|aV1 to (ker T(b)fv2
such that, in restriction to (ker T(b)fvl, we have

(4) ¢* 0O = $~.

Since the restriction of 35? to each fibre is an isomorphism, according to
(1), we have

(5) O (dz,(f 0 @)) =dy,(f o @) which implies point (i).

(ii) From point (i), the set T°M, = U T;Mg is well defined and let
yEM>
1y : T’ My — T’ My be the inclusion.

Now, since by assumption, (ker T'¢)" is a closed convenient subbundle of
T° M, and the inclusion of T°M; in T'M; is a smooth convenient morphism,
the inclusion of (ker7'¢)? into (ker T'¢)® is also a smooth convenient mor-
phism. This gives rise to an injective bounded map from each fibre (ker T'¢)Y
into (ker T¢$)2. Thus we may consider that the typical fibre M} of (ker T'¢)°
is contained in the typical fibre M, of (ker T'¢)* and the inclusion 7g is an
injective bounded map.

Using the local context introduced in (2) and (3), without loss of generality,
we can assume that V; is simply connected and so (ker T'¢)°|V; is trivial. Thus
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we have a trivialization ®” : (ker T¢)?|V; — W x V x Mb;

(ker T9)jy, : W x V x Mj (2.31)
\ w0
T*¢ ! =~
(ker To),, i l W x V x M,
®; Y _
V; W x VZ‘
\ \
®; Y
Vi W xV;
(ker T)f, e W x V x M, (2.32)
X?A w
Tt il
T' Mz : L W x M
®; Y _
V; W x VZ
W v W

Since 35; oy is an injective smooth convenient bundle morphism over ¢yy;, it
follows that ¢* o ¢o((ker Tqb)?vi) = Tng‘W and, according to (4), this range
does not depend on the choice of such trivializations <I>2. Thus, we can provide
TbM2|W with a structure of trivial convenient bundle over W. Indeed, let

Wi(z) = ®&;1(W x {0}) the closed supplemented submanifold of V;. Then
the restriction of ¢ to W;(z) is a diffeomorphism onto W and so 75 o ®? o

(Zb; 019)7 L T"M2|W — ?x M} C W x Mj is then a trivialization over
qo P; 0 (¢|Wl($))_l W —->W.

Therefore, by merging Diagrams (2.31)) and (2.32]), and using composition
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of T*W¥~! with 1y, we obtain the following commutative diagram:

o> .
(ker T¢)0y, : W x V x Mj
W\ &
T*¥~ 1o,
TbMQ‘W 2 L W x Mg
D, _
V;L W x Vi
W v W

In particular, we have

U = qo(I)ZO((bIW(x))il on W
T*U~touy = (¢ x1g)o (I)E o(¢*og)™! on Tng‘W

(2.33)

(2.34)

By merging Diagrams (2.31)) and (2.32), and using composition with o,
we see that ¢* ot is a smooth morphism bundle from (ker Tqb)?v to T' M,

over ¢ such that

T*vto (&OL()) = (¢ x Id o) o .

According to this relation, since Tng‘W =9 o to((ker TQS)‘OVi) in 7'M, and

T*¥~! is a smooth isomorphism, it follows that the following diagram is com-

mutative:
b .
(ker T¢)}y. l W x V x M5,
xﬁmi mx
T' My —— L2 L W x M
®; __
V; W x Vz

(2.35)
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and so that the restriction of T*¥~! to Tng‘W is a trivialization.
In fact, by merging diagrams (2.33)) for ¢ € {1, 2}, we obtain:

(ker T<z>)?v1 (2.36)

g §

(ker T¢)\()V2

Vi
v ¢ W 14

where ©° = (®})~!o®] is a smooth isomorphism over § = ;o ®;. Tt follows
that such a trivialization of TbM2|W does not depend on the choice of the
trivialization of (ker T¢)" around any point z in the fibre over y € W.

Note that we have ©° = © o (.

Consider two charts (W, ¥}) around some y € M, for i € {1,2}. Fix some
x € Mj such that ¢(x) = y. By same arguments as in (1), (2) and (3), we can
find a chart (V/, ®,) around x in M; such that, after shrinking W; if necessary,
we have:

(1) Wli(y) =T'(y) =0 € My and ®(z) = (0,0) € My x F;

(2)) Wi(W)) =W, C My and ®}(V{) = W; x V;

(3") Wiogo (®))~! =q where g is the first projection of My x F on Ma.

We again assume that V' and W/ are simply connected. Since (ker T ®)°
is a convenient bundle, it follows that we have the trivialization

¢*oLg T*U Lo,

T° Moy

W x M,

(@) + (kex T)0y, — Wi x V; x M,
Then the composition (®5)° o [(®4)’]~! in restriction to (W’l N W;) X (Vll N
7/2) x M5 is a diffeomorphism of type

(z,z,a) — (z,11z(2), Az(@)),

where Z — Il (resp. Z — Ajz) is a field over W’l OW/Z of local diffeomorphisms
of F over V’l N V; (resp. automorphisms of MZ) As in the upper situation,
we have an analog commutative diagrams as ) and by superposition of
these diagrams and using the transition map (5’) we obtain a transition map
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for Tng‘W and TbM2|W/ which show that Tng is a convenient subbundle of

—~-1
T'M;. Now, by construction, we have (ker T'¢)% := {(x, ¢*, (a)), o € T" M,
which ends the proof of point (ii). 1

End of the proof of Theorem [2.552. First, from the proof of point (i) of
Lemma, the fibre T° My = R, (Uz) for all y € M. Now, since (ker T¢)" is
the pull-back of T"Ms, this implies that T¢ = &; 1. According to notations
in the proof of Lemma we have 0 = @51 o®q, so T = T@;l o TP
and so T"0 = T*®; o T*®,' = ©~!. From diagram , (4) and since
©° = © o1, it follows that for any a € T;Mz, if y = ¢(x1) = ¢(x2) then
Ty ¢(a) = e o Ty ¢(a) = ©~1. Therefore, for any a € T?IJ’M, if P denotes
the restriction of P; to (ker T'¢)? we have

(PD)ay 0 Tj ¢ = (PY)zy 0 € 0 Tf g = (P{)ay 0 T*0" 0 T}, 6.
But T,,¢ = T0 o T, ¢. Thus, for any o € T), M3, we have
Tpyp 0 (PY)ay 0 Ty () = (Tiy ¢ 0 TO) 0 (PY)sy 0 T, $(e).

—~—1
By setting (), = T¢ o Pio ¢*, o1, we get a partial Poisson structure
(T° Mo, TMy, Py, {.,.}p,).

3. If (Tle, TMy, P, {., .}pl) is partial symplectic, this means that P is
an isomorphism and so we have a smooth non-degenerate 2-form Qp on T M,
defined by Qp(u,v) :=< P~(u),v >. Since (2 is non degenerate, for all z €
Mj, the orthogonal (ker Tp¢)" = {u € Ty M; : Vv € ker Tp¢, Qp(u,v) = 0}
defines a convenient subbundle (kerT¢): of TM; and so (kerT¢)°
= P7!((kerT¢)*) is a convenient subbundle of T°M,. Then we can
apply 2.

If T°M; = T'M;, then (ker T'¢)? = (ker T'¢)® is a convenient subbundle of
T° M, and so we also can apply 2. 1

2.9. DuaL pAIRS. We end this section by a generalization of the notion
of dual pairs introduced in [9].

DEFINITION 2.58. Consider a partial symplectic manifold (TbM ,TM, P)
and, for i € {1,2}, a Poisson map ¢; from M to the partial Poisson manifold
(T°M;, TM;, P;). We say that (¢1,$2) is a dual pair if, for any z € M, we
have:

ker Ty = (ker Tpgpo) L7 and ker Typo = (ker Tppy) 7.
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ProprosITION 2.59. Consider a partial symplectic manifold (TbM, TM,
P {,}p). Forie {1,2}, let ¢; be a Poisson map from (I°M,TM,P,{, }p)
to the partial Poisson manifold (TbMi,TMi,]Di,{ , }pi) such that (¢1, p2) is
a dual pair. Then, for each open set U; in M; and any f; in the Poisson-Lie
algebra (A(U;),{ , }u,) we have {¢}f1,¢5fa}p = 0 on ¢7 (U1) N ¢y (Us).

Proof. In the one hand, under our assumptions, from the proof of

Theorem [2.55/2, we have T°M; = U By (Ui) where P, (U;) = {d,f
yeM;
y € A;(U;)}. On the other hand, the characteristic foliation is reduced to
M, so by Remark (2) and (3), we have a weak symplectic form w such
that w(u,v) =< P~(u),v > for all u and v in T, M and all z € M. On the
other hand, for any « € TgM , we have an open set U around « in M and a
smooth map f : U — R such that o = d f and since P : T° M — T'M is an iso-
morphism, we have wy(u,v) = wy(Xs,, X7,) = do{fu, fo}p if P71 (u) = dy fy
and P~1(v) = df,.

Thus, according to Proposition [2.6] we have

(ker Tp;) 17 = {P({dof) : feAU), Vv € ker T, < dyf,v>=0}.

But since ¢; is a Poisson map, this implies that if f; belongs to 2((U;) then
oF fi belongs to &; ((bi_l (U;)) and then each d, (¢} f;) belongs to (ker T;¢;)°
for i # j and z € ¢, 1 (Uy) N ¢y (Us) and then if (¢1,¢9) is a dual pair, if
follows that {¢% f1, ¢5fa}p = 0 on ¢7 (U1) Nyt (Ua). I

Remark 2.60. The conclusion of Proposition [2.59] is also true when
(¢1,—¢2) or (—¢1,¢2) is a dual pair.

3. CONVENIENT PARTIAL POISSON LIE GROUPS

This section begins with a survey of definitions and basic properties of
convenient Lie groups, as presented in [8], together with adaptations of results
on Banach Lie groups from [38] (see also [16]). We then introduce the notion
of a convenient partial Poisson-Lie group in the convenient setting via a bi-
invariant Poisson structure, and investigate its properties and its relation with
bialgebras.
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3.1. CONVENIENT LIE GROUPS

DEFINITION 3.1. A convenient Lie group G is a convenient manifold en-
dowed with a group structure for which the multiplication m : G x G — G and
the inversion i : G — G are smooth mappings.

The unit element of the group G will be denoted e and the inverse of an
element g by g~ 1.

For g € G, Ly : x = g.z is the left translation and Ry : v + x.g is the
right translation.

The tangent bundle to G will be the kinematic tangent bundle 7'G and the
vector fields, smooth sections of this bundle, are the kinematic vector fields

whose set is denoted X(G).

DEFINITION 3.2. A vector field X on G is said to be left invariant if
VgeG, (Lg)*X:X
where (L), X =TLgo X oL,1.

Since (L), [X,Y] = [(Ly), X, (Lg), Y], the set of all left invariant vector
fields on G forms a Lie subalgebra of X(G) denoted g.

DEFINITION 3.3. g is called the Lie algebra of the Lie group G.

g is in bijective correspondence with the tangent space T.g via the linear
isomorphism
g — T.G
X — X..

So T.G becomes a Lie algebra for the bracket still denoted [.,.] and defined by
[Xe, Ye] = [X, Y],

PROPOSITION 3.4. Let ¢ : G — H be a smooth homomorphism of Lie
groups. Then Tep : g — b is a Lie algebra homomorphism.

DEFINITION 3.5. Let (G,-) be a Lie group with Lie algebra g. A 1-
parameter subgroup of G is a smooth Lie group homomorphism « : (R, +)

— (G, ).
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So a 1-parameter subgroup of G is a smooth curve «a in G such that

{ V(s,t) €R%, a(s+1)=a(s)-all),
a(0) =e.

PROPOSITION 3.6. Let o : R — G be a smooth curve where « (0) = e and
let X € g. We denote X the left invariant vector field such that X, = X.
Then the following assertions are equivalent:

0
1. « is a 1-parameter subgroup of G and X = 5 a(t);
t=0

2. « is an integral curve of the left invariant vector field X ;

3. le(t, z) = - a(t) is the unique global flow of the vector field X.

DEFINITION 3.7. Let G be a Lie group with Lie algebra g. We say that
G admits an exponential map if there exists a smooth mapping exp : g — G
such that ¢ — exp(tX) is the unique l-parameter subgroup with tangent
vector X at 0.

As in the Banach framework, we have the following properties:
(ExpC1) exp (0) =¢;
(ExpC2) Tpexp = Id,

where (ExpC2) is a consequence of c(iit' exp (tX) = X.

Unfortunately, for a kinematic vector _ﬁoeld, integral curves need not exist
locallyiﬂ7 so the existence of such a map is not guaranteed.

Let G be a convenient Lie group with Lie algebra g.

For any g € G, we define the conjugation or inner automorphism

conj,: G — G
r — g-x-g L
DEerINITION 3.8. The adjoint representation is the mapping

Ad:G — GL(g)
g — Te(conjg).

The adjoint representation of the Lie algebra g is the map ad = T, Ad.
We then have:
V(X,Y)eg?, ad(X)Y =[X,Y]. (3.1)

Ocf. 211 32.12]
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3.2. COADJOINT ACTION ON A SUBSPACE OF A DUAL. For this subsec-
tion, we refer to [38, 2.5]. But for the sake of completeness, we recall this
classical context.

Let G be a convenient Lie group and ® : G — Aff(E) a representation
into the affine group of a vector space E. As Af f(E) is a semi-direct product
of the linear group GL(V') and the translation group on E identified with E,
® can be written as a pair (¢, ©) where ¢ : G — GL(E) and © : G — E. Since
® is a group morphism it follows that ¢ is a group morphism and © satisfies

©(gh) = ©(g) + ¢(9) (B(R)) (3.2)

for all g and A in G. In this case, © is called 1-cocyle on G relative to ¢.

The derivative T, ® is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (Te¢,T.©) where Tc¢ and
T.O gives rise to a Lie algebra morphism d¢ from g to gl(E) and dO from g
to [ respectively which satisfy the relation

dO([z,y]) = do(x) (dO(y)) — do(y) (dO(x)) (3-3)

for all x and y in g. In this case, dO is called 1-cocyle on g relative to d¢.

In particular, consider a Lie group G and a bi-invariant subbunbdle T°G
of TG. If we denote by g° the fibre Teb G, then g’ is invariant by the coadjoint
action G on T'G (formally, same proof as in [38, Proposition 5.6]).

ProPOSITION 3.9. Under the previous assumptions, a map A : g — /\2 gb
is called a 1-cocycle relative to the coadjoint action of g onto g’ if, we have
the following properties:

(1) there exists p : g X g” — g such that A(z)(a, ) =< a, p(z)(B) >, for all
z € ganda, B ing’;

(2) for all z,y in g and o, 3 in g°, we have:
Az, y)) = adPV(A(y)) — adPO (A\(x)). (34)
Then, in the Banach setting, from [38, Theorem 3.14], (g, gb, P) is a partial

Lie-Poisson space in the sense of Definition Thus this Definition can be
considered as an adaptation of [38, Definition 3.12].
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3.3. PARTIAL BIALGEBRAS. The notion of Lie bialgebra in finite dimen-
SionE| appears as a particular case of Lie bialgebroid (see [27] for instance).
A generalization to the Banach setting can be found in [38]. In the next
paragraph, we will propose the following natural adaptation to the convenient
framework, which we call a partial bialgebra.

DEFINITION 3.10. Let (g,[.,.]) be a convenient Lie algebra and g’ be a
convenient subspace of g’ where the inclusion g — g’ is bounded. We will say
that (g,gb) is a partial Lie bialgebra if:

(1) the restriction of the coadjoint action to g x g’ takes values in g’ and is
bounded;

(2) there exists a Lie algebra bracket [.,.] on g’ such that the dual map of
[.,.]”: @® x ¢ — @ restricts to a 1-cocycle \ : g — /\2 g” relative to the
coadjoint action of g onto g’.

Remark 3.11. According to [38, Remark 7.3|, by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

< [z,9), [0, B > =<y, [ad} o, B]” > + <y, [o,ad} B > (3.5)
— < z,[ady oz,ﬁ]b > — < z,[a,ady aﬁ]b > . ‘

3.4. CONVENIENT PARTIAL (RESP. SYMPLECTIC) POISSON-LIE GROUPS.
We begin by fixing some notations.

As in the Banach setting used in [38], on a convenient Lie group G the left
(resp. right) translation L, (resp. Ry) gives rise to a left (resp. right) smooth
action of G on T'G given by (Lg)*(a) = aoTLy (resp. Ry(a) = aoTR,) and
also a smooth action denoted Ly* (resp. R;*) on the bidual 7"G.

The smooth adjoint action Ad, = Ly o R;-1 of G on its Lie algebra g
induces on the dual g’ a smooth coadjoint action Ad; = Lyo R;,l and a
smooth action Ad;* =Ly o R™,.

Motivated by the framework of Banach Poisson-Lie groups developed in
[38], we introduce the notion of convenient partial Poisson-Lie group, defined
via a bi-invariant partial Poisson structure.

DEFINITION 3.12. Let G be a convenient Lie group. A partial Poisson
(resp. symplectic) structure (T "G, TG, P,{, } p) is called a bi-invariant partial
Poisson (resp. symplectic) structure if the following conditions hold:

Hef. [23).
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(BiT) The subbundle 7°G is bi-invariant:
Li(T0,G) =T3G and R}(T},G) = T}G
for all g, h € G.
(BiP) P is bi-invariant:
PyoLy=TL;'oPy, and P,oR}=TR;" 0P,
for all g,h € G.

We then say that (TbG,TG,P,{ , } p) defines a convenient partial Poisson
(resp. symplectic) Lie group.

Remark 3.13. When T°G is bi-invariant, if we set g’ := TgG, then the map
(TL)* : T°G — G x ¢ (resp. (R)* : T°G — G x g’ ) given by TL*(g,a) =
(9, Ly()) (resp. TR*(g, ) = (g, Ry())) is a convenient bundle isomorphism

As we have already seen, to P is associated a partial Poisson tensor A
defined by A(a, 8) =< «, P(f8) >. Therefore, if P is bi-invariant, we have:

Agnlas B) = An(Lior, L3B) + Ag(Rhar, B B). (3.6)

NOTATIONS 3.14. We will denote by 7% M the convenient dual bundle of
T°M. Since the restriction to T,G C T}'G of the adjoint L**g to T,G is TL,.

However for the for the sake of clarity, as in [38], for any A € A" T”G we set:
(Lg"Mgn(ar, ... an) == Ap(Lyoa, . .., Lyayg)

and for analogue reason we also set:
(Ry" Mng(an, ... ax) = Ap(Ryan, . .., Ryay,).

Since we have: Ady, = TRy-10TLy (vesp. Ady—1 = TLy,-10TRy), we set:

Ad;*Ae = R;fl o LZ*Ae (resp. Ad;ilAe = L;il o RZ*Ae).
In this way, the relation can be written:
Agh = LAy + R Ay, (3.7)

The following result generalizes some fundamental results on Banach
Poisson-Lie groups proved in [38]:
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ProrosiTION 3.15. Let G be a convenient Lie group and let (TbG7 TG, P,
{.,.}p) be a partial Poisson structure on G.
The following assertions are equivalent:

(1) (TbG,TG7P,{ , }p) is a convenient partial Poisson (resp. symplectic)
Lie group.
(2) The multiplication m : G x G — G is a Poisson (resp. partial symplec-

tic) morphism when G x G is equipped with the partial Poisson (resp.
symplectic) product structure.

(3) With respect to the Poisson structure G x G x G~ on G x G X G, the
graph Gy, of the multiplication is coisotropic (resp. Lagrangian).

(4) The subbundle T°G of T'G is bi-invariant and the associated partial
Poisson tensor A satisfies, for all g,h € G,

Agp, = L™ Ap, and Apg = Ry Ay, (3.8)

Remark 3.16. Note that Proposition (2) recovers Definition 5.3 of a
Banach Poisson-Lie group in [38]. This is consistent with our Definition
in the Banach case.

Proof. We only look for the partial Poisson situation. For the partial
symplectic framework, the same argument works too.

(1)< (Q)H On the one hand, for the partial Poisson structure on G x G,
we have T;’hG x G = TgG x T)G. If (Xg, X3) € Tgbh (G x G), then we have:

Tgmm(Xg, Xp) = T'Lg(Xp) + TRy(Xy). (3.9)

The bi-invariance of 7°G means that, for any « € T}EG and a o TyR), € TghG
then avoT}, Ly belongs to TgG. It follows that the relation 1) forallg,h € G
and X, X}, € TghG X G, is equivalent to (BiT). On the other hand, let (¢, 1))

be a smooth function around (g,h) € G x G. We denote by X? and XV the
Hamitonian vector fields associated with ¢ and 1 respectively. Then, for the
partial product Poisson P x P, the Hamiltonian field of (¢,v) is (X%, X?).
Then according to , we must have

Tlmm(X?, XV) = T),Ly(X?) + T, Ry (X¥).

2 This proof is an adaptation of the proof of [38, Proposition 5.4].
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Moreover, by definition of the Poisson product structure on G x G, it follows
that

(P x P)(dg,dv)(g, h) = X[0%) = TyRy(X?) + T Ly(X") 510
= T, Ru(Py(d$)) + Tn Lg(Pa(du)).

The map m is a Poisson morphism if and only if

Ty iym (X)) = (P x P)(dg, dv) (g, h)

which is equivalent to the identity above. This completes the proof of the
equivalence.

The equivalence (2) < (3) is a consequence of Proposition [2.48

For the equivalence (1) < (4), it suffices to prove the equivalence between
condition (BiP) and relation , which follows directly from the definition
of A in terms of P, together with . |

3.5. MULTIPLICATIVE ADMISSIBLE 2-FORM AND LIE BIALGEBRA. In this
subsection, we fix a bi-invariant convenient subbundle 7°G of 7'G and we set
@’ = T°G C g'. The convenient dual of g’ will be denoted g”.

3.5.1. MULTIPLICATIVE ADMISSIBLE 2-FORMS. According to [8, Defini-
tion 7.12], for any integer k > 2, an admissible section A € /\k T”G is a section
for which there exists a skew-symmetric morphism P : (T"G)k_1 — TG such
that:

A(Ozl, N ,Oék) = ] (P(Oég, ‘o ,Ozk))

for all (ay,a,...,04) € (T”G)F.

For the sake of simplicity, such a section will be called an admissible k-
form. Note that the partial Poisson tensor A associated with a partial Poisson
anchor P : T°G — T'G is a 2-admissible form.

According to Property , as in finite dimension for the notion of mul-
tiplicative tensor (cf. for example [13, 26] 28| 23]), we introduce:

DEFINITION 3.17. An admissible k-form A is called multiplicative if it
satisfies:
Agh = LAy + R A (3.11)

for all (g,h) € G2
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Remarks 3.18. (a) If A is multiplicative, for h = g = e, from the relation
(3.11) we obtain A, = 2A. and so A, = 0.

(b) If A = 0, for any v € T.G, let X be a vector field on G such that
X (e) = v. Since we have (cf. [8, Chapter 7])

LxA(Ckl, e ,Ckk)(€> = de (A((Xl, e ,Ozk>) (X)
- Zle Ac(ag, ..., Lxag, ..., a)

it follows that LxA(aq,...,ax)(e) = de (Ao, ..., k) (X) and hence only
depends on the 1-jet of A at point e and the value X (e). Thus, as in finite
dimension, the differential dA. is intrinsically defined.

(3.12)

As in finite dimension, (cf. [I3]), we have the following properties:

PROPOSITION 3.19. Given any admissible k-form A, we associate to A two
bounded fields

k k
AL:G—>/\g"’ and AR:G—>/\gb’

defined, for all (g,h) € G2, by (Ap), = L7 Ag and (Ar), = so1Ag. We then
have the following equivalences:

(i) A is multiplicative.

(i) Ay satisfies, for all (g,h) € G:

(AL)gn = (ML), + AdyZa (ML),
(iii) Ag satisfies, for all (g, h) € G2:

(AR)gn = Ady"(Ar);, + (AR),y-

Remark 3.20. In finite dimension, if G is connected, the following pro-
perties:

(iv) Ae = 0 and LxA is left invariant whenever X is a left invariant vector
field.

(v) Ae =0and LxA is right invariant whenever X is a right invariant vector

field.
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are equivalent to properties (i), (ii) and (iii) (cf. [13] 22]).

Properties (iv) or (v) are equivalent to each Properties (i), (ii) and (iii) for a
connected convenient Lie group admitting an exponential map and generated
by the range of the exponential map. This is, in particular, the case for
connected and simply connected Banach-Lie groups. Unfortunately, in the
general case for convenient Lie groups, such properties are not true since the
previous assumption is not satisfied.

Proof. According to Notations for all (g, h) € G2, we have
(AL)gn, — (AL)y, — AdpZa(AL) g = Ligyy—1Agn — L= Ap — L=y o Rp" o Li%i A
= LZ‘;‘h)_l (Agn — Ly Ay — Ry Ag)

which implies the equivalence between (i) and (ii).
A formally comparable calculus shows the equivalence between (i)
and (iii).

3.5.2. 1-COCYCLES AND LIE BIALGEBRAS. For this paragraph, we refer
to [38, 2.5 and 4.1]. For the sake of completeness, we adapt these results to
the convenient context.

As in § let G be a convenient Lie group and ® : G — Aff(E) a
representation into the affine group of a vector space E. In this situation, ®
can be written as a pair (¢, ©) where ¢ : G - GL(E) and © : G — E.

EXAMPLE 3.21. Consider a Lie group G and a bi-invariant subbundle 7°G
of TG. If we denote by g’ the fibre Té’G. Then ¢’ is invariant by the coadjoint
action G on T"G (formally, same proof as in [38, Proposition 5.6]). Let A be
an admissible multiplicative 2-form and Ag : G — /\2 o’ given by

(AR)y = Ri%1A,

for all g € G.
Then Ag is a 1-cocycle on G with respect to the coadjoint action Ad** on
the vector space A* g’ that is

(AR)gh = (AR)g + Ad™(9)(AR)n (3.13)

for all g,h in G (Formally again, the proof is the same as for [38, Proposi-
tion 5.7, Assertion (2)]). Therefore, we have

TeAr([z,y]) = ad;" (TeAR(y)) — ad, (TeAr(2)) (3.14)
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which means exactly:

TeAr([z, y)) (o, B) = TeAr(y)(ad; o, B) + TeAr(y) (o, ady, B) (3.15)
— TAg(2)(ad} a, B) — TeAg(z) (v, ad}; B). '

3.5.3. LIE BIALGEBRA ASSOCIATED WITH A MULTIPLICATIVE 2-FORM.
The following result gives a link between admissible multiplicative 2-forms on
a Lie group G and 1-cocycles:

THEOREM 3.22. Let A be an admissible multiplicative 2-form and the
associated skew-symmetic morphism P : T°G — TG. Assume that P, is
injective. Then [, 8]p = deA(c, §) defines an almost bracket on g’ which is a
Lie bracket if and only if (TbG, TG, P/{., .}p) is a convenient partial Poisson-
Lie group. In this case, (TG, T bG) is a partial Poisson bialgebroid and d.A is
a l-cocycle on g relative to the ad** action on /\2 o

Proof. First, recall that the bi-invariance of T°G implies that 7°G = G x gb
via right or left translation on G.

On the one hand, from the right invariance of 7°G, the map Pg : G x g° —
TG where (Pr)y := P o Ry is well defined.

On the other hand, by the definition of Ag from A (cf. Proposition ,

we have
(Ar)g(a, B) =< o, (Pr)gfS >
for all o, 8 € g,
We will need the following result:

LEMMA 3.23. Under the assumptions of Theorem[3.22, for any g € G, we
have: P. =0 and

d (A, B)) (Xe) =TeAr(a, B)(Xe) =< o, T Pr(Xe)(B) >

for any local sections «, 8 of TgG around e and any X, € T,G.

Proof of Lemma [3.23] Fix some neighbourhood V of g in G. For allh € V
we have Ap(a, B) = (Ag)(R; 1, Ry 1) =< Rj _,cv, (PR)n(B) >.

Since Ag is a map from G to /\2 o’, it follows that we have:

d(AMa, B)) (Xg) = < Tya(Xy), (Pr)g(B) > + < a, TyPr(X,)(5)

- (3.16)
+ < o, Pr(T46(Xy)) >
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where @(h) = Rj,-1a(h) and B(h) = Ry-13(h), for all h € V.

But we have A.(a, 8) =< a, P, >= 0, for all a and § in g’. According
to section this implies that (g”)*7 = {0} and so P.(8) belongs to
P.(g°)*P = 0. Since P, is injective, it follows that P.(3) = 0 for all § € g’.
Thus from , since we have (Pr). = P, we obtain:

d(A(, B) (X,) =< 0, Ty Pa(X,)(8) > (3.17)
In particular, for g = e, we have (Pg). = P. = 0 and so we get:
d(A(a, B)) (Xe) =< a, TePr(Xe)(B) > . (3.18)

But we can note that since (Ag). = Ae = 0, the second member of (3.18]) is
nothing but that TeAr(a, 8)(X.), which ends the proof of Lemma |

End of proof of Theorem Let A(G) := {¢ € C=(G), dy¢ € TgG}.
Then g¢” can be identified with the set

U {¢a €AG) : ¢ale) =0 and Vg € G, dydo = R} 10}

acg’

Since P is an almost Poisson anchor, we have an almost Lie Poisson bracket
{¢,¢%}p on A(G) given by

{¢71/1}P =< d¢ap(d¢) >

which is a Poisson bracket if and only if P is a Poisson anchor (cf. Proposi-
tion and Remark .

Now, from Remark {¢,%}p induces an almost Lie bracket [a, B]p =
d{¢a, Pp} on o” which satisfies the Jacobi identity.

From the definition of A as a map from G to /\2 o’ it follows that T,A is
map from g to /\2 g”. Therefore, the almost bracket on g satisfies the relations:

[aa ﬂ]P = d{¢a) ¢ﬁ} = dgA(RZ_1O[7 R;—l/B) = TeAR(O[, ﬁ)

Lemma [3.23 implies that [a, 8]p = deA(a, B).

Now, if P is a Poisson anchor, this implies that the bracket on 2 satisfies
the Jacobi identity and from Proposition the almost bracket [.,.]p also
satisfies the Jacobi identity since P is injective by assumption. Therefore, the
almost Lie bracket induced on g also satisfies the Jacobi identity.

Conversely, assume that the almost bracket on g satisfies the Jacobi
identity.
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First note that from Remark we have an almost Lie bracket [.,.]p on
T°g which satisfies:

For any function ¢1, ¢o, ¢3 in 2A, we set:

Jp(P1, 02, 03) = {d1{d2, d1}p}p + {P2{d3, b1} p}p + {P3{P1, P2} P}P.

Note that, for any g € G and any ¢; there exists a; € g” such that dgti = Ry
for i € {1,2,3}.
With all these properties we have sucessively:

dg{d2, o1} p = dgA(de2,dp3) = dyA(Rjaz, Ryas)

= deAR(a2, a3) = [a2, 3] p.

So we obtain

dg ({P1{¢2, 1} P}P) = deARr(a1, (a2, a3]p) = [a1[ae, as]p]p.

It follows that dyJp(¢1, p2, ¢3) is the Jacobi expression of the bracket on o
for (a1, g, as). Therefore

dgJp(01, d2,¢03) =0

for all g € G and ¢1, o, ¢3 in A. By the way, Jp must be must be constant
and this value does not depend on the choice (¢1, @2, ¢3) in particular of their
values at g. Thus Jp must be identically zero, which ends the announced
equivalence.

Now if P is a Poisson anchor, from Proposition (TG, T°G) is a partial
Poisson partial bialgebroid.

It remains to show that d.A is a 1-cocycle on g relative to the ad** action
on A*g’.
From Lemma |3.23] we have

[, Blp = deA(a, B) = TeAr(a, B).

The last assertion is then a direct consequence of Example |
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3.6. DIRECT LIMITS OF (PARTIAL) BANACH POISSON-LIE GROUPS.
Every Banach Poisson-Lie group in the sense of [3§] is, in particular, a conve-
nient partial Poisson-Lie group. In [38], the author presents many interesting
examples of Banach Poisson-Lie groups which therefore are also partial conve-
nient Poisson-Lie groups. We do not reproduce the full list of examples here;
interested readers are referred to that paper.

In this subsection, direct limits of ascending sequences of (partial) Banach
Poisson-Lie groups provide examples of convenient Poisson-Lie groups that
are not Banach Poisson-Lie groups.

3.6.1. DIRECT LIMITS OF SOME ASCENDING SEQUENCES OF BANACH
(PARTIAL) POISSON-LIE GROUPS. First, we recall some results concerning
direct limits of ascending sequences of Banach-Poisson manifolds and Banach-
Lie groups. For further details, see [8, 7.6 and 5.8].

Let (M;, 24 (M;),{.;,.}p,);en Pe asequence of partial Banach-Poisson man-
ifolds where p? : T°M; — M; is a Banach subbundle of the cotangent bundle
p*MZ_ :T*M; — M; and P; : T"Mi — T'M; is the associated Poisson anchor.
We denote by M; the Banach space on which M; is modelled, and by F; the
model of the typical fibre of the subbundle pE : T M; — M;. We assume that
[F; is a Banach subspace of the dual M of M;. For each 7 € N, we denote by
52“ : M; < M, the inclusion map.

DEFINITION 3.24. The sequence (M;, A(M;),{.,.}p,);cy is called a direct
sequence of partial Banach-Poisson manifolds if

(DSpPM1) (M;),;cy is an ascending sequence of smooth Banach manifolds,
where M; is modelled on the Banach space M; such that M is a sup-
plemented Banach subspace of M;; and such that M; is a closed sub-
manifold of M;,1;

(DSpPM2) for each i € N, the map
E;H_l : (Tle) TMZ7 -P’ia { 9 }Pz) — <TbM’i+1TM’L'+1) ]Di-‘r].v { 9 '}Pi+1>

is a Poisson map;

(DSpPM3) around each x € M, there exists an ascending sequence of charts
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(Ui, ¢i);cn such that we have the following commutative diagram:

*57%+1
TbUi <~ TbUZ'_H
Ui Sitl Uit1

i

Remarks 3.25. (a) Since (Mi,ezﬂ)ieN is an ascending sequence of Ba-
nach manifolds, we may assume that M is a Banach subspace of M; ;. By
abuse of notation, we continue to denote by ei“ the natural inclusion of M; in
M1 and (571)* M, ; — M the adjoint operator. Note that ()" is sur-
jective. Since F; is the typical fibre of T”M;, we must have (€§+1)*(Fi+1) =T,
and each F; is a Banach subspace of M.

(b) In fact, (DSpPM2) implies Piy1qoyy, = B

First, we have the following proposition:
PROPOSITION 3.26. Let (M;,2(M;),{.,.}p,);cny be a direct sequence of

partial Banach-Poisson manifolds and let M be the direct limit of the sequence
(M;);cr- We then have:

1. ppr : TM — M is a convenient bundle, which is the kinematic bundle
of M.

2. phyy : T'"M — M and p* : T°"M — M are locally trivial convenient
bundles over M. Moreover p,, : T'"M — M is the kinematic cotangent
bundle of M.

3. There exists a canonical bundle morphism P : T°M — TM whose
typical fibre is @ﬂﬁ‘z where F; denotes the typical fibre of TbMi. This
morphism is characterized, for x; € M;, by:

P(xi,§) = P(wi, limp> (&) = limy<p(Pe(@i, &k))- (3.19)

Moreover, P is skew-symmetric, with respect to the canonical dual pair-
ing between T'M and TM when restricted to T° M x TM.

Finally, we have:

THEOREM 3.27. Let (M;,2A(M;),{.,.}p,);en be a direct sequence of par-
tial Poisson Banach manifolds and let M = @(MZ)
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There exists a weak subbundle p° : T"M — M of py, : T'"M — M and a
skew-symmetric morphism P : T°M — TM such that (M,Ap(M),{.,.}p) is
a partial Poisson manifold with the following characterization:

If g; : M; — M denotes the canonical injection, then ¢; is a Poisson mor-
phism from (M;, A(M;),{.,.}p,) to (M, 2A(M),{.,.}p) for alli € N. Moreover,
we have:

Ap(M) =lim2A(M;),  {...}p = lim{., }p.

Therefore (TbM M, P {.,.} p) is not a priori a partial Poisson manifold
since its Poisson bracket is defined only on the sheaf of subalgebras Ap(M) =
hﬂﬁ(Ml) of sheaf Ajs of smooth functions associated with the convenient

bundle T° M. However:

LEmMA 3.28. Let (U;, ®;),cy be an ascending sequence of charts. Set
U= ligUi, P = @@. Then, for any smooth function f : U — M, if f; = fiu,,
we have f = hﬂfZ

Proof. Recall that if M; is modelled on the Banach space M;, we may
assume that M; is a supplemented subspace of M;; and let M = ligMi
which is a convenient space. Without loss of generality, we may assume that
U; is a ¢*-open set of M;. Then by [8, Lemma 5.2], we obtain f = hgqu |

It follows that (TbM M, P {.,.} p) is really a partial Poisson manifold.
We will apply these results in the following context of Banach (partial)
Poisson-Lie groups.
Note that the direct limit of an ascending sequence of Banach manifolds can
be viewed as a non-Hausdorff manifold. Nevertheless, an ascending sequence
of finite dimensional manifolds is always a Haussdorff manifold ([15]).
However, for an ascending sequence

GlC'”CGiCGH_lC'”

where G; is a Banach-Lie subgroup of G;11, the associated sequence of Lie
algebras
g1 C - Cgi Cgit1 Coe

is a strong ascending sequence of closed Banach spaces. Hence, the direct
limit g = li_rrggi is a Hausdorff locally convex space and therefore a Hausdorff
convenient space. Since Cg-differentiability implies convenient smoothness,
by [1I, Theorem 4.11] we obtain:
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THEOREM 3.29. Consider an ascending sequence Gy C --- C G; C G341 C

- of Banach-Lie groups such that G; is a Banach-Lie subgroup of G;;1.
Assume that, for each i € N, there exists a norm ||.||; on g; such that
II[X, Y]|l: < ||X||; ||Y]|; and such that the norm of the morphism "' : g; —
gi+1 canonically associated with the inclusion 52“ of G; in G;41 is at most 1.
Then G = ligGi is a convenient Lie group whose Lie algebra is g. Moreover,
expg 1= liglexpGi is a convenient local diffeomorphism on a c¢*-open set of 0.

Note that this result is particularly valid for sequences of finite dimensional
Lie groups (cf. [15]).
In a more general context, we have the following result (cf. [8, 5.8]):

COROLLARY 3.30. Let (E,)n,eny be an ascending sequence of Banach
spaces such that [E,, is a supplemented Banach subspace of E, 1.

Then E = |J E, is an LB-space and L(E) = |J L(E,) is also an LB-
neN neN
space, where L(E,) denotes the Banach space of continuous linear operators

of E,. Moreover, GL(E) = |J GL(E,) has a structure of convenient Lie
neN
group modelled on L(E), where GL(E,) denotes the Banach-Lie group of

linear continuous automorphisms of E,,.

3.6.2. ASCENDING SEQUENCES OF BANACH (PARTIAL) POISSON-LIE
GROUPS. We have seen that any Banach Poisson-Lie group is in particular
a Banach partial Poisson-Lie group, so we only consider sequences of Banach
partial Poisson-Lie groups. Thus naturally, an ascending sequence of Ba-
nach (partial) Poisson-Lie groups (TbGi,Gi,Pi)l. ¢y Is an ascending sequence
of (partial) Banach-Poisson manifolds.

THEOREM 3.31. Consider an ascending sequence of Banach (partial)
Poisson Lie groups (T"Gi,Gi,Pi)ieN. Assume that the ascending sequence
of groups (G;),c satisfies the assumption of Theorem .

Then the direct limit G = limG; can be endowed with a (partial) Poisson-
Lie group structure.

Proof. It remains to show that the partial Poisson manifold (T*’G, G, P) is
a (partial) Poisson Lie group.

Assume that ¢ = limg;. By using classical results on direct limits and
maps and their differentials, we have the following relations and results:
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o the left (resp. right) translation L, (resp. Ry) is Ly = lim L, (resp.
R, = liﬂRgi) and an analogous result holds for Ad, on G;

e since any x € g can be written x = hﬂml with x; € g;, one has:

ad, = limad,, and ad; = limad;,

o if we set g” = T°G, we have ¢° = @gi (cf. [8, p.351]);
e the bi-invariance of each T°G; implies the bi-invariance of T°G;

e from Remark [3.25/(b), the bi-invariance or each P; implies the bi-

invariance of P.

This completes the proof. |

3.6.3. SOME EXAMPLES OF CONVENIENT PARTIAL POISSON-LIE GROUPS

EXAMPLE 3.32. Structure of Poisson-Lie group on U(n).

We first recall how to build a structure of Poisson-Lie group on the unitary
group U(n) := U(n,C). Let u(n) (cf. [38])@ be the Lie algebra of the Lie
group U(n), i.e. the space of skew-symmetric matrices and let b(n) be the Lie
algebra of the Borel group B(n) := B(n,C), i.e. the space of upper triangular
matrices with real coefficient on the diagonal. Then the Lie algebra of the
group GL(n,C) is gl(n), the space of all complex n x n matrices and the
Iwasawa decomposition gives rise to the decomposition:

gl(n) =u(n) @ b(n).

Consider the non degenerate symmetric bilinear continuous map < .,. >
given by
< A, B >=SQTr(AB),

where STr(AB) denotes the imaginary part of the trace of the matrix AB.
Then (u(n),b(n)) is a bialgebra, to which is associated a canonical Poisson
Lie structure on U(n). More precisely, in this finite dimensional situation,
b(n)) is isomorphic to the Lie algebra u(n)*. From the decomposition gl(n) =
u(n)@b(n) we denote by p; (resp. p2) the canonical projection of gl(n) on u(n)

13This situation is a particular case of a more general context exposed in [23] or [26] for
instance.
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(resp. b(n)) the associated multiplicative Poisson tensor A% : U(n) — A b(n)E
is characterized by (cf. [20]):

(AR)g(ar, ag) == ITr (pg(Adg—lOdl)pl (Adg—ICVQ)) ) (3.20)
The corresponding multiplicative 2-form on U(n) iﬂ
(A")g(on, az) = R™(AR)g(1, o2)

and the Poisson anchor P, : T*U(n) — TU(n) is the map
(g, @) = (A")4(. ).

ExaAMPLE 3.33. A convenient Poisson-Lie group.

We have a canonical embedding from U(n) into U(n + 1) and associated,
canonical embedding from u(n) (resp. b(n)) in u(n + 1) (resp. b(n + 1)) (cf.
proof of Proposition .

Consider the Poisson anchor P, : T*U(n) — TU(n) (resp. Pyi1 : T*U(n +
1) = TU(n + 1)) as previously defined. It is clear for the previous construc-
tion that (7°U(n), U(n), P")n ¢ 18 an ascending sequence of finite dimensional
Poisson-Lie groups whose direct limit is U(oco) and which is thereby equipped
with a convenient Poisson-Lie group structure (7*U(00), U(c0), P ) that is not
a Banach Poisson-Lie group. Note that if f and g are smooth maps on U(o0)
and if = € U(c0), then x belongs to some U(n) and {f,g}pr. (z) ={f,g}p,(x)
which does not depend on the integer n such that g belongs to U(n).

ExAMPLE 3.34. A partial Banach Poisson-Lie group which is not a Banach
Poisson-Lie group.

We consider the context of [39].

Let H be a separable complex Hilbert space provided with a Hilbert basis
(2));ez- We consider the group U(H) of skew-hermitian bounded operators
and we denote by u(H) its Lie algebra and uj(#) the the Lie subalgebra of
trace class of elements of u(?#). We also consider the Lie algebra of algebra of
upper triangular trace-class operators :

by (H) ={a € L1(’H)E|: ali) € span{ |j),7 < i} and Vi € Z, (ila|i) € R}

14p(n) is identified with u(n)*.
5For notations, see Example
16cf. Appendix
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Then the bilinear map:

u(H) x b (H) — R
(A,B) — STr(AB)

is a duality pairing between u(H) and b} (H) (cf. [39, Proposition 10]). By
the way, it can be considered as a subspace of the dual u*(#).

On the other hand, let ® : Li(#) — u*(#H) be the map defined by
®(a)(x) = STr(az). Then the kernel on ® is u; (H) and we obtain a continuous
injective linear map from Ly (#)/u; () into u*(H) which is the predual u,(#)
of u(H) is preserved by the coadjoint action of U(H). Moreover, ®(bf (H)) is
a proper dense subspace of Li(H)/ui(#H (cf. [39, Proposition 13]).

The Lie-Poisson structure on U(#) is built from the decomposition:

Lo(H) = ua(H) @ b3 (H)

where ug(H) = u(H) NLy(H) and by (H) is the Lie algebra of Hilbert-Schmidt
upper triangular operators with real coefficients on the diagonal. Then we
have a Banach Poisson-Lie structure on U(H) defined in the following way
(cf. [39, Theorem 14]):

TUH) = |J Ry-ru.(H)
geU(H)

which is the predual bundle of TU(H).
The Poisson structure is defined by Ag : U(H) — A% u.(H) ['7] given by:

(AR)g([en], [a2]) = STr (p2(Adg-101)p1 (Ady-1 (p2(a2))) (3.21)

where [og] = ®(oy) € Li(H)/u1(H) = u(H) for I € {1,2}. We denote by Py
the associated Poisson anchor.

Now, considering H provided with a fixed Hilbert basis ( |i));c;, for each
n € N, we have a canonical embedding of U(n) in U(H) which is a closed
Banach-Lie subgroup. By the way, this gives rise to an embedding of Ba-
nach spaces from b(n) into b (H). Note that ®(a) belongs to u*(n) and
so the class [a] is reduced to a. Moreover, in the one hand, according
to the relations (9) and (10) in [39], u(n) and b(n) are invariant by con-
jugation by a unitary operator. On the other hand, according to ,
and the previous identifications, A% is the restriction of A% to b(n).

17¢f. Proposition
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We denote by Py : T*U(H) — TU(H) the Poisson anchor associated with
A%, Tt follows that P, is precisely the restriction of Py to T*U(n). Hence
(T*U(n), U(H), Pt)ip+y(ny)) is @ Banach partial Poisson-Lie group which is
not a Banach Poisson-Lie group.

Remarks 3.35. (a) As in finite dimension, we can define the notion of
convenient partial Poisson-Lie subgroup as follow.

Let (TbG, G, P) be a Poisson-Lie group. A closed supplemented subgroup
H of G will be called a convenient partial Poison-Lie subgroup of G if there
exists a convenient partial Poisson Lie group (T "H, H, Q) on H such that 7°H
is a closed supplemented subbundle of T°G whose typical fibre b’ is a Lie
subalgebra of g’. By the way, (T"U(n),U(n), Py) is a Banach Lie-Poisson
subgroup of (T.U(H), UH, Py).

(b) From Example it follows easily that U(co) can be considered as
a subset of U(#H). The inclusion is a continuous smooth injective map and
U(co) is dense in U(H). It is a convenient weak submanifold of U(#), but it
is not a convenient partial Poisson Lie subgroup of U(H).

4. CONVENIENT POISSON-LIE GROUPOIDS

In this section, we recall the definition of a topological groupoid and some
generalizations of this notion, introduced in [5], to convenient Lie groupoids
and their associated Lie algebroids, with particular emphasis on the Banach
setting. In the final subsection, we introduce the notions of partial Poisson-Lie
groupoids and symplectic Lie groupoids, and review their main properties.

4.1. TOPOLOGICAL GROUPOIDS

DEFINITION 4.1. A topological groupoid G = M is a pair (G, M) of topo-
logical spaces such that G need not be Hausdorff but M is Hausdorff, endowed
with the following structure maps:

(TGrl) two surjective open continuous maps s : G — M and t : G — M
called the source and the target maps, respectively; @

(TGr2) a continuous map m : G& — G, where G := {(g,h) € G x G |
s(g) = t(h)} is equipped with the induced topology from the product
topology on G x G. This map called the multiplication is denoted by

'8 Each element g € G can be seen as an arrow g : s(g) — t(g) from s(g) to t(g).
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m(g, h) = gh and satisfies the associativity property: the product (gh)k
is defined if and only if g(hk) is defined and in this case:

(gh)k = g(hk);

(TGr3) a continuous embedding 1 : M — G called the identity section such
that g1, = g for all g € s™!(x), and 1,9 = g for all ¢ € t~(z). In
particular, so1l =idy =t o 1;

(TGr4) a homeomorphism i : G — G, denoted i(g) = g~ called the inver-
sion, such that gg—' = 1¢(g)s g g = 15y- In particular, soi = t,
toi=s.

The space M is called the base of the groupoid, and G is called its total space.
For any (z,y) € M?, we denote G(z, —) := s 1(x), G(—,y) :=t~(y), and

G(z,y) :={9€G :s(9) =z, t(9) =y} =G(z,~)NG(~,y).
The isotropy group at @ € M is the set
Gx)={9€G :s(9) =x=1t(g9)} =G(z,2) C G
and the orbit of z € M is the set
Ga={t(g) : ges ' (x)} = t(G(z,-)) C M.

For any g € G, if s(g) = = and t(g) = y, we define its corresponding left
translation
Ly:G(—,z) — G(—,9), h — gh,

and similarly its right translation
Rg:g(x,_) —)g(y’_)a h'_>hg

Each of these maps L, and R, is a homeomorphism.

The topological groupoid G = M is called s-connected if its s-fibres
G(x,—) are connected for all x € M, and s-simply connected if all its s-fibres
are connected and simply connected.

The topological groupoid is called transitive if the map (s,t) : G — M x M
is surjective.

A topological morphism between topological groupoids G = M and H =
N is given by a pair of continuous maps ® : G — H and ¢ : M — N which
are compatible with the structure maps, that is:
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e Vgeg, ¢(s(g) =s(®(g), o(t(g)) =t(®(g)) and ®(g~") = ®(g)~;
° V(g,9) €GP, d(gq) = 2(9)2(9);
o Vxe M, q)(l:E) = 1¢(x).

Note that ¢ is uniquely determined by ® and therefore a morphism between
the groupoids G = M and H = N is given only by a continuous map ® : G —
‘H which satisfies the above compatibility conditions.

A subgroupoid of G = M is a groupoid H = N such that H C G and the
inclusion ¢ : H — G is a topological morphism of groupoids. A subgroupoid
H = N of G = M is called a wide subgroupoid if N = M.

4.2. CONVENIENT LIE GROUPOIDS. As in [5], the definition of a n.n.H.
convenient Lie groupoid requires analogues of the following basic facts for
Banach-Lie algebroids, whose proofs require suitable adaptations of the clas-
sical arguments.

PROPOSITION 4.2. Let G = M be a topological groupoid satisfying the
following conditions:

(i) G is a n.n.H convenient manifold and M is a Hausdorff convenient man-
ifold;
(ii) the source map s : G — M is a submersion;
(iii) the inversion map i: G — G is a smooth diffeomorphism.
Then the target map t is also a submersion. Consequently, for every x € M,
the fibres G(x,—) and G(—,x) are n.n.H. convenient submanifolds of G and
G(z,—) is Hausdorff if and only if G(—, z) is Hausdorff. Moreover
1. the topological space G2 is a n.n.H. convenient submanifold of G x g;
2. the identity section 1 : M — G is smooth and 1(M) is a convenient
submanifold of G.

Furthermore, if G is a Hausdorff manifold, then, for every x € M, the fibres
G(x,—) and G(—, x) are Hausdorff submanifolds of G and G2 is a Hausdorff
submanifold of G X G.

Proof. First, since from (ii), s is a submersion (cf. [8, Definition 1.13])
and, from (iii), i is a diffeomorphism, it follows that t = s o1, is a submersion
(cf. [8, Proposition 1.15]). Therefore, by [8, Theorem 1.14], the fibres G(x, —)
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and G(—, z) are split n.n.H. convenient immersed submanifolds of G, for every
x € M. Now assume that G(x,—) is Hausdorff. Since G(—,z) = i(G(x,—))
and since i is a diffeomorphism of G, it follows that G(—, x) is also Hausdorff.
The converse follows by the same argument.

Consider the map (s,t) : G x G — M x M. If D denotes the diagonal in
M x M, we have G = (s,t)"!(D). Therefore, again from [§, Theorem 1.14],
g () is a n.n.H. convenient submanifold of g x G since s and t are submersions.
Moreover, if G is Hausdorff so are G(x, —) and G(—, z) for all x € M and the
same is true for G2,

The proof of the last statement is formally the same as in [5, Proposi-
tion 3.1]. 1

DEFINITION 4.3. A n.n.H. convenient Lie groupoid is a topological
groupoid G = M satisfying the following conditions:

(CLGrl) G is an.n.H. convenient manifold and M is a Hausdorff convenient
manifold;

(CLGr2) the source map s : G — M is a submersion;
(CLGr3) the inversion map i: G — G is smooth;
(CLGr4) the multiplication m : G2 — G is smooth.

A convenient Lie groupoid G = M is called split if, for every (z,y) € M?,
the set G(z,y) is a submanifold of G.

A convenient Lie morphism between the convenient Lie groupoids G = M
and H = N is a topological morphism ® : G — H which is a smooth map.

When G is modelled on a Banach space (resp. Fréchet space), it is called
a Banach-Lie groupoid (resp. Fréchet-Lie groupoid).

4.3. EXAMPLES OF CONVENIENT LIE GROUPOIDS. We will adapt to
the convenient context several classical examples of finite-dimensional Lie
groupoids (cf. [3]).

4.3.1. CONVENIENT LIE GROUPS. Any convenient Lie group G is a con-
venient Lie groupoid: the set of arrows G is the set G and the set of objects
M consists of a single point {1}, where 1 € G denotes the unit element.
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4.3.2. CONVENIENT LIE PAIR GROUPOID. Given a convenient manifold
M, set G := M x M and let s and t be the projections of M x M onto the
first and the second factor, respectively. The multiplication map m and the
inverse i are respectively defined by

m((z,y),(y,2)) = (z,2)  and  i(z,y) = (y,2)

and are smooth. Finally, the unit map 1 : x — (z,x) is smooth as well. We
thus obtain a convenient-Lie groupoid M x M = M.

4.3.3. GENERAL LINEAR BANACH-LIE GROUPOIDS. Let m: A — M be
a Banach vector bundle. The general linear Banach groupoid GL(A) = M
is the Banach groupoid such that GL(A) is the set of linear isomorphisms
g : Ay — Ay between each pair of fibres (A, Ay). The source map and the
target map are obvious and the multiplication is the composition of linear
isomorphisms and 1, =1Id4,.

4.3.4. DISJOINT UNION OF N.N.H. CONVENIENT LIE GROUPOIDS. Let
{Gx = M)} cL be a family of n.n.H. convenient-Lie groupoids. We denote

G:= || G\ and M := || M),. Since we consider here disjoint unions, the
AEL AeL
structure of the n.n.H. convenient-Lie groupoid G = M is clearly defined by

the collection of structure maps for each particular Gy = M) for A € L.
For example, given a finite sequence of convenient bundles A; — M;, for
i € {1,...,n}, then we have the natural structure of a n.n.H. convenient-Lie

groupoid | | GL(A;) = || M.
i=1 i=1

More generally, given any convenient-Lie n.n.H. groupoid G = M, if

M = || M, is a partition of M into open G-invariant submanifolds, then the
€L
corresponding groupoids Gy = M), obtained by restriction, are n.n.H. Banach-

Lie groupoids and G = M is the disjoint union of the family {G\ = M)} cL.
4.3.5. ACTION OF A CONVENIENT LIE GROUP. To each smooth action

A:GxM — M
(g,x) — g-x

of a convenient Lie group on a convenient manifold, is associated a convenient
Lie groupoid G = M defined in the following way:
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G:=M xG;

e s(x,9) :=x and t(z,9) := A(g,z) = g z;
o if y =g -z then m((y,h), (z,q)) := (z, hg);
o i(z,9):=(g-z.97");

e 1, =(z,1).

The smoothness of the action immediately implies the smoothness of all the
structure maps defined above.
It is straightforward to verify that for any xg,yo € M one has:

G(zo,y0) = {wo} x {9 € G : g-x0=yo},

and, in particular, the isotropy group at zq is given by:
G(wo) = {zo} x G(w0)

where G(zo) :={9g € G : g-zy = x0}.

It is worth pointing out that the above groupoid needs not split. To ob-
tain a concrete example, let X be any real Banach space with a closed linear
subspace Xy which has no supplement in X, e.g., the space of all bounded
sequences of real numbers X = (> (R) with its subspace Xy = ¢y consisting
of the sequences which converge to 0 (cf. [8, Example 1.2]). Then the abelian
Banach-Lie group G = (X, +) acts smoothly transitively on the Banach man-
ifold M = X\ &y via A(g,xz + Xp) =g+ x + &) for all g,z € X. If we define
the groupoid G := M x G = M as above, then the isotropy group at the point
Xy € M, that is,

G(Xp) ={X} x X CgG

is not a submanifold of G = M x X since A} is not a supplemented subspace
of X.

4.3.6. THE GAUGE GROUPOID OF A BANACH PRINCIPAL BUNDLE. A
Banach principal bundle is a locally trivial fibration # : P — M over a
connected Banach manifold whose typical fibre is a Banach-Lie group G. We
then have a right action of G on P whose corresponding quotient P/G is
canonically diffeomorphic to M. We get a right diagonal action of G on P x P
in an evident way. The gauge groupoid is the set of orbits of this action, that
is, the quotient G := (P x P)/G provided with the quotient topology. The
source map (resp. the target map) of the equivalence class of (v, u) is m(u)

(resp. w(v)) (cf. [30]).
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4.3.7. FUNDAMENTAL GROUPOID OF A BANACH MANIFOLD. Recall that
to any connected topological space M one associates its corresponding funda-
mental topological groupoid II(M) = M where II(M) is the set of homotopy
classes of paths with fixed end points. The source map (resp. the target map)
assigns to a class the initial (resp. terminal) point of a representative path,
the multiplication is given by concatenation of paths whenever defined, and
the inverse is given by reversing the direction of a path.

When M is a connected Banach manifold, each source fibre is a universal
covering of M and, in particular, carries a natural Banach manifold structure.
Moreover, it is a principal bundle over M with structural group 71 (M). The
associated gauge groupoid of this principal bundle can then be identified with
II(M), yielding a structure of n.n.H. Banach-Lie groupoid on II(M).

4.4. ADDITIONAL PROPERTIES OF BANACH-LIE GROUPOIDS. We recall
below some properties of a Banach-Lie groupoid (cf. [5, Theorem 3.3]).

THEOREM 4.4. Let G = M be a n.n.H. (pure) Banach-Lie groupoid and
define t, as the restriction of t to G(x,—).
For any x € M, the following assertions hold.

(1) For all x € M and any y € G - x the set G(x,y) is a closed submanifold
of G. In particular, the isotropy group G(z) is a Banach-Lie group and
its Lie algebra is isomorphic to ker Th,s Nker 17 t.

(2) For any x € M such that G(z,y) is a Banach submanifold of G, for all
y € G = t,(G(z,—)), then the orbit G.x is a pure Banach manifold
and its inclusion map G - x <— M is smooth.

(3) Under the assumption of (2), t; : G(x,—) — G.x is a Banach principal
G(x)-bundle.

Remark 4.5. Note that the assumptions in (2) are satisfied for all (z,y) €
M? whenever G = M is split.

Proof. (Sketch of the proof) To prove (1), we consider the distribution
Ay = kerTys Nker Tyt for all g € G(z, —),

and we get a Banach subbundle of A C T'G(z, —). This distribution is inte-
grable. Thus, fromﬁ [8, Theorem 8.1], there exists a partition of G(x, —) into

9This theorem was proved in the context of (Hausdorff) Banach manifolds but all the
arguments used in the proof of this result are based on local charts; hence the result also
holds for n.n.H. Banach manifolds.
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closed immersed n.n.H. Banach manifolds, each of which is modelled on the
Banach space Aq,.

Moreover, since A, = kerTyt,, the maximal leaf through ¢ € G(x,—)
is a connected component of t~1(t(g)) and hence is a closed subset of the
Banach manifold G(z, —). In particular, the isotropy group G(t(g)) is a union
of such leaves and hence is a closed immersed n.n.H. Banach manifold. Since
each point in G(t(g)) is closed, thus it follows from [7] that G(t(g)) is in fact
Hausdorff. Consequently, G(t(g)) carries the structure of a Banach-Lie group.

For the proof of (2), we consider the map

v: G(x,—)/G(x) — G-z
9-9(x) — t(g).

It is easy to prove that W is bijective. We can show that, under the assumption
that G(z,y) is a Banach submanifold of G, for all y € G -z, the quotient
set G(z,—)/G(x) has the structure of a smooth manifold for which the map
U: G(x,—)/G(x) — M is smooth (cf. proof of [5, Theorem 3.3]).

The last point 3. is a consequence of [5, Lemma 2.5]. I

Unfortunately, the properties of a Banach-Lie groupoid described in
Theorem [£.4]do not hold in general for a convenient Lie groupoid, even when it
is split. The essential obstruction is the absence, in the convenient setting, of
a general existence theorem for local flows of vector fields. We will show that,
under some strong assumptions on projective or direct limits of Banach-Lie
groupoids, these properties can nevertheless be recovered.

4.5. LIE ALGEBROID ASSOCIATED WITH A CONVENIENT LIE GROUPOID.
Analogously to the Banach-Lie groupoid setting, any convenient Lie groupoid
G = M admits a natural convenient Lie algebroid structure over M. We now
briefly recall its construction.

Denote by TG the vertical bundle associated with the submersion s : G —
M and by I'!__(G) the vector space of right invariant vector fields. The space

mv

I'7 ,(G) is endowed with the Lie bracket of vector fields, thereby forming a
Lie subalgebra of the Lie algebra of vertical vector fields. The tangent map
Tt induces a morphism of Lie algebras from I'[, (G) to the Lie algebra I'(M)
of vector fields on M. We consider the pull-back AG — M of the convenient
bundle 7°G — 1(M) along the unit map 1: M — G. AG may be viewed as
the restriction of TG to 1(M) identified with M C G.

Note that since M is Hausdorff, it follows that AG is a Hausdorff convenient

bundle.
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On the one hand, there is a canonical convenient vector bundle morphism
1. : AG — T%G from the bundle AG — M to the bundle 7°G — 1(M) which
is an isomorphism in restriction to each fibre. On the other hand, if 'y (7°G)
is the vector space of smooth sections of TG — 1(M), then Tyt gives rise
to an isomorphism from I'j;(7°G) onto I'} (G) which is also a morphism of
Lie algebras. Now, the morphism 1, gives rise to a Lie bracket on the vector
space I'(AG) of smooth sections of AG — M, which will be denoted by [.,.].
Finally, by composition, we obtain an isomorphism of Lie algebras between
L (T3G) and T (G). Now, AG is provided with the anchor p = T't|5;. From
the property of Lie bracket of vector fields on G, it follows that the Lie bracket
[.,.] on AG is localizable by using the same arguments as in the proof of [5,
Theorem 4.19]. Moreover, since this Lie bracket of kinematic vector fields only
depends on the 1-jets of such vector fields, it follows that (AG, M, p,|. ,.]) is
a convenient Lie algebroid (cf. [8, Definition 3.78]).

In a dual way, we can consider the vertical bundle TtG associated with
the submersion t and the Lie algebra anv(g) of left invariant vector fields.

Then the tangent map T's induces a morphism of Lie algebras from T, (G)
to the Lie algebra X(M) of vector fields on M. As previously, we consider
the restriction AG of T5G to 1(M) identified with M. If p' := Ts|pr is an

anchor for AG, the isomorphism between I'1(G%) and T, (G) provides the set
of sections of AG with a Lie bracket denoted [, ]; thus we get a convenient
Lie algebroid (AG, M,p,[, ]). Since Ti transforms a right invariant vector
field into a left invariant vector field, this map induces an isomorphism of Lie

algebroid from (AG, M, p, [, ]) to (AG, M,7,[, )).

4.6. CONVENIENT PARTIAL P0OISSON GROUPOIDS. Consider a Banach-
Lie groupoid G == M. The mutiplication m is a map from G to G. Since G(?
is a closed submanifold of G x G, the graph Gy, of m is a closed submanifold

of G x G xg.

DEFINITION 4.6. 1. A groupoid G = M is called a partial Banach
Poisson-Lie groupoid if it carries a partial Poisson structure associated
with a bundle morphism P : T "G — TG such that the graph Gy, of the
multiplication map is a coisotropic submanifold of the partial Poisson
manifold G x G x G

2. A groupoid G = M is called a partial symplectic (resp. strong symplec-
tic) Banach-Lie groupoid if there exists an isomorphism P from °G
to TG (resp. T'G to TG) such that for the associated Poisson structure
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Gt xGT x G~ on G x G x G, the submanifold Gy, is Lagrangian.

For a convenient partial Poisson-Lie groupoid, the following properties
hold.

In fact, a partial symplectic Banach-Lie groupoid enjoys stronger proper-
ties than a general partial Poisson convenient Lie groupoid. For this reason,
we shall state the corresponding results separately in a subsequent theorem.

THEOREM 4.7. Let G = M be a partial Poisson Banach-Lie groupoid.
Then following assertions hold:

1. The submanifold M is a coisotropic submanifold of G.
2. The inversion map on G is an anti-Poisson morphism.

3. There exists a unique Lie Poisson algebras sheaf on M for which the
source map s (resp. the target map t) is a Poisson morphism (resp.
anti-Poisson morphism). Moreover if Tbg =T'G or if (Tbg,Tg, P) is
partial symplectic, then there exists a unique partial Poisson structure
on M such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism).

Proof. The proof of this theorem is an adaptation to our setting of the
proof of [41, Theorem 4.2.3].
1. By axiom (TGr3) of Definition M is precisely the set:

{reg:3Jyegq, yr=y}.

Let C be the diagonal Ag of G? and let R : G2—G be the relation whose graph

is {(yz,y,2): (y,2) € G x G}.
Then one has:

R(C)={z€G:3yeq, (y,y) € Ag and (y,y,z) € R}

which coincides with M by the preceding characterization.
On the one hand, the identity Idg is a Poisson morphism. Therefore its
graph, namely the diagonal Ag, is a coisotropic submanifold of G~ x G*.
On the other hand, since Gy, is coisotropic in GT x GT x G, it follows
that R, whose graph is Gy, is also coisotropic in G~ x G* x G*. Hence,

by Corollary R(C) = M is coisotropic in G provided that (R,C) is a

clean pair.
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According to Definition [2.39]and Definition [2.43} if Ag2 denotes the diago-
nal of G2, we must show first that (Ag x R)N(Agz x G) is a closed submanifold
of (G?) x G% x G whose tangent bundle is given by (TAg x TR)N(TAgz x TG).

But we have:

(Ag X R)N(Ag2 x G) = {(y,4,9,9,2) €C X R : yz =y}
This set is the image of the embedding of G in G2xG2x@g given by:

iry— (v, 9,9, 9.8(y)).

Now the tangent space of this submanifold at a point (y,y,y,y, x) is the range
Tyj. To show that this space is exactly

(T Ag x TR) N (T} Agz x TG)

RIRTRTRD) RTRTRTRD)

it suffices to prove that T{,,, . RN (T(y,y)Ag x T,G) is of the form:
{(w,u,v) 1 we TG, v="Tys(u)}.

First, any vector in T, ,, ,) RN (T(y7 y)Ag XTxQ) is of type (u,u,v) for u € T,G
and v € T,G. Let x : t — x(t) and y : t — y(t) be two smooth curves in G,
defined on | — ¢, [ such that z(0) = z,y(0) =y, ©(0) = v, y(0) = u and such
that the derivative of the product satisfies:

& 1))y = .

Since y(0)x(0) = y(0), this implies that x(0) belongs to M. We can write

z(t) =t (Lygy-1 (y(t))) -
Hence we obtain v = &(0) = T, t(u).
Since %(y(t))tzo = %(y(t):n(t))tzo, the last condition (2) (ii) of Defini-
tion is clear. This completes the proof of 1.
2. Once again, the graph of the inversion is of the form R(C') where

R : G—G x G is the relation whose graph is {(gh,g,h), : g¢g,h € G} and
C = M, since

R(C):{(g,h) €EGxG:3dxeM, (x,9,h) GR}.

Now, M is coisotropic in Gt and R is coisotropic in GT x G~ x G~. Thus, if the
pair (R, C) is clean, then R(C) is coisotropic in G~ x G~. This is equivalent to
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saying that R(C), i.e. the graph of i, is coisotropic in G x G*. Consequently,
i is an anti-Poisson morphism.
The intersection (M x R) N (Ag x G?) is the set

{(z,z,9,h) € M x R}.
This is precisely the image of the embedding

j:MxG?> — G?>x@G?
(z,9,h) +— (x,2,9,h).

The same type of argument used in the proof of 1. permits to show that
T(M x R)N (Ag x G%) =T (M x R)NT(Ag x G?)

and the verification left to the reader. Finally, condition (2) (ii) of Definition
[2.39) is satisfied, and thus the proof 2. is complete.

3. We have s(g) = s(¢’) if and only if there exists h € G such that ¢’ = hg;
for instance, one may take h = ¢g’g~!.

We interpret the graph of s os™! as R(C), where R : G x G = G is the

relation whose graph is
{(h,g,hg) : h,g € G},
and C = G. Indeed, we have
sos 1= {(g9.9) € G?:3heg, ¢ = gh}.

Since M is coisotropic in G and R is coisotropic in GT x Gt x G—, if the
pair (R,C) is clean, then R(C) is coisotropic in G© x G~. Hence s os~! is
a Poisson relation. The result follows from Theorem [2.55] The proof of the
cleanliness of the pair (R, C') is elementary and is left to the reader.

Since t = soi and i is an anti-Poisson morphism, it follows that t is an

anti-Poisson morphism. |

Remark 4.8. In the context of Theorem assume that 7°G = T'G or
that (7°G, TG, P) is partial symplectic. Then there exists a unique partial
Poisson structure on M such s (resp. t) is a Poisson morphism (resp. anti-
Poisson morphism) is such that the Lie-Poisson algebras sheaf on M built
in 1. is exactly the Poisson Lie algebras sheaf associated with this partial
Poisson structure on Ms. However, even if the partial Poisson structure on
G is symplectic the unique induced Poisson structure on M is not, in general
symplectic, even in finite dimension (cf. [1]).
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For a partial symplectic Lie convenient groupoid, the following properties
hold:

THEOREM 4.9. Let G = M be a partial symplectic convenient Lie
groupoid. Then we have:

1. The submanifold M is Lagrangian in G.
2. The inversion map in G is an anti-symplectic map.

3. There exists a unique strong Poisson structure on M such that s (resp.
t) is a Poisson morphism (resp. anti-Poisson morphism).

4. There exists a weak symplectic 2-form w such that «° : TG — T'G has

image T’ M and satisfies wF’TbM = P.

5. For each g € G, the vertical spaces T4G(s(g), —) and T,G(—,t(g)) are
symplectic orthogonal subspaces of the symplectic vector space (T,G,w).

6. Moreover, if G = M is a split Banach-Lie groupoid, w induces a weak
symplectic form on each orbit of G in M.

Following [5, 6.2], a convenient Lie groupoid G = M is called transitive
if the map (s,t) : G - M x M is a surjective submersion. In this case, the
action of G on M has a single orbit, namely M itself.

Thus, by application of Theorem we obtain:

COROLLARY 4.10. Let G == M be a transitive partial symplectic Banach-
Lie groupoid. Then, via the identification of M with the unique orbit
of G, the weak symplectic 2-form w on G induces a weak symplectic struc-
ture on M.

Remark 4.11. Consider a partial symplectic Banach-Lie groupoid G = M.
The 2-form induced by w on T4G(s(g), —) (resp. T4G(—,t(g)) is not symplectic
since the intersection of these two tangent spaces is isomorphic to the Lie
algebra of the isotropic group of s under the assumptions of Theorem In
this context, this is true if and only if the isotropy group of s(g) is reduced to
the identity. Moreover, the partial Poisson structure on M is not, in general,
weakly symplectic (see item 6.).

Combining items 1. and 3. of Theorem Proposition and Re-
mark we obtain:
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COROLLARY 4.12. Let G = M be a partial symplectic Banach-Lie
groupoid. For any open set U in M, let (Ea(U),{, }v) be the Poisson Lie
algebra on U associated with the partial Poisson structure on M and { , }p
the Poisson bracket on G associated with the partial symplectic structure on
G. Then any pair (f1, f2) in Ep(U) is in involution, ie. {f1, f2}u = 0.

Proof of Theorem The proof of 1. is analogous to that of Theorem
1., under the additional assumption that Gy, is Lagrangian. Since, in this
case, Ag is also Lagrangian in G~ x G*, we invoke the second part of Corollary
In fact, in this case, the Lie-Poisson algebras sheaf on M, is exactly the
sheaf associated with the partial Poisson structure on M (cf. Remark [4.8)).

2. and 3. are exactly the result of 2. and 3. of Theorem [4.7]

4. is a consequence of Theorem [2.23| applied to the characteristic foliation
whose leaves are the connected components of G.
For 5., we will adapt the proof of [29, Theorem 3.6]. According to 4., we have
a weak symplectic form w on G such that: w(w,w’) =< P~ 1(w),w’ > for
any w,w’ in T,G and any g € G. In this way, on G* x G7 x G, the partial
symplectic structure is an isomorphism P? from (7°G)? to (T'G)? given by:

P3(wy,wy, ws) = (P(w1), P(w2), —P(w3)).

3

Hence, we obtain a weak symplectic form w? on (G)? associated with P? given

by:
w3((w1,w2,w3), (wh, wh, wh)) = w(wy, w)) + w(wy, wh) — w(ws,ws). (4.1)

For each g € G, we set Ay = G(s(g), —) and By = G(—,t(g)) the fibres of
s and t respectively.

Fix k € G. For any (g,h) € G, we set k = gh. Then we have Ry, (A4}) =
Ay and Ly(By) = By. For u € TyA,; and v € T Ap, if wy and wy belong to
T},G, the vectors (0,u,w;) and (0,v,ws) belongs to T, )G and are tangent
to the graph Gy, of m if and only if

w; = TRy (u) and wy = TLy(v). (4.2)

By assumption, Gy, is Lagrangian in G+ x G+ x G~. Thus, according to

Proposition the definition of a Lagrangian manifold, the relations (4.1))
and (4.2), we must have:

w(u,0) +w(0,v) —w(TRy(u), TLy(v) = 0,
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for all u € TgAg and v € T}, By,. Since TRh(ThAh) =T, A and TLg(Tng) =
T}, By, it follows that

TyBip = (TpAp)"? and TpAy = (T Bi)*"

according to Proposition which completes the proof of 5.

6. Moreover, if G = M is split, for each x € M, from Theorem 4.4} G(x, —) is
a closed split submanifold of G. For any g € G(x, —), let H, be a supplement
of TyG(x,—) N TyG(—,z) in T,G(—,x). Then from 5. of Theorem and
point (ii) of Proposition , w induces on H, a symplectic form. Since we
have a canonical isomorphism from T'G(z, —)/TG(z) to TG.x (cf. Proof of 3.
of [5, Theorem 3.3]), by using the same arguments as in the proof of [35]
Proposition 2.4.5], we obtain a symplectic form @ on T'G.x. This means that
the set of connected components of the orbit of G is exactly the characteristic
foliation of the partial Poisson structure on M. Since this partial Poisson
structure is strong, it follows that the almost symplectic form on each orbit
is closed (cf. Theorem [2.23]). 1

5. PARTIAL CONORMAL BUNDLES AND CONVENIENT LIE ALGEBROIDS

In this section, we study partial conormal bundles in the Banach and conve-
nient Poisson settings. We first establish their basic properties for coisotropic
submanifolds and derive the associated partial dual Lie algebroids. We then
prove that if the partial conormal bundle of the unit manifold is a split Banach
subbundle, the Lie algebroid of a Banach Lie-Poisson groupoid and its partial
dual form a partial bialgebroid.

5.1. THE PARTIAL CONORMAL BUNDLE OF A COISOTROPIC MANIFOLD.
Let (TbM ,ITM,P,{, } p) be a partial Poisson manifold. For any closed sub-
manifold C' of M, we denote by T, M (rvesp. ToM) the pullback of 7'M (resp.
T°M) along the inclusion C' < M.

DEFINITION 5.1. (1) The conormal bundle N®(C) is the subbundle of
T,M defined by:

NYC) = {(z,n) € TEM : Vue T,C, <nu>=0}.

2) The partial conormal bundle N°(C) of T2M is defined by:
C

NUC) = {(x,n) € TEM : Yu € T,C, <nyu>=0}
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Remark 5.2. Tt is clear that N*(C') is a subbundle of T/ M, whereas, in
general, N(C) is not a vector bundle over C.

THEOREM 5.3. Let C' be a coisotropic submanifold of M.

(1) The partial conormal N°(C) is exactly (TC)*. If T"M = T'M or if P
is partial symplectic and C' is Lagrangian, then N°(C) is a subbundle
of T"M.

(2) If N°(C) is a closed sub-bundle of T M, it can be provided with a Lie
algebroid structure whose anchor is the restriction of P to N°(C).

Proof. (1) From the deﬁnition we have (T, M)*7> = P,((T,M)°) and
hence NO(M) = (TM)*. First, assume that T°M = T'M. Then N%(C) =
N?(C) and hence it is a subbundle of 7M. Assume now that P is partial
symplectic. Since C' is Lagrangian, for each x € C, we have P, (NB(C)) =
T,C. Thus N°(C) = P~Y(T'C) and since P is an isomorphism, it follows that
N?(C) is a subbundle of T2 M.

(2) Let Po be the restriction of P to N°(C). Since C is coisotropic, we
have already seen that P(N°(C)) C T'C and hence Pc takes values in TC.
We first show that the bracket defined in , when restricted to sections of
N?(C), takes values in N°(C). Fix some open set U in M. Using the identity
Lxw = dw(X, )+ d(w(X)) and the definition of [ , |p, for any a and S in
[(T° M), we obtain:

[, ] = dB(Pa, ) —da(PB, ) —dB(Pa, ) —d < a, P > .

It follows that, for X € T(C N U) and for any section a and 3 of N°(C)
over C NU, we have < a, PB >= 0 on C NU. Hence, we obtain [a, 8](X) =
dB(Pa,X) — da(PB,X). But since Pa and X are tangent to C, their Lie
bracket [Pa, X] is also tangent to C. It follows that df(Pa,X) = 0. By
the same argument, we also obtain da(PS3,X) = 0. Thus [a, ] belongs
to NO(C). Since the Jacobiator of [ , ]p vanishes on sections of T7°M and
since the restriction of [ , ]p to sections of N9(C) takes values in N°(C),
it follows that the Jacobiator also vanishes on sections of N(C). Finally
the Leibniz rule on T’ (TbMU) implies the Leibniz rule upon restriction to

T(N(CNT)). B

5.2. PARTIAL DUAL LIE ALGEBROIDS. Let (AQ,M, P, |- ,.}) be the Lie
algebroid associated with a groupoid G = M. We denote by AG’ — M the
dual bundle of AG — M. We have the following properties:
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THEOREM 5.4. Assume that G = M is a convenient Lie-Poisson groupoid
such that the partial conormal bundle N°(M) is a split convenient subbundle
of T}Qg . Then

(1) If T°G = T'G, the above assumption is always satisfied and NO(M) =
N@(M) is canonically isomorphic to the dual AG' — M of the Lie
algebroid AG — M.

(2) The inclusion of N°(M) into the conormal bundle N**(M) is a morphism
of vector bundles.

(3) NY(M) admits a Lie algebroid structure whose anchor is the restriction
of P to NO(M).

COROLLARY 5.5. If a Banach Lie groupoid G == M satisfies one of the
following assumptions:
(i) G = M is a Lie-Poisson groupoid such that T°G = T7'G;
(ii) The kernel of P restricted to M is a split subbundle of T]@Q and its
range is ThG;
(iii) G = M is a partial symplectic Lie groupoid;
then N°(M) is a split subbundle of T°G.

If we identify AG' with N®(M), then NO(M) is a weak subbundle of AG’
and carries a structure of convenient Lie algebroid.

Remark 5.6. According to the decomposition (5.1)), if G is a Hilbert
groupoid, or if T'M is finite dimenisonal or finite codimensional, then the
assumptions of Theorem are also satisfied.

Under the assumptions of Theorem if we identify AG" with N%(M),
then AN°(M) is a weak subbundle of AG” and carries a structure of Banach
Lie algebroid.

We therefore introduce in the Banach framework:

DEFINITION 5.7. Assume that G = M is a Banach Lie-Poisson groupoid
such that the partial conormal bundle NY(M) is a split Banach subbundle of
TJ@Q. Then NO(M) is called the partial dual of AG and is denoted AGP.

Proof of Theorem (1) Assume that 7°G = 7'G. Then NO(M) =
N (M). First, since s : G — M is a submersion, as M is viewed as a subman-
ifold of G, it follows that

TyG =T5G & TM = AG & TM. (5.1)
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If p3; : TmG — T'G® is the associated projection, we obtain an isomorphism
p/j\/[ : TG® — Ty G/TM. 1t follows that T,G is isomorphic to T},G% & T'M.
Thus N*(M) can be identified with to T3,G®. Tt is a split subbundle of T°G.
Since AG = T},G5, NO(M) can be identified with AG'.

(2) For simplicity, we assume that M is connected and work in the setting
of the previous constructions.

Let G® the typical fibre of T3,G® and let M be the typical model of M.
Then, for each z € M, there exists a chart (U, ) of z in G such that ¢ (U) =
Up x Uy € M x GS. In this way, we obtain a trivialization:

T/'lﬂil : T’QU — (ﬁl X UQ) X (M/ D (GS)/) .

In this chart, we have (")~ (N*(M);y) = Uy x Uz x (G®)'. Without loss of
generality, we may assume that U; and Us are simply connected. Now, since
N 0(M ) is a closed subbundle of T"Q, there exists a local trivialization ¥ of
T"Gy such that W(T°Gy) = Uy x Uy x G” where G” is the typical fibre of T°Gy.
On the other hand, since N°(M) is a closed subbundle of T%,G, if we identify
G" with TQIZQ , we have a decomposition G’ = N” & H where N’ is the typical
fibre of NO(M). Thus, we may assume that U(T°Gy) = (U1 x Us) x (Nb ®H).
Since we have N°(M) = N%(M) N T},G, it follows that N° = (G®)' N G’.
Thus, in these local coordinates associated with the chosen trivializations, the
inclusion of N°(M);; into N(M)y is given by:

(y:m,0) = (y,7,0).

Now consider another chart (U’,1’) around z and a corresponding trivializa-
tion W/ (T°Gy) = Ul x U} x G’ with the same properties and decompositions.
Since NO(M) (resp. N¢(M)) is a split subbundle of T°G (resp. T'G), the
transition maps W' o W1 (resp. (T7¢')~1 o (T74)) preserve the vector space
(G%) NG (resp. (G®)). This completes the proof of (2).

(3) Is a direct application of Theorem (2). 1

Proof of Corollary This corollary is a direct consequence of Theorem
(1), Theorem [5.3|(1) and Theorem [5.4| provided that under assumption (i),
(i) or (iii) , NO(M) is a split subbundle of T3,G.

(i) Note that according to the proof of Theorem 5.4] (1), under assumption
(i), NO(M) = N®(M) and hence it is a closed split subbundle of 7%,G = T},G.

(ii) Under assumption (i), we denote by K”M the kernel of P restricted
to TK/[QM and H°M is supplementary of K’ M in TJI(/IQ. We denote by Py the
restriction of P to H’M. Since P is surjective, it follows that Py : H° M —
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TG is an isomorphism. Taking into account the decomposition , we set
H'M = P, (TM) and K°M = P;'(AG). By construction, for any o € KOM
(resp. @ € H'M), we have < a,u >= 0, for all u € TM (resp. u € AG)).
Note that NO(M) = K’ M @ H°M and so N°(M) is a split subbundle of T°G.

(iii) Under assumption (iii), M is a particular case of the context of
assumption (ii). 1

We are now in a position to prove the following result which generalizes a
result in finite dimension for Poisson Lie groupoids (cf. [27]):

THEOREM 5.8. Let G = M be a Banach Lie-Poisson groupoid such that
partial conormal N°(M) is a split Banach subbundle of T},;G. Then (AG, AG)
is a partial bialgebroid.

Proof. Since T°G carries a partial Poisson structure, Proposition im-
plies that, for any open set U C G, we have:

dp[X,Y] = LxdpY — LydpX (5.2)

for all vector fields X and Y on U viewed as 1-forms on T°G.

On the other hand, we have seen in the proof of Theorem 2., for
each open set U in G that the restriction of [.,.]p to AG},, takes values
in AG?,;. Moreover, by (2.16) and Proposition [2.30](1), if X is a section
of AG restricted to AG3, is a 2-form on AG,,. Finally, by (2.18) and
Proposition [2.30[(2), it follows that the restriction of each member of (/5.2])
to AG};+,, induces a 2-form on AG?,,, which satisfies relation (5.2). This
completes the proof according to the definition of a partial bialgebroid. |

Remark 5.9. All the previous results are not true in general in the con-
venient setting. The essential reason is that even if F is a split convenient
subspace of a convenient space E and E = F & G, then the canonical projec-
tion of G onto E/F is not, in general, a convenient isomorphism.

In particular, F* is not isomorphic to the annihilator of G and therefore
N®(M) cannot be identified with AG'.

Consequently the whole proof of Theorem [5.4] fails in this setting. However,
in the convenient setting, if T' "G = T'G and P = T°G — TG is a convenient
bundle isomorphism, i.e. it is a strong symplectic convenient groupoid, the the
typical fibre G of G is reflexive. In particular, AG is isomorphic to AG’. In fact,
we also can show that (AG, AG’) is a partial bialgebroid, with a proof formally
identical to that of Theorem (.8 Note that we will see that Theorem [(5.4]
remains valid for direct limit of finite dimensional Poisson groupoids.
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6. CONVENIENT SUB-POISSON GROUPOIDS

This section is devoted to the study of the cotangent bundle of convenient
Lie groupoids and Lie groups. We prove that it carries a natural groupoid
structure and a canonical partial symplectic groupoid structure, yielding an
associated partial Lie bialgebroid. We also establish a characterization of sub-
Poisson groupoids in terms of partial Poisson structures. Finally, we analyze in
detail the cotangent bundle of a regular convenient Lie group and the induced
Poisson geometry on the dual of its Lie algebra.

6.1. PARTIAL SYMPLECTIC POISSON STRUCTURE ON THE COTANGENT
BUNDLE. Let G = M be a convenient Lie groupoid. As in finite dimension,

the conormal bundle V(M) is the subbundle of T},G defined by:
NM) = {(z,n) € TyG : Yu € T;M, <n,u>=0}.

It is clearly a closed subbundle of T"M. From the decomposition (5.1)), we
have:

TyG = N“(M) & (AG)* (6.1)

where (AG)® denotes the annihilator of AG. It follows that N*(M) is canoni-
cally isomorphic to the dual bundle of AG. Therefore, N(M) will be regarded
as the dual bundle of AG and will be denoted by AG’. Note that the typical
fibre of AG’ is isomorphic to M? and, therefore, to G’. Likewise, the typical
fibre of AG® is isomorphic to G* and hence to M. As in finite dimension, we
have:

THEOREM 6.1. Let G = M be a convenient Lie groupoid. Then we have

(1) T'G = AG' admits a groupoid structure.

(2) T'G = AG’ carries a canonical partial symplectic groupoid structure.
Consequently, the pair (AG, AG’) forms a partial Lie bialgebroid.

Proof. (1) For the proof, we shall use local charts in this context. For
simplicity, we assume that M is connected. Let G be the typical fibre of T5,G
and M the typical model of M. Note that since sz and tg are diffeomorphisms
on U; and Vj respectively on their images, it follows that Fp:=tg o sgl is
a diffeomorphism from U; onto Vi. Therefore G is also the typical fibre of
Tt,G. Fix some yg € M. There exists a chart (V,¢) of G at yy with simply
connected domain, such that ¢(V) = V4 x Vo C M x G and ¥(yo) = (0,0). In
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this way, 1 can be written as a pair (¢, 12). For i € {1,2}, we set ©;(y) = Ui;
thus, 7; : V — V; is a smooth map.
If T*1) denotes the adjoint of T, we obtain a trivialization:

(T') ™ TGy — Vi x Vo x (M x G)'.
However, we have:
MxG) =M*xG*=G xM

where E* denotes the annihilator of a closed subspace E of M x G.
If we set Vi = ¢! (V1 x {0}), then (Vi, (¢1);) is a chart around z € M.
In this chart, we have:

(T')H(AG,) = Vi x G’ and  (T") 7 (AG]y,) = Vi x M,

On the one hand, for any & € 7'My, (T"1)~1(§) can, be written a a pair
(&1,&) with & : V — G’ and & : V' — M% are smooth maps.

Since t : G — M is a submersion, around any go € G, we have a chart
(V, ¥) with simply connected domain and such that:

TWV) =V x VL CMxG

with ¥(gy) = 0. Again, write ¥ = (U1, ¥,). Define V; = ¥1(V; x 0)
and Vo = U0 x V2). With respect to the local coordinates induced by
U, the target map t|V takes the form (g,g) — g. Assume that t(go) = vo.
After possibly shrinking the domains V and V', and composing with a local
diffeomorphism in M fixing 0 € M and a diffeomorphism of G fixing 0 € G,
we may assume that the charts (V) and (V, ¥) are chosen so that V; = V.
In the corresponding local coordinates, let § = ©1(t(g)) and ga = Wa(g).
Then target map t is still represented by (y, g2) — y. Here §y : V — M and
g2 : V — G are smooth maps.

At the level of the tangent bundle of G, and with the above notation, the
chart ¥ induces a local trivialization

TV : TV — (V1 x M) x (V2 x G)
and the following commutative diagram:
TG ¥ (A x M) x (V, x G)
lﬂ lpf‘vl (6.2)

T _
TMy —— ™ 7y x M
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with T ((9.Y)) = ((7.¥4). (3. Y2)) and T o Tt ((9,Y)) = (5,Y1)) where
y:V =V and Y] : V — M are smooth maps.

Since s is also a submersion, an analogous construction yields a chart
(U, ¢) of zo = s(go) such that ®(U) = U; x Uy C M x G together with a
chart (U, ®) around g € G such that ®(U) = Uy x Us. Moreover, the pair
of charts (U, ¢) and (U, P) enjoys the same properties as the pair (V1) and
(V, V) constructed above. As we have seen (up to the choice of a bisection
B), there exists a diffeomorphism F': U; — Vj such that F(yo) = xo.

On the one hand, for any &, (T7¢)~1(€) can be written as a pair (&1, &)
with & : V; = G/ and & : V; — M.

On the other hand, let 157 : M — G denote the unit map of the groupoid
G = M, and identify 1;;(M) with a submanifold of G. Thus every Z € T,G
can be written uniquely as Z = (a, X) where X € T, M and a € AG,. Then
the unit map 1: AG' — T'G is defined by

<18, (a, X) >=< & a>.

According to the previous notations, it follows that, in local coordinates, 1is
the identity of Vi x M. It follows that 1p; — T7'G is an embedding and its
image 1(.AG') is a subbundle of T);G, namely the annihilator of 7M.

Without loss of generality, in the above setting, we may assume that V; =
Vi ¢ M and Vs =V, C G. Moreover, we set T,G := TQW = (V1 x Vo xMxG)
and in these coordinates the differential of the target map satisfies Tt7,g =
pry,. In particular, each Z € TyG can be written as a pair (Z1, Z2) where
Z1:V - Mand Z, : V — G are smooth maps. Moreover, by diagram ,
we obtain T't = py; .

Dually, we have T},G = Vi X Vs x G’ x M. In particular,

(AGl,) =VixM'  and  AGj, =V xG. (6.3)

Therefore, for any g = (y,92) € V any £ € T,V can be written as a pair
(&1,&) € {(y,92)} X G' x {(y,g2)} x M’ where & is a smooth map from V to
G’ and & is a smooth map from V to M.

Also, for any & € T{hg , its components along AGy, is defined by its
evaluation on any section a of AGy, .
On the other hand, let b be a section of AG)y;, i.e. a smooth map b — G.
Then TR,(b) belongs to T's™*(s(g)). Similarly, let a be a section of AG|U.
Then a — T't(a) is a section of ker T't|U;, and hence T'Ly(a — p(a)) belongs to
Tt (t(g)). Moreover, the maps (b, g) — TRy(b) and (a,g) — TLy(a — p(a))
are locally smooth in the convenient setting (using smooth curves).
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According to previous arguments, as in finite dimension, the source and
the target maps s,t : T'G = AG’ are well defined as follows:

<8(&),a > (9) =< & TLy(a—pla)) >,
<t(8),b> =< £, TRy(b) >

for all £ € Tég, a € AGyg) and b € AGyy).

We show that the maps § and t are submersions starting with t.

In fact, in the previous context, if £ belongs to Tég , then & can be iden-
tified with a pair (&1, &2) where & is a smooth map from V to G’ and & is a
smooth map from V to M'. Moreover, we have < E({), b>=<§&TRy(b) >=
< &1,TRy(b) > and, since TR, (b) belongs to G and & belongs to M’ = G,
the pairing (€2, TRy (b)) vanishes. Tt follows that t takes values in G/ = AG,
which is smooth. Indeed, for any smooth curve v : R — Vj, the map
t— R;(W(t)(f('y(t) is a smooth section of v*(T't71(M)) = R x M’. Note
that, for any n € AGi(g), if we set & = (R;l)*n, then t(¢) = 1. Thus t is
surjective and hence a submersion.

Let i : G — G be the inversion in G. Then T1i is the inversion for the
induced Lie groupoid structure T'G == T'M. The adjoint i=i":=Tliisa
diffeomorphism of 77G. Since ioL, = R, it follows that Ry = L oi. Moreover,

(6.4)

from the definition of s, it is easy to see that s = toiand we leave the proof
as an exercise. By Proposition [4.2] it follows that 3 is a submersion.
As in finite dimension, the multiplication m on TG is given by

<fenXeY >=<EX>4+<nY >

if t(¢) =3(n). By Proposition we know that the set of such pairs (£,7) is a
submanifold (T'G)® of T'"GxT'G. 1f s(g) = t(h), on the one hand, the bilinear
map T,G x TG — Tm(g,h)G: (X,Y) — X +Y is a bounded surjective map.
On the other hand, its graph T,G xT),G — Tim(g,h)G: (X,Y) — X +Y can be
viewed as a relation from T4G x T,G to Tm (g, h)G. From the surjectivity of the
multiplication Tm in 7”'G and the definition of the multiplication m in T"G,
it follows that the graph of m in 77G is equal to the annihilator Ann(Grm).
The associativity of Tm implies the associativity of m.

Finally, under the previous local context (even in the convenient setting),
from its definition, it follows that the map (£n) — £ 7 is a smooth map from
(T'G)? to T'G, which completes the proof of (1).

Remark 6.2. T'G = AG' is a VB-groupoid dual of VB-groupoid
TG =TM.
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(2) Let w be the canonical 2-form on 7'G. In a local trivialization of
T'G, any vector X € Tie T'G can be written as a pair (v,v'), where v € TyG
and v’ € T;g. We then have:

WX, Y)=<w' 0> - <o w>, (6.5)

if X = (v,v/) and Y = (w,w'). Let T°(T'G) be the image of the map
W T(T'G) — T'(T'G). Thus, P := (W)~ : T°(T'G) — T(T'G) is an
isomorphism.

It follows that P is a Poisson anchor and hence TG = N%(M) is a partial
symplectic groupoid.

Finally, Proposition implies that (AG,.AG’) is a partial Lie bialge-
broid. 1§

6.2. SUB-POISSON STRUCTURE ON A SUB-GROUPOID OF THE COTANGENT
BUNDLE. In the Banach framework used in [32], the authors introduce a no-
tion of sub-Poisson structure (p. 29). The following definition is an adaptation
of this notion to the convenient setting:

DEFINITION 6.3. A convenient Lie groupoid G = M has a sub-Poisson
groupoid structure if there exists a Poisson anchor P : T°G — T'G such that
T°G admits a convenient subgroupoid structure G = Agb of TG = AG’
where AG’ is a weak subbundle of AG'. Moreover, there exists a bundle
morphism P’ : AG> — TM such that the following diagram is commutative:

¢ —L>1TG (6.6)

I,

AG —=TM

and P is a groupoid morphism over P°.

We have the following characterization:

PROPOSITION 6.4. Consider a convenient Lie groupoid G = M endowed
with a Poisson anchor P : T°G — T'G. Assume that the partial conormal set
NO(M) is a closed sub-bundle of TKJQ, and let denote P’ the restriction of P
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to NO(M). Suppose the following diagram is commutative:

P

TG TG (6.7)

gTbg\leTbg TSliTt

NO(M) e s

Then the convenient Lie groupoid G = M is a sub-Poisson groupoid if and
only if G =% M admits a partial Poisson structure.

COROLLARY 6.5. Under any of the assumptions of Corollary any
Lie groupoid is a sub-Poisson groupoid if and only if it is a partial Poisson
groupoid.

Remark 6.6. We can regard Proposition [6.4] as a generalization of a clas-
sical characterization of Poisson groupoid (cf. [27, Proposition 8.1]). From
Proposition [6.4] a sub-Poisson groupoid admits a partial Poisson structure.
In particular, all examples of partial Poisson -Lie groupoids given in § [4.4) are
sub-Poisson Lie groupoids. But, a priori, the converse is not true in general
without the assumption that AN°(M) is a closed sub-bundle of T%,G. Un-
fortunately, we have no example of a partial Poisson-Lie groupoid for which
NO(M) is not a closed sub-bundle of TK/IQ .

Proof of Proposition Assume that 7°G = AG' is a sub-Poisson Lie
groupoid. Since P is a groupoid morphism, it satisfies the condition

Pom(g,n) = Tm(P(£), P(n)), (6.8)
for all (£,1) € (T°G)?). Now, since we have
< (§,77, —ﬁl(g,n)), (X, Y, Tm(X,Y)) >=0

for all (£,7) € T(bg,h)g@) and (X,Y) € T(; )G, the same holds for all (£, n)
and (¢, 7) in T("gﬁ)g(?), since T°G = AG” is a sub-groupoid of T'G = AG’. By
applying this relation to the left hand-side of , it follows that T'G = AG’
is a partial Poisson groupoid. On the other hand, AG® is a subgroupoid of

AG' (in particular NO(M) = AG’ is a closed subbundle of T%,G) and therefore
P” must be the restriction of P to AG’. The Diagram 1) is then identical

to the diagram (6.7]).
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Conversely, assume that G = M has a partial Poisson structure. On the
one hand, since the graph of m is coisotropic, this implies that the restriction
m’ of m to Tgb h)g () takes values in Tbg , and its graph is a closed submanifold
of {T "G 13, Tt follows that the projection of the graph of m” onto 7°G is smooth
which implies that m’ is smooth. Note that the coisotropy of the graph means
that:

< (& P(n),—P(&on), (¢ ,n,—¢ on) >=0

for all (¢,n) and (&,7') in (T°G)®?). But, for any g € G, the annihilator of
TG is zero. Since m is surjective, it follows that P(£ e 1) = (P(€) + P(7)).
This implies that P satisfies the relation .

On the other hand, since M is coisotropic and NY(M) is a closed sub-
bundle of T]bwg , it follows from Theoremthat NO(M) carries a Lie algebroid
structure whose anchor is precisely P”. In fact, it is a subalgebroid of AG’ (cf.
Proof of Theorem [5.3]).

Now, from Diagram 1) we have Pb({‘Tbg)(é—) = TtoP(¢) for all € € T°G.
Recall that, for any ¢ € TG, we have E(f)(R;(g)) = t(¢) which belongs to
(Ag)’t(g). Therefore, f(oR;)—l = IdAg/t@ for all g € G. This implies that

" *\—1 __
tlTbg o (Rg) = Id'Agt(g)

and it follows easily that I|Tbg is a submersion. The same arguments apply
to g‘Tbg as well. Finally, ™G = AG is a subgroupoid of T'G = AG’. Since
P satisfies the relation as shown in the first part of the proof, it follows
that P is a groupoid morphism. This completes the proof. |

6.3. THE COTANGENT GROUPOID OF A LIE GROUP

6.3.1. SOME PRELIMINARIES. If G is a Lie group, then its acts naturally
on its kinematic cotangent bundle 7”G by right and left translations. The right
action is given by (g, (h,€)) — (gh,T;Ly(§) while the left action is given by
(g9, (h,&)) — (gh, TS Rp(§). These actions induce the corresponding coadjoint
action of G on T'G.

The right action (resp. the left action) gives rise to an isomorphism R
(resp. L) from g’ x G (resp. G x g') to TG, defined by R(g,&) = (3,4(€),9)
(resp. L(g,€) = (9,t4(€)), which respects the submersion § (resp. t). We then
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have the following commutative diagrams:

g’xGLT/G , g’xGL>T’G . (6.9)
S
/ !/ / /
g Idy g g Idy g

Note that the arguments given in the finite-dimensional framework in [2], 2.3],
remain valid in the convenient setting for regular convenient Lie groups (see
also [21] for such a context). Thus, throughout the sequel, we assume that G
is provided with an exponential map, for example by requiring that it be a
convenient regular Lie group. We have the coadjoint action of G on g’, given
by g = Ady(§). Since L is an isomorphism from 7”G onto G x g/, we can
provide T'G with a semi-direct product given by:

(9,€) - (h,n) == (gh, Ady 1 () + €).

The coadjoint action of G on g’ induces a smooth action of the Lie algebra
g on ¢ in the following way: any X € g gives rise to a vector field X* on g’
whose value at £ € ¢ is characterized by

(XEY) = (£, [X,Y]) = ad (V) (6.10)

for any Y € g.
Thus, for any £ € g, we define a bilinear alternating form wg on g by:

0e(X,Y) = (€ [X.Y]) = ad} (V). (6.11)

The kernel of o¢ consists of all X € g such that <X§,Y} =0, forall Y € g.
Thus, this kernel is the Lie algebra g¢ of the stabilizer G¢ under the coadjoint
action at £. Let O = {Ady(§) : g € G} be the coadjoint orbit through &.
Unfortunately, in general, O¢ does not carry a convenient manifold structure.
Even when G is a Banach Lie group, O¢ need not admit a Banach manifold
structure. This holds if g¢ is a supplemented Banach subalgebra of g. Of
course, this is always the case in the Hilbert setting for a finite dimensional
Lie group G. In this case, o is a symplectic form in restriction to each orbit O
and defines a Poisson structure on g’ known as the Kostant-Kirolov-Souriau
Poisson structure on g’. We will see in the next section a generalization of
this result in the Banach setting.
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As in [2], we consider the map " : TG — g (resp. k! : TG — g) defined
by Ky = TeRg-1 (resp. /@; = TeL,-1). Note that these maps are 1-forms with
values in g and that they satisfy the Maurer-Cartan equations:

1 1
dr" + iﬁr A" =0 (resp. dr! — §f<cl Akl = 0).
Remark that " (resp. x!) is right invariant (resp. left invariant). In fact, we

have ! = s and &" = t.
We consider the following diagram:

T(T'G) ™~ 7
WT/G\L lﬂ'G
T'6——G

Under these notations, we have:

~ ~ ! ~

R=sxm, L=7nxt and  s4= ((K,g)_l)*, ty = ((K,Z)_l)*.

Let A\ be the Liouville form on 7'G. Then the canonical symplectic form on
T'G is given by w = —dA.

To show that TG carries a structure of partial symplectic groupoid, let
pr1 (resp. pro)denote the projection of TG x T'G on the first factor (resp.
second factor). Then by Remark it suffices to prove that:

priw + prow = m*w. (6.12)

Since w = —dJ\, it suffices to verify relation for A.
Given ¢ € T,G (resp. n € 7},G)) and = € T¢(T'G) (resp. © € T¢(T'G)), we
have:
T'G(E) € T,G (resp. T'G(®) € T;G).

From the expression of the multiplication on the tangent space of a groupoid,
we obtain T(g’h)ﬁl(E, Z9) = E1 + E9 which yields:

m, ) A(E1, E2) = Ag(E1) + An(E2).

This shows that T”G is endowed with a partial symplectic structure defined
by the Poisson anchor:

P = ()"t T(T'G) := W (T(T'G)) — T(T'G).
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6.3.2. THE COTANGENT BUNDLE OF A LIE GROUP AS A PARTIAL
SYMPLECTIC GROUPOID. We consider the structure of a partial symplectic
groupoid on T'G = ¢’ as described in the previous section.

Essentially, by application of Theorem [4.9] we have:

THEOREM 6.7. Let G be a regular convenient Lie group. Its cotangent
bundle TG carries a structure of partial symplectic Lie groupoid over its dual
Lie algebra g’. We then have:

(1) ¢, when considered as the zero section of T'G, is Lagrangian in T'G.
(2) The inversion in T'G is an anti-symplectic map.

(3) Let w be the canonical symplectic 2-form on T'G and consider the as-
sociated partial Poisson structure P : T°(T'G) := w’(G) — TG. In
fact, T'"G = g has a sub-Poisson groupoid structure. In particular,
T°(T'G) = ¢ x ¢ is a Lie groupojd

(4) For each g € G, each vector space Ty(s~'(g)) and T,(t~'(g)) are orthog-

onal symplectic subspaces of the linear symplectic space (T4(T'G),w).

(5) There exists a unique Poisson anchor Py = Tso PoTs = Tto PoTt
on g’ such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism). More precisely, if o is the induced 2 form on g’ by w, we
have:

(a) o is the Poisson bivector associated with Py .

(b) For each coadjoint orbit O¢ in ¢/, for any { € O, then o¢ is exactly
the form defined by relation ((6.11)) and its kernel g¢ is a closed Lie
subalgebra of g.

(6) If G is a Banach Lie group such that ker o¢ is split in g, for all { € ¢/,
we have:

(c) For any £ € ¢, the isotropy group G¢ of &, under the coadjoint
action, is a Lie subgroup of G whose Lie algebra is g¢.

(d) Each orbit O¢ is a split submanifold of g’ which is diffeomorphic to
the homogeneous space G/Gg.

(e) w induces a weak symplectic form on each orbit O¢.

(f) The pair (s, —t) is a dual pair.

20¢f. left vertical part of Diagram l}
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Remarks 6.8. (a) Theorem can be considered as a generalization
to the Banach setting of a finite-dimensional classical result concerning the
groupoid structure of the cotangent bundle of a finite dimensional Lie group
G and its connection to the Kostant-Kirilov-Souriau Poisson structure on the
dual of the Lie algebra of G (see for instance [29, 1]).

(b) In general, in the convenient setting, the last assertion (6) of
Theorem [6.3.2] is not true without these complementary assumptions. How-
ever, we will exhibit a context in which this result holds without these addi-
tional assumptions.

Proof. Assertions (1) and (2) are direct applications of Theorem |4.9

Assertion (3) will follow from Proposition if we show that Diagram
commutes in this context. B

Since R is an isomorphism, A = R*) is the Liouville 1-form on g’ x G and
thus (X, ) = (&, X). Therefore, @ = R*w is the canonical symplectic form
on g’ x G. Thus, if X1 = (m1, X1) and X2 = (12, X2) belong to Teg' x T,G), we
have

W(X1, X2) = (m1, (X2)e) — (n2, (X1)e) + (&, [ X1, X2])

> —
where (X;), € g is such that T, Ry((X;)e) = X; for i € {1,2}.
Therefore, for X = X = (1, X) € Teg’ x T,G), we have:

@)(X) = (i(n+€oady,),~X) € T'(¢/ xG) =g’ xg" xT'G,  (6.13)

where i is the canonical inclusion of g into g” and we set g” = i(g). This
implies that the range of @) is (¢ x g°) x T'G. Thus T°(T'G) := ’(T(T'G))
is equal to T*R((g’ x g’) x T'G) and hence is a closed subbundle of T"(T"G).

Let P := ((Q)b) “and P = ((w)b)_l. Then the following diagram commutes:

T(T'G) 'R, ¢ x g xT'G
x &
Tg\Tb(T’G) T(T/G) < — g/ X g/ X TG
TR Jpglxgb
Ts 1,
g/ % gb 9 %9 N g/ % gb B Py XS
&‘ Pg/
/ ’ / /
gxg s Idg o gx8
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where s =T.L : TG — g. By the same arguments, we also have the diagram:

T°(T'G) "L, ¢ xg xT'G
x {)
TE‘Tbaﬂlg) T(T/G) < s g, X g, x TG
lpglxgb
Iy b B Tdy g Iy b xt
g xg »g X9 . Pyf
% 0
g/ X g/ T ; g/ X g/
g’ Xg

(6.15)

Now, note that it is clear that N°(G) is nothing but g’ x ¢’. By superposing
the diagrams (6.14) and (6.15]), the vertical right face of the resulting diagram
implies that its left vertical face gives rise to Diagram in this context.
Therefore, the assumptions of Proposition are satisfied, thus ending the
proof of assertion (3).

Assertion (4) is a direct application of Theorem [4.9| (4).

Assertion (5) is a direct consequence of Theorem [4.9](3), which guarantees
the existence, uniqueness, and explicit expression of Py .

From this point until the end of the proof of assertion (5), we identify g’
with g.

We now work in the setting of Theorem with A = TG, endowed with
the Lie bracket of vector fields and the anchor being the identity. Therefore,

by relation [8, (7.19)], for every X = (1, X)) € T(bg 9) (T'G), we have:

P, X) = (n+&oady, —X) = (n+adx ¢, -X) (6.16)

Since g’ x ¢’ is identified with g’ x g’ x {0}, the map Py may be viewed as
a map from g’ x g to g’ x ¢, given by:

(Py)e(X) = adx ¢ (6.17)
On the one hand, from (6.13)), the 2-form wy induced by w on g’ is given by:
(wy)e(X,Y) = ady§,Y) = (€, [X, Y]) = 0¢(X,Y).
On the other hand, we have:

wé(Xv Y)= <P9'(X)7Y>'
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Since (Pg/({f} xg))o = {X €g: (@dy(, Y) =0, VY € g}, we obtain
(Py({&} g))o = {X € g : ad%¢ = 0} = kerog. Since the pullback of a
closed 2-form is also closed, it follows that o is closed and thus, its kernel g
is a Lie algebra. This completes the proof of assertion (5).

For the proof of assertion (6), we assume that G is a Banach-Lie group
and that, for every £ € ¢/, the Lie algebra g is split. Then assertion (6)
follows from Theorem [4.9| (5). Nevertheless, we provide a complete proof in
this setting in order to make explicit the connection between the Lie groupoid
approach and the coadjoint action.

Under the previous assumptions, it follows that the Lie algebra of the
isotropy group is G¢ of £ under the coadjoint action is ge and hence G¢ is
a Banach Lie subgroup of G. This implies that the orbit O¢ is a Banach
submanifold of G, since its tangent space at £ (and hence at every point of
O¢) is isomorphic to g/g¢ and is therefore supplemented. Hence, O¢ is a
submanifold of g’ and is diffeomorphic to G/G¢ (cf. [5, Example 3.5] or []).

Finally according to Definition the pair (s, —t) is a dual pair. |

Remark 6.9. g’ x g is the Lie algebroid of the Lie groupoid T°(7"G) and
the anchor is Py. Thus, when G is a Banach Lie group, the assumption ”ge¢
is split” is equivalent to the condition "ker Py is split at {”. Therefore, under
the assumptions of assertion (6), if G is connected, coadjoint orbits coincide
with the orbits of the Lie algebroid g’ x g’ acting on g’

7. DIRECT SEQUENCES OF PARTIAL POISSON-LIE GROUPOIDS

In this section, we study the direct limits of ascending sequences of finite-
dimensional Poisson-Lie groupoids and endow them with convenient struc-
tures.

DEFINITION 7.1. An ascending sequence of finite-dimensional Poisson-Lie
groupoids (G; = M;, M;, P;);c consists of the following data:

(Gi = M;);cn is a sequence of finite-dimensional Lie groupoids, together
with close embedding structures maps:

(pg:gi—>gj and E‘g:MZ‘—>Mj, i <7,
fulfilling the following properties:

(ASPLG1) (M;);cy is an ascending sequence of finite-dimensional manifolds
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with bonding maps (65 > L and (G; = M;),cy is an ascending sequence
i<y
of finite-dimensional Lie groupoids.
(ASPLG2) For every i < j, the pair (gog,eg) 1Gi = My — G; = Mjis a
Lie groupoid morphis and the maps ¢] and &/ are compatible with
units, inverses and multiplication.

(ASPLG3) Each G; is endowed with a Poisson structure m; such that
(Gi = M;,m;) is a Poisson-Lie groupoid, and for every ¢ < j, the map
¢! is a Poisson map.

(ASPLG4) The structure maps are compatible with the inclusions, namely
. - . -
Sj‘w{(gi) =¢elosio(pl) and tj’w{(gi) =celotio(pl)™",

and similarly for the unit, inversion and multiplication maps.

PROPOSITION 7.2. Let (G; = M;),.y be a direct sequence of finite dimen-
sional Lie groupoids. Then:

(1) The direct limits G = limG; and M = limM; carry natural structures of
Hausdorff convenient manifolds.

(2) The direct limit 1 = lim1; is a smooth closed immersion M = limM;

—G;

(3) the direct limits s = liglsi and t = ligti are smooth submersions from
G onto M;

(4) m = limm; is a smooth map from the convenient manifold G =
liggfz) to G;

(5) i = limi; is a smooth diffeomorphism of G.

Consequently, G = M inherits a natural structure of Hausdorff convenient
Lie groupoid, called the direct limit Lie groupoid of the direct sequence
(gz = Mi)ieN‘

Moreover, its Lie algebroid is naturally isomorphic to the direct limit of
the corresponding sequence of finite-dimensional Lie algebroids (Agi,Mi,

Pis [ ) ]i)ieN'

21 Bquivalently, s; o Lpg = a{ os; and tj o 4,0? = 5{ o t;.
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Remark 7.3. Since G (resp. M) is obtained as the direct limit of an
ascending sequence of finite-dimensional manifolds, its typical modelling space
is the strict inductive limit R* := lig]R”.

By [24], R* is a convenient reflexive locally convex vector space.
Therefore, G and M inherit natural structures of convenient manifolds mod-
elled on R,

THEOREM 7.4. Let (G; = M;);cy be an ascending sequence of finite
dimensional Lie groupoids and G = M its direct limit Lie groupoid. Then,
for each r = x = hﬂmz € M, the following properties hold:

(1) The isotropy group G(x) is a convenient Lie group which is the direct
limit of the sequence of isotropy groups (G;(x:));cn-

(2) The orbit G.x is an immersed convenient submanifold of M, and G -« =

(3) The restriction t, := tg(,,—) : G(z,—) — M is a G(x) principal bundle
which is the direct limit of the sequence of principal bundles (t;)s, :
gi(.%'i, —) — Mi.

(4) The associated convenient Lie algebroid (AG, M, p, [, |) is split and, for

any x € M, its orbit G.x is a closed immersed submanifold of M whose
connected components are orbits of the Banach-Lie algebroid AG.

ExXAMPLE 7.5. Direct limit of finite-dimensional cotangent groupoids.
Let (Gi = M;),cy be an ascending sequence of finite-dimensional Poisson-Lie
groupoids, where each structure map (pg : G; — Gj is an injective immersion
and a morphism of Lie groupoids, identifying G; with a Lie subgroupoid of G;.
Assume that, for every ¢ < j, there exists a smooth vector bundle splitting
along G;: '
TGj\g, = TGi® N},

where Nij is a smooth choice of a supplement, and that the sequence (Nf ) is
compatible in the sense that for all i < j <k,

TGrg, =TG:® Nf  and N =N/ @ NF.

Define, for each i < j, a bundle morphism Lg : Tig — Tjg as follows.

For g € G; and ay € T;G;, the covector Lg (og) € T;j )Qj is the unique

(g

element satisfying:

(Tye))* (Hleg)) =g and (), =0
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Then each Lg is a smooth injective vector bundle morphism, and the compat-
ibility of the splittings implies:

1h = Idpg, and L;? o Lg = (1<j<k).
Each cotangent bundle 7%G; = AG’ carries its canonical symplectic Lie
groupoid structure. The maps Lg are Lie groupoid morphisms compatible
with these structures, hence

(T*Ql- — AG}, ] )ieN

forms an ascending sequence of finite-dimensional symplectic Lie groupoids.
Moreover, G = @Qi exists in the category of convenient manifolds, and
the direct limits

T'G = lim 7" G;, AG = lim AG
exist in this category, and the induced groupoid
T'G = AG'
inherits a natural structure of strong convenient symplectic Lie groupoid.

8. VON NEUMANN ALGEBRAS AND LIE-POISSON STRUCTURES

Von Neumann algebras were originally introduced by John von Neumann
in the context of operator theory and quantum mechanics. These structures
since become fundamental objects in functional analysis, non commutative
geometry, and mathematical physics (see [12]). Their geometric aspects, in-
cluding the Banach-Lie groupoids naturally associated with W*-algebras, have
been extensively studied.

In this section, we apply the Poisson-geometric framework developed in
the previous sections to groupoids arising from von Neumann algebras. We
first recall the construction of the groupoid associated with a von Neumann
algebra and then consider the orbit groupoid of projections. Next, we in-
troduce Lie-Poisson structures on the corresponding weak cotangent bundle
groupoid. Finally, we illustrate these constructions in the important example
M = Loo(H), where the associated Fredholm groupoid provides a concrete
realization of the theory.
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8.1. VON NEUMANN ALGEBRAS. Let H be a separable complex Hilbert
space with inner product (.|.) and associated norm ||.||. We denote by Lo, (H)
the Banach algebra of all bounded linear operators on H, equipped with the
operator norm Lo (H) defined by |[Al|cc = supjjy <1 Az.

It is an involutive Banach algebra with involution given by the adjoint
A — A* and a Lie algebra structure induced by the commutator

[A,B] .= AB — BA,

where AB denotes composition A o B.

We recall several standard operator topologies on Lo (H):

(1) The strong operator topology.
A basis of neighbourhoods of A € Lo (#H) for this topology is

V(Az1...,2n,8) :={B : Vie{l,...,n}, [[(B— A)zi|lw <}

(2) The weak operator topology.
A basis of neighbourhood of A € Lo (#H) for this topology is

V(A,xl...,a:n,m,...,nn,e)::{B Vie{l,....n}, [((B=A)z;|n;)| < 5}.

(3) The weak topology.

It is the topology of pointwise convergence on H in the ”weak topology”
on H according to the inner product.

We have the following order between these topologies
{weak operator topology} < {strong operator topology} < {norm topology}.

A unita@ x-subalgebra of Lo () is a unital subalgebra b C Loo(H) that is
closed under the adjoint operation:

Aecb = A*cb.

DEFINITION 8.1. A von Neumann algebra is a unital x-subalgebra
M C Loo(H) which is closed in the weak operator topology.

22That is the subalgebra contains the identity operator Idy.
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Remark 8.2. For any Banach space E, a predual of E is a Banach space
E. such that (E.)" is isomorphic to E.

In general, a Banach space may admit several non-isomorphic preduals.
A remarkable result due to S. Sakai (cf. [37]) states that a C*-algebra O is
a von Neumann algebra if and only if it admits a unique predual 9. Thus,
von Neumann algebras may be characterized intrinsically as those C*-algebras
that are dual Banach spaces.

A fundamental example is provided by the trace-class operators Li(H),
whose dual space is canonically identified with L (H):

(L1(H)) = Loo(H).

Hence L;(H) is the predual of the von Neumann algebra Lo, (#). Moreover,
the dual of the space Lx(H) of compact operators is canonically identified
with L1(’H).

EXAMPLE 8.3. Any finite dimensional unital x-subalgebra of Ly () is a
von Neumann algebra.

ExAMPLE 8.4. Let ([0, 1], B([0,1]),dz) be the unit interval equipped with
the Lebesgue measure, and consider the Hilbert space H = L%([0, 1], dz). The
algebra L>°([0, 1], dx) can be identified with the algebra of bounded multiplica-
tion operators on H. More precisely, for each f € L*°([0, 1], dz), the operator
My : L*([0,1], dz) — L*([0,1], dz) is defined, for every f € L>°([0,1],dx) by:

(M(9)) (z) = f(x)g(x), g €L*([0,1],da).

The collection {My : f € L*°([0,1],dx)} forms a commutative von Neumann
algebra.

8.2. GROUPOID ASSOCIATED WITH A VON NEUMANN ALGEBRA. For
this paragraph, we refer to [34].

Let 9t be a von Neumann algebra. We denote by L£(9) the 1attice1§| of
projections of M and by U(MN) the unitary group of M, namely:

LON):={peM:p=p>=p*} and UM):={uecM: u'u=uu* =1}

2The set L£(M) is partially ordered by p < ¢ & pg = p. In fact, L(IM) is a lattice: a
partially ordered set (L, <) is called a lattice if every two-element subset {a,b} C L admits
a least upper bound a V b and a greatest lower bound a A b.
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For z € M, let 2 = u|z| be its polar decomposition, where |z| = (z*z)Y/? €
M and MT denotes the cone of positive elements of .

The operator uv € 9 is a partial isometry@ uniquely determined by the
conditions

u u = s(x), uu® = t(x),

where s(x),t(z) € L(OM). In particular, these are projections in the lattice
L(OM).

For each projection p € L(IM), let G(pMp) denote the group of invertible
elements of the von Neumann algebra pDip, and let U (pMp) denote its unitary
group.

In particular, when p = 1, one has p9ip = 9, and we simply write G(9)
and U ().

For any = € 9, let x = u|z| be its polar decomposition, where |z| =
(z*z)'/? € M+ and u is a partial isometry. If p = s(x) := u*u, then |z| € pMp,
since plz| = |z| = |z|p.

We define
GM) := {u e M : wu e L(M) and uu* € L(M)}.
The following theorem summarizes some essential results proved in [32], 2:

THEOREM 8.5. 1. G(9M) has a canonical structure of groupoid over
L(9M), where:

(i) the identity section 1 : L(9) — G(9M) is the natural inclusion;
(ii) the source and target maps s,t : G(OM) — L(IM) are given, for
x = ulz], by

s(z) = u*u and  t(z) = wu”

(iii) the multiplication is the product in 9, defined for z,y € G(IM)
whenever s(x) = t(y), and in this case zy € G(IM);

(iv) the inverse i: G(9M) — G(IM) is given by i(x) = z*.

2. G(M) is a wide subgroupoid of G(M) =2 L(M).

24An element u € M is called a partial isometry if u*u is a projection (equivalently, uu*
is a projection).
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8.3. THE ORBIT GROUPOID OF PROJECTIONS IN A VON NEUMANN AL-
GEBRA. For this subsection, we again refer to [32].

Given a Von Neumann algebra 9, recall that two projections p,p’ € M
are called Murray-von Neumann equivalent and denoted p ~ p’ if there exists
u € M such that p = uu* and p’ = u*u. Fix some pg € L(M) and set

Ly, :={pe L(M) : p~po},
Gpo (M) 1=t (L (M) Ns™H(Lpy (MM)).

Then G, (M) = L, (9) is a subgroupoid of G(M = L(M). If p ~ po, then
Gp(M) = L,(M) and Gp, (M) = Ly, (9M) coincide. From Theorem and
[32] on the other hand, we have the following illustration of Theorem in
this context:

THEOREM 8.6. 1. Each Gy, (9M) = L, (M) is an open and closed sub-
groupoid of the Banach-Lie groupoid G(9) = L(IN).

2. The Banach-Lie groupoid G(O) = L(M) is a disjoint union of the
Banach-Lie groupoids Gp, (M) = Ly, (IM) for po € L(OM). In particular,
each set L,,(9M) is an orbit of the groupoid G(M) = L(IN).

3. Let Py := s~ (po)NGp, (IM). Then Py — Ly, (M), given by the restriction
of the target map, is a principal bundle with structure group Gy := {g €

Gpo (M) = s(g) = po, t(9) = po}, i.e. the isotropy group at po.

To clarify the connection between the proofs in [32] and direct applications
of Theorem [£.4] we conclude this subsection by interpreting these results in
the setting of von Neumann algebras, following the results of Section 1 in [32].

For a fixed pg € L(9M), the set Py is an open subset of Mpy. Moreover,
Go denotes the group G(po9py) of invertible elements of the von Neumann
subalgebra poMipg.

There is a natural free right action of Gg on Py, which induces a
Go-principal bundle

Py — Py/Gy and  (Py x Py) — (Py x Py)/Gl,
both of which are isomorphic to the principal bundle Py — L, (9). In par-

ticular, £,,(9M) (respectively Gy, (9M)) is isomorphic to Py/Go (respectively
(Py x Py)/Gp). In fact, we have the following diagram of groupoid isomor-
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phisms (see [32, Proposition 1.4]):

(Po x Py)/Go ——=Gpo (M

| |

)
PO/GO £P0 (Qﬁ)

8.4. LIE-POISSON STRUCTURES ON THE WEAK COTANGENT BUNDLE
GROUPOID. For fixed py € L(M), we set Py = s 1(pg). Then Py is an
open subset of the manifold 9py. Thus the tangent bundle T P is isomorphic
to Py x Mpg, and its cotangent bundle is isomorphic to Py x podt*.

Consider the predual (Mpg)s = poM. of (Mpp)* = peIN*. Hence the
bundle Py x pgIN, is a weak Banach subbundle of Py x po9t*, which defines
a weak Banach subbundle T, Py of T*F,. We denote by ¢ : Ty Py — T* P, the
inclusion morphism.

Now, according to [32, Proposition 5.2 and Remark 5.1], if w denotes the
canonical symplectic form on 1% Py, then wy = *w is a weak symplectic form
on TyPy. More precisely, identifying T, Py with Py X po. and T* P, with
Py X poINt*, we obtain:

T(T*P(]) i (P() X pom*) X (mpo X pom*),
and the image of wj is

T (T Py) ~ (P x pod) x (Mpo x poM..)
C (Po X poM) x (Mpo x (Mpo)*) = T*(Tx Fy).
Finally, the weak symplectic form wg defines a Poisson-Lie structure on the
algebra (T, Py) associated with T°(T.Py). In particular, P := (wj)~" is a
Poisson anchor.

On the other hand, we consider the pair groupoid T4 Py x TuPy = TPy
and the Poisson anchor

P x P:T°(T,Py x T, Py) — T(T Py x T,.Py).

In [32, P.40] it is proved:
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ProrosiTION 8.7. The groupoid T,Py x T,Py = T,Py admits a sub-
Poisson groupoid structure associated with the following commutative dia-
gram of groupoid morphisms:

TP (T, Py x T. Py) 25 T(T.Py x T, Py) . (8.1)

I

T (T, Py) T(T.Py)

8.5. FREDHOLM GROUPOID ASSOCIATED WITH I = Loo(#H). In this sec-
tion, we consider the von Neumann algebra 9 = L. (H) and recall results
from [32, Section 6.3].

Recall that the Banach predual (Loo(#))« is Li(#), and that the dual
pairing between L;(#H) and Lo () is given by

(A, B) := Tr(AB).

The set L(Loo(H)) of orthogonal projections is naturally identified with £(H).
The associated groupoid G(Loo(H)) = L(Loo(H)) can therefore be identified
with the groupoid G(H) = L(H), where the source and target maps are given
by:

s(A) = (ker A)t and t(A) =Im A.

For N € N, let L (H) be the set of projections of rank N, and define
Lin(M) == | Ly (R).
N=1

We then set
Gan(H) = g1 (Eﬁn(H)) Nnt! (Eﬁn(H)).

Thus Ggn(H) = Lan(H) is the groupoid of finite-rank operators.

On the other hand, consider the groupoid Goo(H) = Loo(H) of partially
invertible operators with infinite-dimensional range.

We define the involution 1: £(H) — L(H) by L (p) := pt = 1—p,
for every p € L£(#H). This map is an involutive automorphism of L(H), i.e.
1o l= Idﬁ(H)

We define the subgroupoid Grred(H) = Lrred(H) of Goo(H) = Loo(H) by
setting

/:'Fred(H) =1 (ﬁﬁn<H))a
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and

gFred(H) = S_l (‘CFred(’H)) N t_l (ﬁFred(H))-
Now, as before, for any fixed pg € L(H), we consider
Pé?red = sfl(po) N Grred (H).

To Pg red {5 associated a weak Banach subbundle T*Pg red f T*Pg red, whose
fibres are the preduals of the fibres of T' P?ed.
Then, by the same arguments as in the proof of Proposition [8.7], we obtain:

PROPOSITION 8.8. The groupoid T, PE™d x T, Pfred = T,PI*d admits
a sub-Poisson groupoid structure associated with the following commutative
diagram of groupoid morphisms:

PxP

T° (T, Pived x T, Pfred) —— T(T, Pf*ed x T, PEred) (8.2)
T*(T, Pred) r T(T, PFred)

A. BOUNDED OPERATORS ON A COMPLEX HILBERT SPACE

A.1. BASIC PRELIMINARIES. The following results on the space of boun-
ded operators on a complex separable Hilbert space are classical. They can
be found in the concise and complete notes [I§] (see also [12]).

A.1.1. BASIC PROPERTIES OF BOUNDED OPERATORS ON A SEPARABLE
COMPLEX HILBERT SPACE. Let H be a separable complex Hilbert space.
We denote by (.|.) its inner product and ||.|| its associated norm. Let Lo (H)
be the Lie algebra Banach space of bounded linear operators on H edowed

with the classical operator norm || Al = sup A.z and the Lie bracket of
|lz[|<1

commutator [A, B = AB — BA where AB means the composition 4 o B.

We now recall some classical properties of bounded operators.

The adjoint of A € Lo(H) is denoted by A*.

An operator A € Loo(H) is called self-adjoint if A= A*.

An operator p € Loo(H) is called a projection if p? = p = p*.

An operator A € Loo(H) is called positive if (Az|x) > 0 for all x € H; in
this case, A is self-adjoint.

For A, B € Loo(H), we write A > B if A — B is positive.
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An operator u € L(#) is an isometry if uu* = Id.
An operator u € L(H) is unitary if uu* = u*u = 1d.
An operator u € L(#H) is a partial isometry if u*u is a projection.

H
H

LEMMA A.1. Ifu is a partial isometry then so is u*.
The subspace uw*H is closed and is called the initial domain of u, while the
subspace uH is also closed and is called thefinal domain of u.

If A is positive, then A = A* and it admits a unique positive square root
AY2 ie. an operator B such that B% = Af
For any A € L(H), we set |A] = (A*A)z.

LEMMA A.2. For any A € L(H), there exists a partial isometry u such
that A = u|A|, and u is unique under the condition that its initial space is
(ker A)t. The final space of u is AH = (ker A*)L. Such a decomposition is
called the polar decomposition of A.

A.1.2. SOME CLASSICAL BANACH SETS OF BOUNDED OPERATORS. The
trace of a positive operator is defined by:

—+00

TrA:=) (en]Aey)

n=0

where (en),,cy i an orthonormal basis of . This value does not depend on
the choice of the orthonormal basis.

The set Lo(H) of Hilbert—Schmidt operators is the subspace of Loo(H)
consisting of operators A such that

1Az == (Te(A*A))"? < oo

It is a Banach space for the norm [|.||2, stable under the commutator bracket,
and it is a two-sided ideal of Lo (H).

For any A € Lo (#H), the operator A* A is positive and admits a square root,
so the set Li(H) of trace-class operators is defined as the space of operators
A € Loo(H) such that

IA[l1 := Tr ((A*A)1/2> < .

It is a Banach space for the norm [|.||1, stable under the commutator bracket.
Moreover, we have

| Te(A)] < [[All,
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and thus Ly (H) < La(H) continuously.
For any 1 < p < oo, let L,(H) denote the space of operators A € Loo(H)
such that:

4l = (T(arapr) " < .

It is a Banach space for the norm ||.||,, stable under the commutator bracket.
For 1 < p <2 < g < oo, we have the continuous inclusions:

Li(H) = Ly(H) = La(H) — Ly(H) — Loo(H). (A.1)

Note that L,,(#) is dense in Ly(#H), and it is continuously embedded in Lo (),
but it is not supplemented in general.

The bilinear map (A4, B) — Tr(AB) defines:

e a strong duality pairing between Ly(?) and itself;

e a weak duality pairing between Li(#H) and L. (H), and, in particular,
Loo(#H) can be identified with the dual of Ly (H);

1 1
e a strong duality pairing between L,(H) and Ly(#) when — + — =1, so
P q
that (L,(#H))* ~ Ly(H) and conversely.

A.2. FINITE RANK AND COMPACT OPERATORS. Throughout, we fix an
orthonormal basis (ey),cy of H.

Let Lg,(H) denote the subspace of operators A € Lo (H) whose range is
finite-dimensional.

An operatorA € Lo (H) is called compact if the image of the closed unit
ball in H under A is relatively compact. We write Lx () the space of compact
operators on H.

The following properties of Lx(#H) are classical.

e The space Lg(H) is the closure of Lg,(H) in Lo (H) relative to the norm
|| |loo- In particular, Lx () is closed in Loo(H).

o Lx(#H) is an ideal of the algebra Loo(H). In particular, Lx(#) is a Lie
subalgebra of Lo, (H).

e One has Lo(H) C Lx(H).
e The continuous dual of Lx (H) is canonically identified with L;(#):
LK(H)/ = Ll(H)v
and the continuous dual of Li(H) is

Li(H) = Leo(H).
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Remark A.3. Consider the map @ : £*°(N) — Lo (H) given by:

+0o0
(M) (@) =) An(zlen)en.
n=0

Then we have:

o O (Lgn(H)) = coo(N), where coo(N) denotes the space of finitely sup-
ported complex sequences;

o & Y(Lg(H)) = co(N), where co(N) denotes the space of complex se-
quences converging to 0.

Moreover, in each previous situation, ® is an isometry.
It is well known that, for 1 < p < 2 < ¢ < 0o, we have the continuous
inclusions:

(H(N) < P(N) — (2(N) < 9(N) < ¢o(N) = (°°(N)

where each embedding is continuous. On the other hand, copo(N) C ¢1(N)
is a convenient space which can be viewed as algebraic direct limit of the
increasing sequence of finite-dimensional spaces

((n) = {& = (zk)ren : zk =0 for k > n}

(cf. proof of Proposition [A.4). Moreover, coo(N) is dense in ¢'(N) and the
inclusion coo(N) < £}(N) is continuous with respect to its convenient topology.

As in Remark an analogous situation holds for the corresponding
spaces of bounded operators:

PROPOSITION A.4. The space Lg,(H) carries a natural convenient vector
space structure, and is dense in Ly (H). Moreover, the inclusion

Lﬁn (7‘[) — |_1 (H)

is continuous when Lg, (H) is equipped with its convenient topology and Ly (H)
with its Banach space norm topology.

In particular, for 1 < p < 2 < ¢ < oo, we obtain the chain of continuous
inclusions:

Lin(H) = Li(H) = Ly(H) = La(H) = Ly(H) = Lr(H) = Lo(H), (A.2)
Moreover, for every 1 < k < oo, the diagonal identification ® satisfies:

¢! (Ly(H)) = €4(N).
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Proof. Let H, be the finite-dimensional vector subspace of H generated
by {eo,...,en}. We consider the canonical inclusion ¢, : H, < Hpg1. If
L(H,) denotes the Banach space of continuous endomorphisms of #,,, then
we obtain an induced inclusion ¢% : L(H,) < L(H,41). Thus, the sequence
{L(Hn), 1k} e forms an ascending sequence of Banach spaces and its direct
limit liml (H,) = U L(#H,) is contained in a convenient subspace of L;(#).

neN
Since L(#,,) is a Banach subspace, each inclusion % of L(#,) into Li(H) is
continuous and so is the inclusion hﬂLﬁ of imlL(H,) in Ly(H) (cf. [8, 5.4]).

Note that limlL(Hn) = U, ey L(Hn) is also contained in Lgn(#H). Consider
A € Lgn(H). Then the Kernel K of A is finite codimensional and its range
R = A(E) is finite dimensional. Therefore, there exists n € N such that
K+ H, =H and R C H,. Thus, the restriction A, of A to H,, belongs to
L(H,). For any m > n, the restriction A,, to H,, also belongs to L(#,,) and
the restriction of A,, to H,, is A,. It follows that A = liﬂAn and, finally, we
have liml(#n) = Lyin(#). This completes the proof of the first part.

Relation is then a direct consequence of the previous result and .
Finally, the last part is a consequence of Remark and the definition of
each Banach space Lg(H) for 1 <k < oco. |1
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