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Abstract : This paper develops a comprehensive framework for Poisson geometry in the infinite-

dimensional convenient setting, as introduced by Frölicher, Kriegl and Michor, with a particular
focus on Poisson-Lie groups, Lie groupoids, and applications to operator algebras. Building upon

the foundational work of Weinstein on Poisson groupoids, Mackenzie and Xu on Lie bialgebroids
and Poisson groupoids, Tumpach on Banach-Lie groupoids associated with operator algebras, and

Odzijewicz and collaborators on groupoids arising from W ∗-algebras, we extend several classical

finite-dimensional constructions to the convenient framework. After reviewing the fundamental
properties of partial Poisson manifolds and establishing several complementary results, we introduce

and study convenient partial Poisson-Lie groups. We then extend key arguments of Weinstein on

Poisson-Lie groupoids to the infinite-dimensional context, identifying the results that remain valid
beyond the finite-dimensional setting. Further developments include the extension of fundamental

constructions from Lie groupoid theory, notably the canonical identification between the conormal

bundle of the unit space and the dual of the associated Lie algebroid established by Mackenzie and
Xu. Building on these foundations, we construct sub-Poisson structures on cotangent bundles of Lie

groupoids and investigate their behavior under direct limits of finite-dimensional Poisson groupoids.

The theory is illustrated through explicit examples. As an application, we consider groupoids associ-
ated with von Neumann algebras and endow them with natural Poisson-Lie structures. An appendix

collects the background material on W ∗-algebras required for the development of the theory.
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1. Introduction

In finite dimension, the theory of Poisson groupoids was introduced by
Weinstein in [40] as a natural extension of symplectic groupoids, which had
previously been introduced in [10] and, independently, in [42]. Both Poisson-
Lie groups and symplectic groupoids play a fundamental rôle in the integration
theory of Poisson manifolds (see, e.g., [10, 19]). Weinstein further observed
that, for a Poisson groupoid G, the dual vector bundle A∗(G) of its Lie alge-
broid A(G) can be endowed with a canonical Lie algebroid structure.

This infinitesimal aspect was further developed by Mackenzie and Xu in
[27]. In that work, the authors emphasized the close analogy between the
Lie theory of Poisson-Lie groups and that of Poisson groupoids. Recall that,
for connected and simply connected Lie groups, Poisson-Lie group structures
are in one-to-one correspondence with Lie bialgebra structures on their Lie
algebras. Extending this correspondence to the groupoid setting, Mackenzie
and Xu introduced a natural infinitesimal invariant associated with a Poisson
groupoid G, namely a Lie bialgebroid structure on its Lie algebroid A(G), and
investigated its fundamental properties.

Motivated by the correspondence between Poisson and infinitesimal struc-
tures in finite dimensions, several extensions of Poisson geometry to infinite-
dimensional settings have been proposed. A Banach-space version of a Poisson
manifold was first introduced in [33] and further developed by Odzijewicz and
coauthors. In parallel, the authors of the present paper introduced in [35] the
notion of a partial convenient Poisson manifold, providing a generalization of
Poisson geometry to the convenient setting. Furthermore, A. B. Tumpach de-
fined in [38] the notion of a Banach Poisson-Lie group. A detailed comparison
of these approaches may be found in [16], which also contains an extensive
bibliography on the topic.
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In [34], Odzijewicz and Sliżewska associated a Banach Lie groupoid with
W ∗-algebras. The theory of Banach-Lie groupoids was subsequently devel-
oped in [5], where connections were established with earlier studies of infinite-
dimensional manifolds arising from Banach algebras. In [32], Odzijewicz, Jaki-
mowicz, and Sliżewska introduced the notion of a sub-Poisson groupoid in the
setting of W ∗-algebras and provided a variety of examples illustrating this
framework.

The first aim of this paper is to propose a framework in which one can
define notions of Banach and, more generally, convenient partial Poisson and
sub-Poisson groupoids, as a generalization of Weinstein’s finite-dimensional
construction. This approach allows us to recover the results of [32].

Secondly, we show how the results of [27] can be extended to this infinite-
dimensional setting.

We end this paper with the notion of von Neumann algebra and endow an
associated object with a Lie-Poisson structure.

This paper is self-contained and is organized as follows:

• Section 2 summarizes all the essential properties of a partial Poisson
manifold which are well known in the convenient setting (cf. [8, Chap-
ter 7]) and some complements which are needed in the other sections.

• Section 3 is devoted to the study of convenient partial Poisson-Lie groups.

• Section 4 shows how Weinstein’s arguments in [40] on finite-dimensional
Poisson-Lie groupoids extend to the infinite-dimensional setting, and
which results remain valid.

• Section 5 is devoted to the setting in which some results of [27], in
particular the canonical identification between the conormal bundle of
the unit space and the dual of the Lie algebroid of a Lie groupoid, can
be extended to the convenient setting.

• Section 6 contains essentially the construction of sub-Poisson structures
on the cotangent bundle of a Lie groupoid.

• In section 7, the previous results are extended to an ascending sequence
of finite dimensional Poisson groupoids and is illustrated by an example.

• In Section 8, we recall the definition of a von Neumann algebra, intro-
duce the associated groupoid, and endow it with a Poisson-Lie structure.

• Finally, in an Appendix, we summarize the main properties needed to
understand the results on groupoids associated with W ∗-algebras pre-
sented in this paper.
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2. Convenient partial Poisson manifolds

We begin by reviewing the basic framework of convenient calculus devel-
oped by Frölicher, Kriegl, and Michor in [14] and [21].

We also collect the main properties of partial Poisson manifolds in this
infinite-dimensional setting that will be used in the subsequent subsections.
Several of these results are available in the book [8], some are refinements
or extensions of known results, and the rest are original contributions,
such as §2.8.

2.1. Convenient calculus. A convenient vector space E is a locally
convex topological vector space (l.c.t.v.s) such that a curve c : R → E is
smooth if and only if λ ◦ c is smooth for all continuous linear functionals λ
on E [21, Theorem 2.14 (4)]. We then get a second topology on E which is
the final topology relatively to the set of all smooth curves and called the
c∞-topology [21, Definition 2.12]. This last topology may be different from
the l.c.t.v.s topology and, for this topology, E cannot be a topological vector
space. However for Fréchet (and so Banach) spaces, both topologies coincide.

A map f : E→ R is smooth if and only if f ◦ c : R→ R is a smooth map
for any smooth curve c in E [21, Definition 3.11]. Any composition of smooth
mappings is also smooth.

The convenient calculus provides an appropriate extension of differential
calculus to such spaces because, for any c∞-open set U of a convenient space
E and any convenient space F, we have the following properties:

• the space C∞ (U,F) of smooth maps may also be endowed with a struc-
ture of convenient space;

• the differential operator d : C∞(U,F)→ C∞ (U,L(E,F)) defined by:

df (x) .v = lim
t−→0

f(x+ tv)− f(x)

t

exists for every f ∈ C∞ (U,F). Moreover, d is a linear and smooth
map [21, 3.18]. Here L(E,F) denotes the space of bounded (equivalently
smooth) linear mappings1 from E to F;

1Let E and F be convenient vector spaces, and let T : E→ F be a linear map. Then the
following conditions are equivalent:

(a) T is bounded, i.e. it maps bounded subsets of E to bounded subsets of F;

(b) T is C∞-smooth;
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• the chain rule holds [21, 3.18].

The notion of convenient manifold modelled on a convenient vector space
is then defined via an equivalent class of smooth atlases [21, 27.1].

On a convenient vector space E, two kinds of tangent spaces at a point
a of this space can be defined [21, 28.1]: the kinematic tangent space and
the operational tangent space . We are only interested in the first one 2 TaE
consisting of all derivatives c′(0) at 0 of smooth curves c : R→ E with c(0) = a.

The kinematic tangent bundle TM of a convenient manifold M [21, 29.9],
is the quotient space for the equivalence relation:

(α, x, v) ∼ (β, y, w)⇐⇒

{
x = y

(dφαβ)φβ(x)w = v

defined on the disjoint union
⋃
α∈A
{α} × Uα × M where {(Uα, φα)}α∈A is a

smooth atlas of M .
A kinematic vector field is a smooth section of the bundle TM [21, 32.1].
The kinematic cotangent bundle T ′M is defined as the union of the con-

venient vector spaces T ′xM of all bounded linear functionals on the convenient
vector space TxM endowed with an equivalence class of atlases [21, 33.1].

A kinematic 1-form is a smooth section of the bundle T ′M [21, 33.2].

2.2. Relations in linear Poisson and symplectic convenient
spaces

2.2.1. Partial linear Poisson convenient spaces. Let E be a con-
venient space. Denote by E′ its kinematic dual and by < . , . > the duality
bracket.

Let E[ be a vector subspace of E′ endowed with its own convenient struc-
ture where the inclusion map E[ ↪→ E′ is bounded. The duality pairing <. , .>
on E′ × E then restricts to a bounded bilinear form on E[ × E, which is non
degenerate in the first variable. By abuse of notation, this restricted pairing
will also be denoted by <. , .> whenever no confusion can arise.

A subspace Y of any convenient space X will be call closed if it is c∞-closed
according to the terminology used in [21].

(c) T is c∞-continuous, i.e. continuous with respect to the c∞-topologies on E and F.

2The second one DaE corresponds to a family of bounded derivations.
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More generally, we systematically adopt notations and terminology
used in [21].

Definition 2.1. A partial linear Poisson structure on E consists in the
following data:

• a vector subspace E[ of E′ endowed with its own convenient structure,
and such that the inclusion map E[ ↪→ E′ is bounded;

• a bounded linear map P : E[ → E such that:

< ω1, Pω2 >= − < ω2, Pω1 >

for all ω1 and ω2 in E[.
We then say that

(
E[,E, P

)
is a partial linear Poisson space .

If P is a partial linear Poisson structure on E, so is −P . When no confusion
is possible, if P is a fixed partial linear Poisson structure on E, we simply
denote by E− the space E provided with the partial linear Poisson structure
−P .

Moreover, if P is a convenient isomorphism, then the 2-form ΩP ∈
∧2 E′

defined by
ΩP (u, v) =< P−1(u), v >

is a weak symplectic form on E whenever it is closed.
When E[ = E′ then ΩP is a linear strong symplectic form. In general,

when E[ 6= E′, ΩP is a linear symplectic form on E. Conversely, if Ω is a weak
symplectic linear form on E and let E[ be the range of the associated linear
operator Ω[ : E→ E′. Then P = (Ω[)−1 : E[ → E is a partial Poisson structure
which is a convenient isomorphism. This justifies the following terminology:

Definition 2.2. Let P : E[ → E be a partial Poisson structure.
If P is a convenient isomorphism, we say that P is a partial linear sym-

plectic structure on E. When E[ = E′, we will simply say that P is linear
symplectic .

If P is a partial linear symplectic structure, then −P is also of the same
type. When no confusion can arise, we simply write E− for this opposite
structure.

Definition 2.3. For any subspace F of a convenient space E, the annihi-
lator of F is the subspace

Fa :=
{
α ∈ E′ : ∀u ∈ F, < α, u >= 0

}
.
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Definition 2.4. Let (E[,E, P ) be a partial linear Poisson space.

1. Given a vector subspace A ⊂ E[, the vector space:

A⊥P :=
{
ω ∈ E[ : ∀α ∈ A, < ω, Pα >= 0

}
is called the orthogonal of A relative to P .

The space A is called isotropic if A ⊂ A⊥P .

2. If F is a convenient subspace of E (that is F is c∞- closed) we set:

F0 :=
{
α ∈ E[ : ∀u ∈ F, < α, u >= 0

}
.

The orthogonal F⊥P of a convenient subspace F of E is the vector space

F⊥P = P (F0).

The space F is called coisotropic if F0 is isotropic in E[.

Lemma 2.5. We have the following properties:

1. For every vector subspace A of E[, one has kerP ⊂ A⊥P .

2. If A is a vector subspace of E[, then A⊥P is always c∞-closed in E[.
3. If F is the c∞-closure of a subspace F of E, then F0 = (F)0.

4. If F is a subspace of E, then both (F0)⊥P and F0 contain kerP .

5. F is coisotropic if and only if

∀ (ω1, ω2) ∈
(
F0
)2
, < ω1, Pω2 >= 0.

6. If F1 ⊂ F2 and F1 is coisotropic, so is F2.

Proposition 2.6. Let (E[,E, P ) be a partial linear Poisson space such
that P is an isomorphism. Consider the symplectic form ΩP on E defined by:

ΩP (u, v) =< P−1(u), v > .

If F is any c∞-closed subspace of E, we have:

F⊥P =
{
u ∈ E : ∀ v ∈ F, ΩP (u, v) = 0

}
.

Moreover, we have:
(
F⊥P

)⊥P = F if F is closed.
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Now, following the classical terminology (cf. [41]), we have:

Definition 2.7. Let
(
E[,E, P

)
be a partial linear symplectic space.

A convenient subspace F of E is called Lagrangian if P (F0) = F.
We say that a Lagrangian space F is a split Lagrangian if F supplemented

in E by a Lagrangian space.

Note that in a partial symplectic structure, any Lagrangian space is also
coisotropic. However, any Lagrangian space is not supplemented in general.
Even more, the reader will find in [20] an example of a linear symplectic
Banach space in which no Lagrangian space admits a supplemented space.

Proposition 2.8. Let
(
E[,E, P

)
be a partial linear Poisson space. If F

is a convenient subspace of E, we have the following properties:

1. P
(
(F0)⊥P

)
= F ∩ P (E[) and so F is coisotropic if and only if F⊥P ⊂ F.

2. The following properties are equivalent:

(i) F is coisotropic;

(ii) F ∩ P (E[) is coisotropic in E.

2.2.2. Partial linear Poisson morphisms

Definition 2.9. For i ∈ {1, 2}, let
(
E[i,Ei, Pi

)
be a partial linear Poisson

space.
A bounded linear map φ : E1 → E2 is called a partial linear Poisson

morphism if one has:

(LpPMorph1) φ∗(E[2) ⊂ E[1
(LpPMorph2) P2 = φ ◦ P1 ◦ φ∗.

The bounded linear map φ is called a partial linear anti-Poisson morphism if
the adjoint φ∗ of φ satisfies (LpPMorph1) and the following property:

(LpAPMorph) P2 = −φ ◦ P1 ◦ φ∗.

Moreover, if each Pi is partial symplectic and a Poisson morphism (resp.
anti-Poisson morphism), φ is then called a partial symplectic morphism (resp.
partial anti-symplectic morphism).

The product E1×E2 can be provided with two partial linear partial Poisson
structures:
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(LpP+) PE1×E+
2

: E[1 × E[2 → E1 × E2 given by PE1×E+
2

= (P1, P2)

(LpP−) PE1×E−2
: E[1 × E[2 → E1 × E2 given by PE1×E−2

= (P1,−P2).

Note that if each Pi is partial (resp. strong) symplectic, so are PE1×E+
2

and

PE1×E−2
. For simplicity, we denote by E+

1 × E+
2 and E+

1 × E−2 this first and

second structure respectively.
Recalling that the graph 3 of φ is

Gφ =
{

(u, φ(u)) : u ∈ E1

}
we then have the following characterization of a partial linear Poisson mor-
phism:

Proposition 2.10. A bounded linear map φ : E1 → E2 such that φ∗
(
E[2
)

⊂ E[1 is a partial linear Poisson morphism (resp. partial linear anti-Poisson
morphism) if and only if its graph is coisotropic in E1 × E−1 (resp. E−1 × E2).

Moreover, if P1 and P2 are partial symplectic, φ is a partial symplectic or
partial anti-symplectic map, respectively, if and only if its graph is Lagrangian
in E1 × E−1 or in E− × E2 respectively.

Proof. Note that since φ is bounded, Gφ is closed (cf. [3, 1.1]){
(φ∗(α),−α) : α ∈ E[2

}
. (2.1)

is c∞ closed (cf. [3, 1.1]).
For the linear partial Poisson structure PE1×E−2

, we have

PE1×E−2

(
(Gφ)0

)
=
{

(P1(φ∗(α)), P2(α)) : α ∈ E[2
}
.

Now, if φ is a linear Poisson morphism, we have P2 = φ ◦ P1 ◦ φ∗ and so

PE1×E2

(
(Gφ)0

)
=
{(
P1 ◦ φ∗(α), φ(P1 ◦ φ∗(α))

)
: α ∈ E[2

}
.

which is contained in Gφ.
Conversely, if PE1×E−2

(
(Gφ)0

)
is contained in Gφ, this implies that P2 =

φ ◦ P1 ◦ φ∗.
3This notation is classical. However, usually, in finite dimension in the classical papers

on symplectic groupoids or Poisson groupoids (cf. [17, 10, 1, 41] among many others), the
graph of such a map is denoted Gφ = {(φ(u), u) : u ∈ E1}.
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Assume that P1 and P2 are partial symplectic if Gφ is Lagrangian, then
this implies that φ is a Poisson morphism.

Conversely, assume that φ is partial symplectic, this means that P1 and
P2 are isomorphisms, so PE1×E−2

is an isomorphism from E[1 × E[2 to E1 × E2.

Thus it remains to show that:

P−1

E1×E−2
(Gφ) ⊂ (Gφ)0.

But we have:

P−1

E1×E−2
(Gφ) =

{
(P−1

1 (u),−P−1
2 ◦ φ(u)) : u ∈ E1

}
=
{

(φ∗
(
P−1

2 ◦ φ(u)
)
,−P−1

2 ◦ φ(u)
)

: u ∈ E1

}
.

which is included in (Gφ)0 from (2.1).

2.2.3. Linear Poisson (resp. symplectic) relations. Following
[17, 10, 1, 41], we introduce the following notions:

Definition 2.11. Let E1 and E2 be convenient vector spaces.

1. Any closed subspace R ⊂ E1 × E2 will be called a linear relation.

Given a linear relation R ⊂ E1 × E2, we will say that R is a linear
relation from E1 to E2 and we will write R : E1 _ E2. If E1 = E2 = E,
we simply say that R is a relation in E.

2. Let R : E1_E2 and S : E2_E3 be two relations. The composition S ◦R
is the relation S ◦R : E1_E3 given by

S ◦R =
{

(x, z) ∈ E1 × E3 : ∃ y ∈ E2, (x, y) ∈ R and (y, z) ∈ S
}
.

In particular, the graph Gφ of a bounded linear map φ : E1 → E2 (which
is always a convenient subspace of E1 × E2) is a linear relation.

We will reserve the symbol → for a graph Gφ and the symbol _ will be
used for a general relation. Of course, if φ : E1 → E2 and ψ : E2 → E3 are
two bounded linear maps, the composition Gψ ◦Gφ is Gψ◦φ.

Following the terminology introduced by Weinstein in [41], and using
Proposition 2.10, we introduce:

Definition 2.12. 1. A relation R : E1_E2 is called a Poisson relation,
if R is coisotropic according to the partial Poisson structure PE1×E−2

.
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2. If for i ∈ {1, 2},
(
E[i,Ei, Pi

)
is partial symplectic, a relation R : E1_E2

is called a symplectic relation if R is Lagrangian in PE1×E−2
.

As in [41], we begin by the following result which is the version of Propo-
sition 1.3.2 in our context and whose proof uses the same type of arguments.

Theorem 2.13. For i ∈ {1, 2}, let
(
E[i,Ei, Pi

)
be a partial linear Poisson

space and R (resp. C) a coisotropic space of E1 × E2 (resp. E2). Then, one
has:

R(C) =
{
y ∈ E2 : ∃x ∈ C, (x, y) ∈ R

}
.

is a coisotropic space in E2.

Moreover, if each P1 and P2 is partial symplectic and if R and C are
Lagrangian, so is R(C).

Corollary 2.14. For i ∈ {1, 2, 3}, let Pi : E[i → Ei be a partial linear
Poisson structure on Ei. Given two Poisson relations S : E1_E2 and T :
E2_E3, T ◦ S is a Poisson relation from E1_E3. Moreover, if each Pi is
partial symplectic and S and T are Lagrangian, so is T ◦ S.

Proof. See proof of [41, Theorem 1.3.4].

2.3. Basic properties of partial Poisson manifolds. All of the
following properties can also be found in the book [8].

2.3.1. Partial Poisson manifolds. Let M be a convenient manifold
modelled on the convenient space M. We denote by pM : TM → M its
kinematic tangent bundle and by p′M : T ′M → M its kinematic cotangent
bundle.

Consider a vector subbundle p[ : T [M →M of p′M : T ′M →M such that
p[ : T [M →M is a convenient bundle and the canonical inclusion ι : T [M ↪→
T ′M is a convenient bundle morphism. Such a bundle p[ : T [M →M will be
called a weak subbundle of p′M : T ′M → M and its typical fibre is denoted
M[.

We denote by <. , .> the canonical bilinear pairing between T ′M and TM .
Since the inclusion ι : T [M ↪→ T ′M is an injective bundle morphism, we have
an induced bilinear pairing <. , .>[ on T [M × TM defined by:

(α, u) 7−→< α, u >[=< ι ◦ α, u >
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which is continuous and non degenerate on the first variable. In what follows,
and when no confusion can arise, this pairing will also be denoted by <. , .>.

According to [21], Definition 48.5, we introduce, for any open set U in M ,
the set A(U) of smooth functions f ∈ C∞(U) such that, for any k ∈ N? and
any x in U , the derivative dkf(x) ∈ Lksym(TxM,R) satisfies:

∀ (u2, . . . , uk) ∈ (TxM)k−1, dkxf(., u2, . . . , uk) ∈ T [xM. (2.2)

Remark 2.15. In particular, the previous condition implies that, for any
bounded linear functional λ on T [xM , the map u 7→ λ(dkxf(u, u2, . . . , uk)) is
bounded on bounded sets of TxM .

The sets {A(U) ⊂ C∞(U), U open in M} define a sub-sheaf AM of the
sheaf C∞M = {C∞(U), U open set in M} (cf. [8]). Of course, if T [M = T ′M ,
then AM = C∞M .

We then have the following properties of A(U) proved in [8]:

Proposition 2.16. Fix any open set U in M .

1. The set A(U) is a subalgebra of C∞(U).

2. For each k ∈ N, any local vector fields X1, . . . , Xk on U and any smooth
map f ∈ A(U), the map

x 7−→ dkf(X1, . . . , Xk)(x)

belongs to A(U).

Then {A(U) ⊂ C∞(U), U open set in M} defines a sub-sheaf AM of the
sheaf C∞M = {C∞(U), U open in M} (cf. [8]). Of course, if T [M = T ′M ,
then AM = C∞M .

A morphism P : T [M → TM is called skew-symmetric if it satisfies the
relation:

< ξ, P (η) >= − < η, P (ξ) >

for all sections ξ and η of T [M .
Given such a morphism P , for each open set U in M , on A(U) we define:

{f, g}U = − < df, P (dg) >=< dg, P (df) > . (2.3)

In these conditions, the relation (2.3) defines a skew-symmetric bilinear
map

{. , .}U : A(U)× A(U) −→ A(U)
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which satisfies the Leibniz identity

{f, gh}U = g{f, h}U + h{f, g}U

(cf. [35, 2.1]).
In fact, the family of the bilinear maps {. , .}U defines a sheaf of brackets

which will be denoted by {. , .}P

Definition 2.17. Let p[ : T [M → M be a weak subbundle of p′M :
T ′M →M .

1. Any skew-symmetric morphism P : T [M → TM is called an almost
Poisson anchor and {. , .}P an almost Poisson bracket.

2. Given an almost Poisson anchor P : T [M → TM , we say that P is
a Poisson anchor if the associated bracket {. , .}P satisfies the Jacobi
identity:

{f, {g, h}P }P + {g, {h, f}P }P + {h, {f, g}P }P = 0.

In this case,
(
T [M,TM,P, { , }P

)
is called a partial Poisson structure

on M .

As classically, given a partial Poisson structure
(
T [M,TM,P, { , }P

)
, any

function H ∈ A(U) is called a Hamiltonian and the associated vector field
XH = P (dH) is called a Hamiltonian vector field.

We then have {f, g} = Xf (g) and also [Xf , Xg] = X{f,g} (see [31]), which
is equivalent to:

P (d{f, g}) = [P (df), P (dg)]. (2.4)

If
(
T [M,TM,P, { , }P

)
is a partial Poisson structure on M , then, for any

open set U , the space A(U) provided with the Poisson bracket { , }P has a
structure of Lie algebra, called classically a Lie-Poisson algebra and, according
to (2.4), the Poisson anchor P gives rise to a Lie algebra morphism from A(U)
to the Lie algebra X(U) of smooth vector fields on U .

2.3.2. Poisson bracket associated with a convenient Lie alge-
broid. We recall some results of [8, Chapter 7] and, as in § 2.3.1, we consider
the set A(U).

Let π : A →M be a convenient vector bundle and π′ : A′ →M its associ-
ated dual convenient bundle. We consider a closed subbundle q[ : T [A′ → A′
of qA′ : T ′A′ → A′.
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Definition 2.18. Let U be an open set in M and denote by AU (resp.
A′U ) the restriction of A (resp. A′) to U . A function Φ ∈ C∞(A′U ) is called
linear, if the restriction of Φ to each fibre A′x is a linear map into R 4.

Let a be a section of AU and denote by Φa : A′ → R the smooth map
defined by:

Φa(σ) =< σ, a ◦ π∗(σ) > . (2.5)

It is clear that Φa is linear.

We denote by A(A′U ) the set of smooth functions on A′U which satisfy
(2.2).

According to [8, 6.3.3], we have:

T [σA′ =
{

(σ, η,A) ∈ T ′σA′ :
η = d(f ◦ π′), A = a ◦ π′,
a ∈ Γ(AU ), f ∈ C∞(U)

}
(2.6)

for any small enough open set U around x.

Each function of the form Φa and each map f ◦ π′ are such that dΦa and
df ◦ π′ belong to the set Γ(T [A′U ) of sections of (T [A′U ), for any section a of
Γ(A′U ) and any function f of C∞(U).

Let C[(A′U ) be the set of smooth maps on A′U whose restriction to each
fibre A′x is constant. Such a function ϕ naturally defines a function ϕ̄ on U
such that ϕ = ϕ̄ ◦ π′.

Therefore, we can identify the subalgebra {f ◦ π′ : f ∈ C∞(U)} of C[(A′U )
with C∞(U).

Now, it is clear that the set C[(A′U ) of functions F ∈ C∞(A′U ), whose
differential belongs to Γ(T [A′U ), has a structure of algebra. Note that from
(2.2), if F belongs to A(A′U ), this clearly implies that dF must be a section of
T [A′. Since dF is a smooth section of T ′A′ and that T [A′ is closed convenient
subbundle of T ′A′, it follows that dF is a smooth section of T [A′U and so
A(A′U ) is contained in C[(A′U ). In fact, we have (cf. [8, Proposition 7.2]):

Proposition 2.19. Let U be an open set which is a chart domain. The
algebra A(A′U ) is equal to C[(A′U ). This algebra is generated by functions of
type f ◦ π∗ and Φa, for any f ∈ C∞(U) and any a ∈ Γ(AU ).

We introduce the following notion:

4Since Φ is smooth, its restriction to A′x is linear and smooth, so it is be bounded
(cf. [21]).
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Definition 2.20. Consider a partial Poisson structure
(
T [A′,A′, P,

{. , .}P
)

on A′. We say that P is a linear Poisson anchor, or that the Poisson
bracket {. , .}P is linear if, for any open set U and any linear functions Φ1 and
Φ2 in A(A′U ), the Poisson bracket {Φ1,Φ2}P is linear.

The following result extends to the convenient setting the classical equiv-
alence between algebroid structures on a finite-dimensional anchored vector
bundle and linear Poisson structures on its dual (cf. [8, Theorem 7.1]).

Theorem 2.21. Let P : T [A′ → TA′ be a linear Poisson anchor on A′.
Then there exists a unique structure of convenient Lie algebroid

(
A, π,M, ρ,

[. , .]P
)

characterized in the following way, for any open set U in M :

∀ (a1, a2) ∈ Γ (AU )2 , Φ[a1,a2]P = {Φa1 ,Φa2}P (2.7)

∀ f ∈ C∞(U), ∀ a ∈ Γ (AU ) , {Φa, f ◦ π∗}P = df(ρ(a)) ◦ π∗ (2.8)

where ρ(a) = Tπ′(P (Φa)).

Conversely, a structure of convenient Lie algebroid
(
A, π,M, ρ, [. , .]ρ

)
defines a unique linear Poisson anchor P : T ′A′ → TA′ which gives rise to
a linear Poisson bracket {. , .}ρ on A(A′U ), for any open set U in M , which is
characterized by relations (2.7) and (2.8). Moreover, the unique structure of
convenient Lie algebroid

(
A, π,M, ρ, [. , .]P

)
associated with P is the original

one.

From Proposition 2.19 and Theorem 2.21, we obtain:

Corollary 2.22. Let (A, π,M, ρ, [. , .]P ) be a convenient Lie algebroid
and {. , .}P the Poisson Lie bracket associated with this structure. Then(
M,C[ (A′) , {. , .}P

)
is a partial Poisson manifold.

2.3.3. Characteristic distribution and foliation. Given a par-
tial Poisson structure

(
T [M,TM,P

)
, the family of vector spaces

D :=
{
Dx = P (T [xM) ⊂ TxM : x ∈M

}
is a distribution on M called the characteristic distribution.

In finite dimension, when T [M = T ′M , it is well known that the charac-
teristic distribution gives rise to a Stefan-Sussman foliation. Moreover, each
leaf carries a natural structure of immersed symplectic manifold.
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In the convenient setting, this property does not hold in general, and
may even fail in the Banach setting (see Remarks 2.24). Nevertheless, the
following theorem provides sufficient conditions under which an analogous
result remains valid (cf. [35]).

Theorem 2.23. Let
(
T [M,TM,P

)
be a partial Banach Poisson manifold

such that the kernel of P is supplemented in each fibre T [xM of T [M and
P (T [M) is a closed distribution. Then we have the following:

1. D = P (T [M) is integrable and the foliation defined by D is an almost
symplectic foliation, i.e. on each leaf N of this foliation, we have a
unique non degenerate smooth skew symmetric bilinear form ωN on TN
such that for any u and v in TxN , we have

ωN (u, v) =< α,P (β) >

for any α, β ∈ T [xM with P (α) = u and P (β) = v.

2. For each maximal leaf N , let ωN denote the natural weak symplectic
form on N . Given an open subset V of N , denote by EωN (V ) the subset
of functions f ∈ C∞(V ) such that df belongs to the range ω[N (TV ).
Then the restriction fN to U ∩N of any f ∈ EωN (U) belongs to EωN (U ∩
N) and we have, for any f and g in EωN (U),{

f|N , g|N
}
P|N

= {fN , gN}ωN .

Remarks 2.24. (1) In general, in the convenient setting, the characteristic
distribution need not be integrable. Even in the Banach setting, if D is not
closed, we think that the distribution D is not integrable, but, unfortunately,
we do not have any example.

(2) Theorem 2.23 provides sufficient conditions for the integrability of
the characteristic distribution and, on each leaf N of the associated foliation,
the 2-form ωN is not, a priori, closed (as stated in [35]). But, in fact, ωN is
effectively closed. Indeed, according to Lemma 2.25, for any x ∈ M , there
exists an open set U around x such that any σ ∈ T [xM can be written σ = dxf
for some local smooth function f : U → R. Thus, for i ∈ {1, 2, 3}, each
Xi ∈ TxN can be written Xi = P (dxfi) for some fi locally defined around
x. Each Hamiltonian vector field is tangent to the characteristic foliation
and the tangent space of a leaf N at x is generated by the value at x of the
set of Hamiltonian vector fields {Xf , f ∈ E(U)}. Using Cartan’s formulae
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for the exterior derivative, the expression dωN (Xf0 , Xf1 , Xf2) involves two
occurrences of the Jacobi identity for the triple (f0, f1, f2). Since the Poisson
bracket { , }P satisfies the Jacobi identity, it follows that ωN is closed.

(3) When
(
T [M,TM,P

)
is a partial symplectic structure, even in the

convenient setting, the characteristic distribution coincides with TM . Conse-
quently, the characteristic foliation reduces to a single leaf, namely M itself.
Thus, the argument in (2) applies, and it follows that M is a weak symplectic
manifold.

2.3.4. Partial Lie algebroids and partial Poisson manifolds.
We refer to [8, 3.18.4] for the notion of convenient partial Lie algebroid and
we adopt the same notation as in that reference. We begin with the following
fundamental result (cf. [8, Lemma 7.3]).

Lemma 2.25. Let
(
T [M,M,P, {. , .}P

)
be a partial Poisson structure.

For each x ∈M , there exists an open neighbourhood U of x such that the
vector space

Px(U) =
{
dxf : f ∈ A(U)

}
is equal to the fibre T [xM .

We then have the following result (cf. [8, Proposition 7.3 and Corol-
lary 7.2]).

Proposition 2.26. Let
(
T [M,M,P, {. , .}P

)
be a partial Poisson struc-

ture. We denote by PM the sheaf of A(U)-modules generated by the set
{df : f ∈ A(U)}. Then the following properties hold:

1. We can define a sheaf of almost brackets [. , .]P on the sheaf PM by:

[α, β]P = LP (α)β − LP (β)α− d < α, P (β) > (2.9)

for any open set U in M and any sections α and β in P(U) where LX
is the Lie derivative.
Moreover, [. , .]P satisfies:

∀ (f, g) ∈ (A(U))2 , [df, dg]P = d{f, g}P . (2.10)

2. (PM , [. , .]P ) is a sheaf of Poisson-Lie algebras.
In particular,

(
T [M,p[M ,M, P,PM

)
is a strong partial convenient Lie
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algebroid and
(
T [M,M,P, [. , .]P

)
is an pre-Lie algebroid that is P sat-

isfies P ([α, β]P ) = [P (α), P (β] for all local sections α, β de T [M . More-
over, if P is an injective morphism, then

(
T [M,p[M ,M, P,PM

)
is a Lie

algebroid.

Remark 2.27. In fact, Assertion (1) of Proposition 2.26, is also valid if we
only assume that P is an almost partial Poisson anchor. The proof of this
assertion only uses the fact that P is, in particular, an almost partial Poisson
anchor (cf. Proof of [8, Proposition 7.3]). Note that, in this case, we only have
a well defined almost Poisson bracket {f, g}P =< dg, Pdf > on each algebra
A(U) for any open set U in M .

2.3.5. Jacobi identity and Schouten condition. It is well known
that, in finite dimensions, if P : T ∗M → TM is an almost Poisson anchor,
then it induces a skew symmetric contravariant tensor Λ of type (2, 0) on T ∗M
defined by

Λ(α, β) =< β,Pα > . (2.11)

Then P defines a Poisson structure on M if and only if the Schouten bracket
[Λ,Λ] vanishes identically on M (cf. [25]). In fact, the property [Λ,Λ] = 0
is equivalent to the Jacobi identity of the bracket {. , .}P naturally associated
with P .

Now consider an almost Poisson anchor P : T [M → TM .
On the one hand, as in finite dimension, one can associate to P a skew

symmetric contravariant tensor Λ of type (2, 0) on T [M defined by

Λ(α, β) =< β,Pα > . (2.12)

On the other hand, on any open set U in M , and for any σ1 and σ2 in P(U),
we have the map [P, P ] : P(U)×P(U)→ X(U) given by:

[P, P ](σ1, σ2) = P ([σ1, σ2]P )− [Pσ1, Pσ2]. (2.13)

Then [P, P ] is a tensor of type (2, 1) with takes values in TM .
On the other hand, as in finite dimension, to P is associated a skew sym-

metric tensor Λ on T [M of type (2, 0) also defined by (2.12). Thus we can
consider the tensor [Λ,Λ] of type (3, 0) on T [M defined by:

[Λ,Λ](σ1, σ2, σ3) =< σ3, [P, P ](σ2, σ1) > (2.14)

for any σi ∈ P(U) where i ∈ {1, 2, 3}.
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Definition 2.28. Let P : T [M → TM be an almost Poisson anchor and
Λ the associated contravariant tensor of type (3, 0). Then 2[Λ,Λ] is called the
Schouten bracket of Λ.

Note that this Definition is justified in [8, 7.2.2]. Now, as in finite dimen-
sion, we have (cf. [8, Theorem 7.2]):

Theorem 2.29. Let P : T [M → TM be an almost Poisson anchor and
Λ the associated contravariant tensor of type (3, 0). Then P defines a partial
Poisson structure on M if and only if [Λ,Λ] = 0.

2.4. Partial Poisson bialgebroid and its associated cohomol-
ogy. In this section, we consider a partial Poisson manifold (M,AM , {. , .}P ).
We have seen that (T [M,p[M ,M, P,PM ) is a strong partial Banach Lie al-
gebroid and

(
T [M,p[M ,M, P, [·, ·]P

)
is an almost Lie algebroid (cf. Proposi-

tion 2.26, (2)).

2.4.1. Partial bialgebroid. According to [8, 3.18.6.4], let dP be the
associated exterior differential associated with the strong partial Lie algebroid(
T ′M,p[M ,M, P,PM

)
. Then, if X is a vector field defined on an open set U

in M , according to [8, Example 7.4], X can be considered as an element of∧1 Γ∗(T [M), so we have:

dPX(α, β) = LPα < β,X > −LPβ < α,X > − < [α, β]P , X > . (2.15)

Therefore, as for finite dimensional Poisson manifolds (see [25]), we have
(cf. [8, Proposition 7.8]):

Proposition 2.30. Let Λ be the Poisson tensor associated with P . Then
with the previous notations we have:

(1) dPX = −LXΛ;

(2) dP [X,Y ] = LXdPY − LY dPX.

Remark 2.31. In finite dimension, recall that a Lie bi-algebroid is a pair of
Lie algebroids (A, π,M, ρ, [. , .]A) and (A′, π′,M, ρ′, [. , .]A′) where π′ : A′ →M
is the dual bundle of π : A →M with the following compatibility condition:

dρ′ [X,Y ]A = LXdρ′Y − LY dρ′X,



20 f. pelletier, p. cabau

for all sections X and Y of A where dρ (resp. dρ′) denotes the exterior differen-
tial associated with the Lie algebroid

(
A, π,M, ρ, [. , .]A

) (
resp.

(
A′, π′,M, ρ′,

[. , .]A′
))

(cf. [27]).

In particular, if M is provided with a Poisson structure defined by a bivec-
tor Λ and a Poisson anchor P : T ∗M → M , then the pair

(
TM, pTM ,M, Id,

[. , .]
)

and
(
T ∗M,pT ∗M ,M, P, [. , .]P

)
is a Lie bi-algebroid (cf. [27]). According

to our notations, in this finite dimensional context, the compatibility relation
is exactly Proposition 2.30 (2).

Unfortunately, in our infinite dimensional context, even if T [M = T ′M ,
the Poisson structure, in general, does not provide T ′M with a Lie algebroid
structure.

Taking Proposition 2.30 into account, we propose the following generaliza-
tion of the notion of Lie bialgebroid in finite dimension:

Definition 2.32. Let (E, π,M, ρ, [. , .]E) be a Banach Lie algebroid. Let
π′ : E′ → M be the dual bundle of E. Assume that there exists a weak
Banach subbundle π[ : E[ →M with the following properties:

• E[ ⊂ E′, π[ = π′|E[ and the canonical inclusion ι : E[ ↪→ E′ is a bundle

morphism;

• there exists a pre-Lie algebroid structure
(
E[, π[,M, ρ[, [., ; ]E[

)
5 on E[

and also a strong Lie algebroid structure on E[.

We denote by dρ (resp. dρ[) the exterior differential on E (resp. E[) associated

with these structures. We say that the pair (E,E[) is a partial bialgebroid if,
for any open set U in M , we have:

dρ[ [X,Y ]E = Lρ
[

Xdρ[Y − L
ρ[

Y dρ[X,

for all sections X and Y of EU , considered as 1-forms on E[.

Examples 2.33. (a) Any finite dimensional bialgebroid (E,E′) is a
partial bialgebroid.

(b) From Proposition 2.30, to any partial Poisson manifold
(
M,AM ,

{. , .}P
)

is associated a partial bialgebroid
(
TM,T [M

)
(see also Theorem 3.22).

5cf. Proposition 2.26.
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Proof of Proposition 2.30. Fix some open set U in M . All sections α and
β of T ′M and vector fields X and Y considered in this proof are assumed to
be defined on U .

(1) Using the expression of the Lie derivative of a 2-form, we obtain:

LXΛ(α, β) = − < β, [P (α), X] >

+ < α, [P (β), X] > −X(< β,P (α) >).
(2.16)

On the other hand, using the exterior derivative of a 2-form on a partial strong
convenient Lie algebroid (cf. [8, 3.18.6.3]), we have:

dPX(α, β) = P (α)(< β,X >)− P (β)(< α,X >)− < [α, β]P , X > . (2.17)

Using the value of [α, β]P , we get:

dPX(α, β) =< β, [P (α), X] > − < α, [P (β), X] > +X(< β,P (α) >)

which ends the proof of (1).
(2) From the value of a Lie derivative and (1), we have:

LXdPY (α, β) = X (dPY (α, β))− dPY (LXα, β)− dPY (α,LXβ)

= X (Y (< β,P (α) >))−X (< LY α, P (β) >)

+X (< LY β, P (α) >)− Y (< LXβ, P (α) >)

+ < LXLY α, P (β) > − < LY β, P (LXα) >

− Y (< β,P (LXα) >) + < LY α, P (LXβ) >

− < LXLY β, P (α) > .

By permutation of X and Y , we obtain the corresponding expression of
LY dPX. By a direct calculation, we obtain easily that

LXdPY − LY dPX = [X,Y ] (< α,P (β) >)

− < L[X,Y ]α, Pβ > + < L[X,Y ]β, P (α) > .
(2.18)

This expression coincides with dP [X,Y ](α, β).

2.4.2. Convenient linear partial Poisson-Lie spaces. The con-
cept of Banach Poisson-Lie space was introduced in [33] and generalized in
[38] or in [31, Example 2.10].

In this section, we propose a generalization of this concept to the conve-
nient setting.
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Definition 2.34. Let g be a convenient space. Consider a convenient
subspace g[ of g′ such that the inclusion is bounded. Let P : T [g := g× g[ →
Tg = g× g be an injective almost Poisson anchor.

We say that
(
g, g[, P

)
is a convenient partial Poisson-Lie space if g[ is

provided with a Lie bracket [. , .][ such that, for all x ∈ g,

P ([α, β][)(x) = [Pα, Pβ](x) (2.19)

where α and β are considered as functions in A(g) :=
{
f ∈ C∞(g) : dxf ∈

{x} × g[
}

.

We then have the following characterization:

Proposition 2.35. Consider a convenient subspace g[ of g′ such that the
inclusion is bounded and let P : T [g := g × g[ → Tg = g × g be an almost
Poisson anchor. Then

(
g, g[, P

)
is a partial Poisson-Lie space if and only if P

is a Poisson-Lie anchor.
Moreover, in this case,

(
Tg, T [g

)
is a partial Lie bialgebroid.

Proof. Consider a convenient subspace g[ of g′ such that the inclusion is
bounded and let P : T [g→ Tg be an almost Lie-Poisson anchor. We have an
almost Lie bracket on the set A(g) :=

{
f ∈ C∞(g) : dxf ∈ {x} × g[

}
defined

by {f, g}P =< dg, Pdf >. Then if Λ is the skew symmetric contravariant
tensor of type (2, 0) on T [g associated with P as defined in (2.12), the bracket
{. , .}P satisfies the Jacobi identity if and only if the Schouten bracket vanishes:
[Λ,Λ] = 0 (cf. Theorem 2.29). But, according to (2.13) and (2.14), this
condition is equivalent to:

P (d{f, g}) = [Pdf, Pdg] (2.20)

for all f and g in A(g). In particular, this condition implies that:

P ([α, β]) = [Pα, Pβ] (2.21)

for all sections α, β of T [g. Since g[ can be identified with the set{
fα ∈ A(g) : ∀α ∈ g[, ∀x ∈ g, fα(x) =< α, x >

}
then we have a Lie bracket on g[ defined by

[α, β][ = d{fα, fβ}. (2.22)
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Thus g[ is endowed with a Lie algebra structure and the condition (2.22)
is satisfied.

Conversely, assume that the assumptions of Definition 2.34 are satisfied.
Since P is injective, it follows that the almost Lie bracket on g[ defined by
(2.21) coincides with the given Lie bracket on g[. Thus the relation (2.20) is
satisfied and so the Schouten bracket of P is zero. This concludes the proof
of the first part.

Now under the assumption that
(
g, g[, P

)
is a partial Lie-Poisson space

the last part is a direct consequence of Proposition 2.30.

Example 2.36. Assume that g[ = g′. According to [33], a Lie algebra g is
a Poisson-Lie algebra if the set C∞(g) is provided with a Lie-Poisson algebra
{. , .} such that considering its dual g′ as a subset of C∞((g), then {. , .} induces
a Lie bracket on g′. In fact, we have a natural bounded map P : g×g′ → g×g
such that {f, g} =< dg, P (df) > which is given by Pα(x) = − ad∗α x where,
as classically, ad∗α x = −α ◦ adx (cf. next Example) which satisfies the Jacobi
identity (cf. [33]).

Example 2.37. Assume that (g, [. , .]) is a convenient Lie algebra. Then,
to each x ∈ g, we have a bounded linear map adx : g → g given by adx(y) =
[x, y]. This gives rise to a bounded 6 coadjoint action of g onto g′ in an evident
way. We also have a bounded coadjoint action

ad∗ : g× g′ −→ g′

given by: ad∗x α = −α ◦ adx for all x ∈ g and α ∈ g′.
Consider a convenient subspace g[ of g′ whose inclusion is bounded. If g[′

denote the dual of g[, we have the inclusions: g ⊂ g′′ ⊂ g[′. Assume that the
restriction of the previous coadjoint action to g× g[ takes values in g[ and is
bounded7. When there is no ambiguity, this action will still be denoted ad∗.

When g[ separates points of g, for any x ∈ g, then the map Px(α(x)) =
− adα(x)(x) is a well defined vector field on g which satisfies the assumption
of Definition 2.34. Then, in the Banach setting, from [38, Theorem 3.14],(
g, g[, P

)
is a partial Lie-Poisson space in the sense of Definition 2.34. Thus

this definition can be considered as an adaptation of [38, Definition 3.12].

In [38], the reader can find other more specific and very interesting exam-
ples in the Banach setting.

6Note that this action is continuous for the associated bornological topology of E.
7This condition is automatically satisfied if g[ is closed in g′.
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2.5. Poisson (resp. symplectic) relations. By analogy with the
linear setting, in the context of convenient manifolds, a relation R : M1_M2

is a closed weak submanifold of M1 ×M2. Any map φ : M1 ×M2 will be
also considered as the relation given by its graph Gφ = {(x, φ(x)) , x ∈ M1}.
If S : M2_M3 is also a relation, then the relation S ◦ R : M1_M3 is again
defined by

S ◦R =
{

(x, z) ∈M1 ×M3 : (x, y) ∈ R, (y, z) ∈ S with y ∈M2}. (2.23)

The inverse of R is the relation R−1 : M2_M1 given by

R−1 = {(y, x) ∈M2 ×M1 : (x, y) ∈ R}.

As in [41], we introduce:

Definition 2.38. For i ∈ {1, 2}, let
(
T [Mi, TMi, Pi, { , }Pi

)
be a Poisson

structure (resp. symplectic structure). A relation R : M1_M2 is a Poisson
relation, if R is a closed weak submanifold of M1 ×M2 which is coisotropic
for the partial Poisson structure (resp. Lagrangian for the partial symplectic
structure) M1 ×M−2 .

Unfortunately, the composition of two Poisson relations is not in general
a Poisson relation and even not a closed submanifold without some adequate
assumptions. In fact, if R : M1_M2 and S : M2_M3 are Poisson relations,
then the product R × S is a closed submanifold of M1 ×M2 ×M2 ×M3 and
if p1,3 is the projection of M1 ×M2 ×M2 ×M3 onto M1 ×M3 then according
to (2.23), we have:

S ◦R = p1,3

(
R× S ∩ (M1 ×∆2 ×M3)

)
where ∆2 is the diagonal of M2 ×M2.

This is why is introduced the following conditions under which S ◦R will
be a weak closed submanifold in M1 ×M3 (cf. [41, Definition 1.3.7]):

Definition 2.39. (1) A pair (N1, N2) of closed submanifolds of a conve-
nient manifold M is called a clean pair if N1∩N2 is a closed submanifold
of M such that T (N1 ∩N2) = TN1 ∩ TN2

8.

(2) Let R : M1_M2 and S : M2_M3 be relations. The pair of relations
(R,S) is called a clean pair if:

8This notion was firstly introduced by R. Bott in his book [6].
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(i) If ∆2 denotes the diagonal in M2 × M2, the intersection of the
closed submanifolds R× S and D = M1 ×∆2 ×M3 is a clean pair
in M1 ×M2 ×M2 ×M3;

(ii) S ◦ R is a closed submanifold of M1 ×M3 and the restriction to
(R×S)∩D of the projection of p1,3 : M1×M2×M2×M3 →M1×M3

is a submersion on S ◦R.

Remark 2.40. In [41], A. Weinstein introduced the notion of clean pair and
very clean pair for the finite dimensional context. Definition 2.39 corresponds
to Weinstein’s notion of very clean pair. But since we will only need the
assumptions of this Definition we simply use the terminology ”clean pair”
instead of ”very clean pair”.

Note that from [8, Remark 1.26], if a pair (R,S) of relations is such that
R × S and D are transverse, then the condition (2) (i) of Definition 2.39 is
satisfied, but, in general, the condition (2) (ii) is not satisfied. The following
Lemma gives examples of clean pair of relations:

Lemma 2.41. Consider a smooth φ : M1 →M2. If pi : M2×M3 →Mi for
i ∈ {2, 3} is the canonical projection, let R : M2_M3 be a relation such that
the restriction of p3 to R is a diffeomorphism onto M3 and φ1(M1) ⊂ p2(R).
If we identify φ with the relation from M1 to M2 given by its graph, then
(φ,R) is a clean pair. In particular, if ψ is a submersion from M3 to M2 then
(ψ−1, φ) is a clean pair.

Proof. We consider the relation product

φ×R =
{

(x, φ(x), y2, y3) : x ∈M1, (y2, y3) ∈ R
}
.

From the assumptions, φ× S is a closed submanifold of M1 ×M2 ×M2 ×M3

modelled on M1×M3. If ∆2 is the diagonal of M2×M2 and D = M1×∆2×M3,
then we have

(φ×R) ∩D = {(x, φ(x), φ(x), y) : (φ(x), y) ∈ R}
= {(x, φ(x), φ(x), y) : (x, y) ∈M1 ×M3}.

From the assumptions, it follows that (φ×R) ∩D is a closed submanifold in
M1 ×M2 ×M2 ×M3 modelled on M1 ×M3.
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Now, for m = (x, φ(x), φ(x), y) ∈ (φ×R) ∩D, we have

Tm
(
(φ×R) ∩D

)
(2.24)

= {(u, v,−v, w) ∈ TxM1 × Tφ(x)M2 × Tφ(x)M2 × TyM2 : v = Txφ(u)}

= Tm(φ×R) ∩ TmD.

Thus condition (2) (i) of Definition 2.39 is satisfied.

On the other hand the relation (R ◦ φ) is

{(x, y) ∈M1 ×M3 : (φ(x), y) ∈ R}

which, from assumption, is equal to M1 ×M3.

Moreover, for any m = (x, φ(x), φ(x), y) ∈ (φ×R)∩D, according to (2.24),
we obtain:

Tmp1,3

(
Tm((φ×R) ∩D)

)
= TxM1 × TyM3 = T(x,y)(R ◦ φ).

Now, as p−1
1,3(x, y) = {(x, φ(x), φ(x), y)} which is reduced to a point in

(φ×R)∩D, this trivially implies that the condition (2) (ii) of Definition 2.39
is satisfied. Finally, if ψ : M3 → M2 is a submersion, R = ψ−1 satisfies
clearly the assumptions required for R in Lemma 2.41. This implies the last
Assertion.

Now, for a clean pair of Poisson relations, we have:

Theorem 2.42. Let R : M1_M2 and S : M2_M3 be Poisson (resp.
symplectic) relations such that the pair (R,S) is clean. Then S ◦R : M1_M3

is a Poisson (resp. symplectic) relation.

Proof. We only consider the case of Poisson relation. The symplectic case
uses point by point the same type of argument.

Since the pair (R,S) is clean, it follows that for (x, y) ∈ R and (y, z) ∈ S,
the tangent space of R × S ∩ D at m = (x, y, y, z) is the intersection of
Tm(R × S) and TmD. From Definition 2.39, assumption (ii), Tmp1,3 is a
surjective map from Tm(R × S) ∩ TmD onto T(x,z)S ◦ R. But T(x,z)(S ◦ R)
is exactly the composition (T(x,y)S) ◦ (T(y,z)R) of the linear Poisson relations
T(x,y)R : TxM1_TyM2 and T(x,y)S : TyM2_TzM3. Thus, from Definition
2.12 and Corollary 2.14, it follows that S ◦R is a Poisson relation.
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Let R : M1_M2 be a Poisson (resp. symplectic) relation between two
partial Poisson (resp. partial symplectic) manifolds. Given any coisotropic
(resp. Lagrangian) submanifold C in M1, following [41, (2.1)], if {∗} is the
trivial Poisson manifold reduced to a point with the zero Poisson structure,
then C can be considered as a Poisson (resp. symplectic) relation C : {∗}_M1;
since C is coisotropic (resp. Lagrangian), C can be identified with the graph
of the relation C : {∗}_M1. Thus we introduce:

Definition 2.43. Let R : M2_M1 be a relation and C a closed subman-
ifold of M2. We will say that (R,C) is a clean pair if the pair of relations
(R,C) is a clean pair.

From now on, if (R,C) is a clean pair, we identify R(C) with R ◦ C. In
this way, Theorem 2.42 has the following Corollary:

Corollary 2.44. Let R : M1_M2 be a Poisson (resp. symplectic) rela-
tion between two partial Poisson (resp. partial symplectic) manifolds and a
coisotropic (resp. Lagrangian) weak closed submanifold C in M1. If (R,C) is
clean, then R(C) is a coisotropic (resp. Lagrangian) submanifold of M2.

2.6. Coisotropic submanifolds. Fix a partial convenient Poisson
manifold

(
T [M,TM,P, { , }P

)
. In this way, for each x ∈ M , Px : T [xM →

TxM is a Poisson anchor.

Definition 2.45. 1. An ideal I in a Poisson Lie algebra E whose
bracket is { , } is called coisotropic if I is closed under the bracket
{ , }.

2. A closed submanifold N of M9 is called a coisotropic submanifold of M ,
relative to P if TxN ⊂ TxM is a coisotropic subspace of TxM relatively
to Px.

We have the following characterization of a coisotropic weak closed sub-
manifold.

Proposition 2.46. Let N be a closed convenient submanifold of M .
Then the following properties are equivalent:

(a) N is coisotropic.

9N is a closed submanifold of M if it is a convenient manifold, the inclusion i of N into
M is smooth and Txi is injective with closed range for any x ∈ N .
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(b) For any open set U in M , the set IN (U) of smooth functions of E(U)
which vanish on U ∩N is coisotropic in E(U).

(c) For any open set U and any h ∈ IN (U), the Hamiltonian field Xh is
tangent to N .

Proof. First, it is clear that the set IN (U) is an ideal in E(U). For f ∈
IN (U) f|U∩N ≡ 0 then for each x ∈ U , dxf belongs to (TxN)0 ∈ T ′xM .
Now from Lemma 2.25 it follows that (TxN)0 is generated by all the forms
{dxf, f ∈ IN (U)} for all x ∈ U . According to Lemma 2.5, 5, the definition
of { , }p and (2.3), N ∩ U is coisotropic if and only if {f, g}P = 0 on N ∩ U ,
which gives the equivalence between (a) and (b).

The equivalence between (a) and (c) is a consequence of Proposition 2.8
applied at each point x ∈ U according to the definition of Xh and
Lemma 2.25.

2.7. Poisson morphisms and Poisson maps

Definition 2.47. Let
(
T [M1, TM1, P1, {. , .}P1

)
and

(
T [M2, TM2, P2,

{. , .}P2

)
be two convenient partial Poisson structures.

A smooth map φ : M1 →M2 is called a Poisson morphism if:

(pPMorph1) ∀x ∈M1, (Txφ)∗ (T [φ(x)M2) ⊂ T [xM1

where (Txφ)∗ is the adjoint of the tangent map Txφ;

(pPMorph2) Txφ : TxM1 → Tφ(x)M2 is a linear Poisson morphism from(
T [xM1, TxM1, (P1)x

)
to
(
T ′φ(x)M2, Tφ(x)M2, (P2)φ(x)

)
.

If, moreover, each Pi is partial symplectic, a Poisson morphism is called a
symplectic morphism.

The notions of anti-Poisson morphism and anti-symplectic morphism are
defined analogously.

Note that the tangent map Txφ : TxM1 → Tφ(x)M2 is a linear Poisson

morphism from
(
T [xM1, TxM1, (P1)x

)
to
(
T [φ(x)M2, Tφ(x)M2, (P2)φ(x)

)
means

precisely that it is bounded and we have:

(P2)φ(x) = Txφ ◦ (P1)x ◦ (Txφ)∗. (2.25)

As in the context of partial linear Poisson structure, consider for i ∈ {1, 2},
a Poisson anchor Pi : T [Mi → TMi on a Banach manifold Mi. Then we can
provide the product M1 ×M2 with two Poisson anchors:
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1. PM1×M2 : T [M1 × T [M2 → TM1 × TM2 given by PM1×M2 = (P1, P2);

2. PM1×M−2
: T [M1×T [M2 → TM1×TM2 given by PM1×M−2

= (P1,−P2)

which will be simply denoted M1 ×M−2 .

Moreover, if each (T [Mi, TMi, Pi, { , }Pi) is a partial Poisson manifold on
Mi, we obtain in this way two partial Poisson structures on M1 ×M2 associ-
ated with these previous Poisson anchors. Moreover, if each

(
T [Mi, TMi, Pi,

{ , }Pi
)

is partial symplectic, so are the associated partial Poisson structures
on M1 ×M2.

By application of Proposition 2.10, the graph of a smooth map φ : M1×M2

is a closed submanifold of M1 ×M2 and from the definition of a coisotropic
submanifold, we obtain:

Proposition 2.48. Let
(
T [M1, TM1, P1, {. , .}P1

)
and

(
T [M2, TM2, P2,

{. , .}P2

)
be two partial Poisson structures and consider a smooth map

φ : M1 →M2 such that (Txφ)∗(T [φ(x)M2) ⊂ T [xM1 for all x ∈M1.

φ is a Poisson morphism (resp. anti-Poisson morphism) if and only if the
graph of φ is a coisotropic submanifold of M1 ×M−2 (resp. M1 ×M2).

Moreover, if each partial Poisson structure is partial symplectic or partial
anti-symplectic, then such a map φ is partial symplectic (resp. partial anti-
symplectic) if and only if the graph of φ is Lagrangian in M1 ×M−2 (resp.
M1 ×M2).

The notion of Poisson map is defined as follows:

Definition 2.49. For i ∈ {1, 2}, let{(
Ei(Ui), {. , .}Ui

)
, for any open subset Ui in Mi

}
be a Poisson-Lie algebras sheaf on Mi.

A map φ : M1 → M2 is a Poisson map if, for any open set Ui in Mi

such that φ(U1) ⊂ U2, the induced map φ∗ : C∞(U2) → C∞(U1), defined by
φ∗(f) := f ◦ φ, is such that

(pPMap1) φ∗ (E(U2)) ⊂ E(U1);

(pPMap2) ∀ (f, g) ∈ E2(U2)2, {φ∗(f), φ∗(g)}P1
= φ∗ ({f, g}P2).

Proposition 2.50. Let
(
T [M1, TM1, P1, {. , .}P1

)
and

(
T [M2, TM2, P2,

{. , .}P2

)
two convenient partial Poisson structures and let φ be a convenient

Poisson map.
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Then, for any x ∈M1, we have (T ∗xφ)(T [φ(x)M2) ⊂ T [xM1 and the restriction

of T ∗xφ to T [φ(x)M2 is a bounded map from T [φ(x)M2 to T [xM1 respectively
endowed with their own topology of convenient spaces.

Proof. Fix some x ∈ M1 and consider an open set U2 around φ(x) in M2

such that {df2, f2 ∈ E2} generates T [φ(x)M2. Let U1 be an open set around x

in M1 such that φ∗ (E(U2)) ⊂ E(U1). Thus from the definition and properties
of E(U1), this implies that, for any f2 ∈ E(U2), the map T ∗φ(x)φ(df2) belongs

to T [xM1 provided with its own convenient structure. This implies that, for
any bounded linear functional λ on T [xM1, λ(T ∗φ(x)φ(df2)) is bounded for any

f2 such that dφ(x)f2 belongs to a bounded set of T [φ(x)M2. Since T [φ(x)M2 is

generated by
{
dφ(x)f2, f2 ∈ E2

}
, it follows that T ∗φ(x)φ is a bounded linear

map from T [φ(x)M2 to T [xM1 endowed with their own topologies of convenient
spaces.

Remark 2.51. Definition 2.49 of a Poisson map is quite different from the
definition given in [38]. From Proposition 2.50, the condition in the first
assumption is in Tumpach’s Definition but the second one is not imposed and
cannot be satisfied. On the other hand, the definition of a Poisson morphism
(cf. Definition 2.47) does not require that the restriction of T ∗xφ to T [φ(x)M2 is

a bounded map from T [φ(x)M2 to T [xM1 endowed with their own topology of

convenient spaces. Note that both definitions of Poisson morphism in [8] and
Definition 2.47 are coherent.

The results established in the following lemma will be used in the proof of
Theorem 2.53.

Lemma 2.52. Let φ be a smooth map from a c∞-open set U around 0 of
a convenient space E1 into a convenient space E2.

Assume that there exists a convenient space F2 contained in E′2 with
bounded inclusion and a closed convenient subspace F1 of E′1. If the restric-
tion of (Txφ)∗ to F2 is a bounded linear map from F2 to F1 for any x ∈ U any
u2, . . . , un ∈ E1, then ((Tnx φ)(., u2, . . . , un))∗ is a bounded linear map from F2

to F1, for integer n and x ∈ U .

Proof. Fix some x ∈ U . By assumption the result is true for n = 1.



partial poisson-lie groups and groupoids 31

Assume that the result is true for all 1 ≤ i < n. Then according to the
definition of dnxφ (cf. [21, 5.11]), we have

Tnx φ(u, u2, . . . , un) = lim
t→0

(
1

t

(
Tn−1
x+tuφ (u2, . . . , un)− Tn−1

x φ (u2, . . . , un)
))

.

On the other hand, for any α ∈ F2, we obtain

(Tnx φ(., u2, . . . , un))∗(α) = α ◦ (Tnx φ(., u2, . . . , un)).

Now the map

t 7−→ α ◦ Tn−1
x+tuφ(., u2, . . . , un) (2.26)

is a smooth map from E′2 to E′1.

Thus we have

d

dt |t=0

(
α ◦

(
Tn−1
x+tuφ(., u2, . . . , un)

))
= α ◦ (Tnx φ(., u, u2 . . . , un)) .

But the inclusion of F2 in E2 is bounded, F1 is closed in E′1 and the map
(2.26) takes values in F1 from the inductive assumption. This implies that
α ◦ (Tnx φ(., u, u2 . . . , un)) belongs to F1 for any α ∈ F2. But the map α 7→
α ◦ (Tnx φ(., u, u2 . . . , un)) is a bounded map from F2 to E′1 which takes values
in F1. Since F1 is closed it follows that this map is a linear bounded map from
F2 to F1.

The following result gives relations between convenient Poisson morphisms
and convenient Poisson maps (cf. [8, Theorem 7.53 and Remark 7.54]):

Theorem 2.53. Consider two partial Poisson structures
(
T [Mi, TMi, Pi,

{ , }Pi
)
, for i ∈ {1, 2}, such that T [M1 is closed in T ′M1 and let φ : M1 →M2

be a smooth map.

(1) If φ is a convenient Poisson morphism, then φ is also a convenient Poisson
map.

(2) Assume that the typical fibre M[
2 of T [M2 is dense in M′ (typical fiber

of T ′M2), for the weak∗ topology. Then if φ is a convenient Poisson map
then φ is also a convenient Poisson morphism.
In particular, if P2 is partial symplectic or if T [M2 = T ′M2 the previous
converse is true.
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Sketch of the proof (1) Suppose that property (pPMorph1) is satisfied.
Since the problem is local, and according to compatible charts as previously,
we may assume that, for i ∈ {1, 2}, Ui is a c∞ open set in Mi such that
TMi = Ui×Mi, T

[Mi = Ui×Fi and φ is a smooth map from U1 → U2 where

• Txφ ({x} ×M1) ⊂ {φ(x)} ×M2;

• T ∗xφ ({φ(x)} × F2) ⊂ {x} × F1.

Moreover, by assumption, F1 is closed in M′1.
Since φ∗(f) = f ◦ φ, we have:

dx(f ◦ φ) = dφ(x)f ◦ Txφ = T ∗xφ
(
dφ(x)f

)
.

Since f belongs to A(U2), the map dxf belongs to T [yM2. Thus the previous

relation implies that dx(f ◦ φ) belongs to T [xM1 and is bounded since F1 is
closed in M′1. As in the proof of Proposition 2.16, 2., by induction, we can
show that:

dkx(f ◦ φ) (u1, . . . , uk)

is a summation of terms of type:

dlφ(x)f
(
Txφ

(
uσ

1
)
, T 2

xφ
(
uσ

2
)
, . . . , T ixφ

(
uσ

i
)
, . . . , T hx φ

(
uσ

h
))

(2.27)

where:

• the set {σ1, . . . , σh} is a partition of the set {1, . . . , k};
• for σi, one has:

– each σi is a disjoint union of νi stri ctly increasing sequences of length

i, that is σij :=
((

sij

)
1
, . . . ,

(
sij

)
i

)
if νi ≥ 1;

– otherwise σi is an empty set;

• for all 1 ≤ l ≤ k and h+ l = k, we have:{
ν1 + 2ν2 + · · ·+ iνi + · · ·+ hνh = k,

ν1 + · · ·+ νi + · · ·+ νh = l.

• If νi ≥ 1 and σij =
((

sij

)
1
, . . . ,

(
sij

)
i

)
, for j ∈ {1, . . . , νi}, we set:

uσij
=
(
u(sij)1

, . . . , u(sij)i

)
,

T ixφ
(
uσ

i
)

=
(
T ixφ

(
uσi1

)
. . . , T ixφ

(
uσiνi

))
.
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Note that the term (2.27) is completely defined by such a partition {σ1, . . . , σh}
and the summation in the expression of dkx(f ◦ φ) (u1, . . . , uk) is for all such
partitions.

According to Lemma 2.52, we fix such a partition {σ1, . . . , σh}. Then 1
belongs to one and only one σi0j := ((si0j )1, . . . , (s

i0
j )i0) and since this sequence

is strictly increasing, we (si0j )1 = 1. The corresponding term is

T i0x φ
(
uσ

i0
j

)
= T lxφ

(
u

(s
i0
j )1

, . . . , u
(s
i0
j )i0

)
.

After deleting u(slj)1
in this term we obtain the bounded linear map

φ̂1 : u1 7−→ T i0x φ(u1, u(s
i0
j )2

, . . . , u
(s
i0
j )i0

).

By application of Lemma 2.52, the restriction of
(
φ̂1

)∗
to F2 is a bounded

linear map into F1.

Associated with this partition, we consider again the corresponding term
(2.27):

dlφ(x)f
(
Txφ

(
uσ

1
)
, T 2

xφ
(
uσ

2
)
, . . . , T ixφ

(
uσ

i
)
, . . . , T hx φ

(
uσ

h
))

. (2.28)

In this expression, all vectors

Txφ
(
uσ

1
)
, T 2

xφ
(
uσ

2
)
, . . . , T ixφ

(
uσ

i
)
, . . . , T hx φ

(
uσ

h
)

belong to Tφ(x)M1 ≡ F2, which we denote by v1, . . . , vh. Among these vectors,

we have one and only one which is equal to φ̂1(u1) and we may assume that

v1 = φ̂1(u1).

Finally, after having deleted u1 in (2.28), we obtain a term of type

φ̂1
∗(
dlφ(x)f (., v2, . . . , . . . vh)

)
which belongs to F1 from the construction of (φ1)∗. But such a property
is true for any term of the decomposition of dkx(f ◦ φ)(., u2, . . . , uk) for any
k ∈ N and any u2, . . . , uk in TxM1. This implies that dkx(f ◦ φ)(., u2, . . . , uk)
belongs to TxM1 for any k ∈ N and any u2, . . . , uk in TxM1 and so the proof
is completed, according to Proposition 2.16.
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(2) By the bipolar theorem (cf. [36, Theorem 3.7 and Theorem 3.12]) the
assumption of 2. is equivalent to the assumption:

(M[)ann ∩M = {0}.

This, in turn, is equivalent to the property that M[ separates points in M.
Fix some point x ∈ M1 and let U be an open set around φ(x) in M2

such that set {dφ(x)f, f ∈ E(U)} is equal to T [φ(x)M2 (cf. Lemma 2.25). Since

dx(φ∗f) = (T ∗xφ)(df), and (T ∗xφ)(T [φ(x)M2) ⊂ T [xM1, the set {dx(f ◦ φ)), f ∈
E(U)} generates T [xM1. From the definition of the Poisson bracket from a
Poisson anchor, we have:

< dx(g ◦ φ), Txφ ◦ P1 ◦ (T ∗φ(x)φ)(dfx(f ◦ φ)) >=< dφ(x)g, P2(dφ(x)f > (2.29)

for all f, g ∈ E(U).
Then, for any fixed f ∈ E(U) in relation (2.29, we obtain:

< dφ(x)g, Txφ ◦ P1 ◦ (T ∗φ(x)φ)(dφ(x)f − P2dφ(x)f >= 0

for any g ∈ E(U). Since the set {dφ(x)g, g ∈ E(U)} generates Tφ(x)x
[M2, it

follows that Txφ ◦P1 ◦ (T ∗φ(x)φ)(dfx(f ◦φ))−P2dφ(x)f belongs to (T [φ(x)M2)a ∩
TyM2 but by assumption, as we have seen previously, we have:

(T [yM2)a ∩ TyM2 = {0}

for all y ∈ φ(M1). This completes the proof.
Now, if P2 is partial symplectic , then P2 is an isomorphism from T [M2

onto TM2. This necessary implies that (T [yM2)a∩TyM2 = {0} for all y ∈M2.

The same is also clear if T [M2 = T ′M2.

Remarks 2.54. (a) In finite dimension, the notions of Poisson morphism
and Poisson map coincide. However, in the context of Theorem 2.53 (2), in
general, M[

2 6= M′2 and not dense in M′2 for its weak∗ topology and so the
assertions (1) and (2) are not equivalent.

For instance, it is always the case if T [M1 = T ′M1, M2 is reflexive,
M[

2 6= M′2 and not dense in M′2 for its weak∗ topology, and φ is a surjec-
tive submersion.

(b) If a smooth map φ : M1 →M2 is a convenient Poisson morphism from(
T [M1, TM1, P1, { , }P1

)
to
(
T [M2, TM2, P2, { , }P2

)
, φ can be also a Poisson

map even if T [M1 is not a closed subbundle of T ′M1 (cf. Theorem 2.55).
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2.8. Partial Poisson structure on the source of a submersion.
Given a surjective submersion on a partial Poisson manifold, we look for suf-
ficient conditions on the structure of the source for which this submersion is
a Poisson map. More precisely, we have:

Theorem 2.55. Consider a partial Poisson structure
(
T [M1, TM1, P1,

{. , .}P1

)
and φ : M1 →M2 a surjective submersion. Then we have

1. M2 can be provided with a (unique) Lie-Poisson algebras sheaf{(
A(U2), {. , .}U2

)
; U2 open set in M2

}
such that φ is a Poisson map if and only if the relation φ−1 ◦ φ is a
Poisson relation from M1 to M1.

2. Assume that M1 is connected, and assume that (kerTφ)0 = (kerTφ)a ∩
T [M1 is a closed convenient subbundle of T [M1 ((kerTφ)a is the the
annihilator of kerTφ). Then there exists a unique partial Poisson struc-
ture (T [M2, TM2, P2, {. , .}P2) such that φ is Poisson morphism if and
only if the relation φ−1 ◦ φ is a Poisson relation from M1 to M1. In this
case φ is also a Poisson map.

3. If (T [M1, TM1, P1, {. , .}P1) is partial symplectic or if we have T [M1 =
T ′M1, then there exists a unique partial Poisson structure

(
T [M2, TM2,

P2, {. , .}P2

)
such that φ is a Poisson morphism if and only if the relation

φ−1 ◦ φ is a Poisson relation from M1 to M1 and so, in this case, φ is
also a Poisson map.

Remark 2.56. Under the same assumptions of Theorem 2.55, we obtain
the same conclusion in 1., 2. and 3. when φ is an anti-Poisson morphism if
and only if the graph of φ−1 ◦ (−φ) is a Poisson relation.

Proof. 1. Fix some open set U2 in M2. If U1 = φ−1(U2), we consider the
set

E(U2) =
{
g ∈ C∞(M2) : φ∗(g) ∈ E(U1)

}
.

Clearly E(U2) has a structure of algebra. First, we show that E(U2) can be
provided with a Lie-Poisson structure.

The Poisson bracket on M1 ×M−1 is given by:

{h1, h2}(P1,P
−
1 ) = − < d1h1, P1(d1h2) > + < d2h1, P1(d2h2) >
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where d1h and d2h are the partial differential of h relative to the first factor
and the second factor respectively.

Now, in M1 ×M−1 , the graph of the relation φ−1 ◦ φ : M1_M1 is the set

G =
{

(x, y) ∈M1 ×M−1 : φ(x) = φ(y)
}
.

Assume that G is a Poisson relation, which means that G is coisotropic in
M1 ×M−1 . By Proposition 2.46, the ideal Ig(U1 × U1) is stable under the
Poisson bracket on M1 ×M−1 in restriction to U1 × U1.

For i ∈ {1, 2}, to the function fi ∈ E(U2) we associate gi(x, y) = fi(φ(x))−
fi(φ(y)) on U1 × U−1 . Thus gi vanishes on (U1 × U1) ∩G and the bracket the
{g1, g2}(P1,P

−
1 ) also vanishes on (U1 × U1) ∩G and so

{g1, g2}(P1,P
−
1 )(x, y) = {f1 ◦φ, f2 ◦φ}(P1,P

−
1 )(x)−{f1 ◦φ, f2 ◦φ}(P1,P

−
1 )(y) = 0

for all x, y such that φ(x) = φ(y). Thus {f1 ◦ φ, f2 ◦ φ}(P1,P
−
1 ) is constant on

each fibre of φ. It follows that {f1 ◦φ, f2 ◦φ}(P1,P
−
1 ) belongs to A(U2) and only

depends only on f1 and f2. Since φ is a submersion, in this way, we define a
Poisson bracket on A(U2).

For the converse assume that φ is a partial Poisson map. We first show
that the graph of φ is coisotropic. First, note that since φ is smooth, for
any x ∈ M , the linear map Txφ : TxM1 → TxM2 must be bounded. Thus,
if Gφ denotes the graph of φ, its tangent space T(x,φ(x)Gφ = {(u, Txφ(u)) :
u ∈ TxM1} is a closed subspace of TxM1 × Tφ(x)M2 and so Gφ is a closed
submanifold of M1 × M2. We must show that T(x,φ(x))Gφ is a coisotropic
subspace of TxM1×Tφ(x)M2 provided with the linear partial Poisson structure

(T [xM × T [φ(x)M2, TxM1 × Tφ(x)M2, (P1)x × (−P2)φ(x)).

Indeed, we have an open set U around x ∈ M1 such that T [xM1 (resp.
T [φ(x)M2) is generated by {dxf1 : f1 ∈ A(U1)} (resp. {dφ(x)f2 : f2 ∈ A(U2)})
where φ(U1) ⊂ U2. Therefore (T(x,φ(x))Gφ)0 = {(dx(f2 ◦ φ)), dφ(x)f2) : f2 ∈
A(U2)}. Since φ is a Poisson map, it follows that:

< dx(f2 ◦ φ), P1dx(g2 ◦ φ) >− < dφ(x)f2), P2(dφ(x)g2) >

= {f2 ◦ φ, g2 ◦ φ}P1 − {f2, g2}P2 ◦ φ = 0.

Thus, from Lemma 2.5, 5., T(x,φ(x))Gφ is coisotropic.

But, (φ−1, φ) is clean pair from Lemma 2.41, and so from Theorem 2.42
the graph of φ ◦ φ−1 is coisotropic.



partial poisson-lie groups and groupoids 37

2. At the one hand, since M1 is connected and φ is a submersion, we have a
convenient space F such that M1 is isomorphic to M2×F. In particular, kerTφ
is a subbundle of TM with typical fibre F. Let (kerTφ)a be the subbundle of
T ′M1 which is the annihilator of kerTφ. Of course, kerTφ is a the typical of
a convenient bundle isomorphic to M′2. We consider the pull-back φ∗(T ′M2)
over M1. Then T ∗φ can be considered as a bundle morphism from φ∗(T ′M2)
to T ′M1. Since φ is a submersion, for any x ∈M1, we must have kerT ∗xφ = {0}
and T ∗xφ(T ′φ(x)M2) = (kerTxφ)a. As T ∗φ is a bundle morphism, this implies

that T ∗φ is an isomorphism from φ∗(T ′M2) to (kerTφ)a and so we can identify
(kerTφ)a and φ∗(T ′M2). Thus we have the following commutative diagram:

(kerTφ)a

&&NNNNNNNNNNNN
φ∗(T ′M2)

T ∗φ

��

φ̂∗ // T ′M2

��
M1

φ // M2

(2.30)

where φ̂∗ is a smooth convenient bundle morphism such that the restriction
φ̂∗x to the fibre (φ∗(T ′M2))x is an isomorphism onto T ′φ(x)M2.

We denote ι0 the inclusion of (kerTφ)0 into (kerTφ)a.

Lemma 2.57. (i) For any y ∈ M2, the vector space T [yM2 = φ̂∗ ◦
ι0
(
(kerTφ)0

x

)
if φ(x) = y does not depend on such a choice of x and has

a structure of convenient space isomorphic to M[
2.

(ii) The range T [M2 = φ̂∗◦ι0
(
(kerTφ)0

)
has a structure of convenient weak

subbundle of T ′M2. In particular, (kerTφ)0 is the pull-back of T [M2

over φ.

Proof. (i) Note that by construction, for each x ∈ M1, there exists an
open set U2 in M2 around φ(x) such that (kerTφ)0

x is generated by {dx(f2 ◦
φ), f2 ∈ A(U2)}. Indeed the fibre (kerTφ)ax, is generated by the set {dx(f2 ◦
φ), f2 ∈ C∞(U2)}. In particular, we can remark that

∀ f2 ∈ C∞(U2), φ̂∗ (dx(f2 ◦ φ)) = dφ(x)f2.

But, since the fibre T [xM1 is generated by {dxf1, f1 ∈ A(U1)}, their intersec-
tion is generated by {dx(f2 ◦ φ), f2 ∈ A(U2)}.

Fix some y ∈ M2 and choose an open set U2 in M2 around y such that
T ′yM2 is generated by {dyf2, f2 ∈ C∞(U2)} and consider U1 = φ−1(U2).
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According the the previous Remark, for each x ∈ φ−1(y) the fibre (kerTφ)0
x

is generated by {dx(f2 ◦ φ), f2 ∈ A(U2)}.

Consider two points x1 6= x2 such that y = φ(x1) = φ(x2). As φ is
a submersion, the convenient space M1 is isomorphic to M2 × F and, for
i ∈ {1, 2}, we have charts (Vi,Φi) around xi in M1 such that:

(1) Φi(xi) = (0, 0) ∈M2 × F;

(2) Φi(Vi) = W × V ⊂M2 × F and Ψ(W ) = W ⊂M2;

(3) Ψ ◦ φ ◦ Φ−1
i = q where q is the first projection from M2 × F on M2.

It follows that TΦi is a bundle isomorphism from TM1|Vi to W × V ×
M2 × F and TΨ is an isomorphism from TM2|W to W ×M2 and so kerTφ|Vi
is isomorphic to W × V × F. Now from (2) and(3), according to diagram
(2.30), this easily implies that we have an isomorphism Θi = T ∗Φ−1

i |Vi from

(kerTφ)a|Vi to W × V ×M′2 over Φi. Therefore, if we set θ = Φ−1
2 ◦ Φ1, then

Θ = Θ−1
2 ◦ Θ1 is a convenient isomorphism from (kerTφ)a|V1 to (kerTφ)a|V2

such that, in restriction to (kerTφ)a|V1 , we have

(4) φ̂∗ ◦Θ = φ̂∗.

Since the restriction of φ̂∗ to each fibre is an isomorphism, according to
(1), we have

(5) Θ (dx1(f ◦ φ)) = dx2(f ◦ φ) which implies point (i).

(ii) From point (i), the set T [M2 =
⋃
y∈M2

T [yM2 is well defined and let

ι2 : T [M2 → T ′M2 be the inclusion.

Now, since by assumption, (kerTφ)0 is a closed convenient subbundle of
T [M1 and the inclusion of T [M1 in T ′M1 is a smooth convenient morphism,
the inclusion of (kerTφ)0 into (kerTφ)a is also a smooth convenient mor-
phism. This gives rise to an injective bounded map from each fibre (kerTφ)0

x

into (kerTφ)ax. Thus we may consider that the typical fibre M[
2 of (kerTφ)0

is contained in the typical fibre M′2 of (kerTφ)a and the inclusion ι0 is an
injective bounded map.

Using the local context introduced in (2) and (3), without loss of generality,
we can assume that Vi is simply connected and so (kerTφ)0|Vi is trivial. Thus



partial poisson-lie groups and groupoids 39

we have a trivialization Φ[
i : (kerTφ)0|Vi →W × V ×M[

2;

(kerTφ)0
|Vi

Φ[i //

��

ι0

&&MMMMMMMMMM
W × V ×M[

2

ι0

PPPPPPPPPPPP

''

��

(kerTφ)a|Vi
T ∗Φ−1

i //

��

W × V ×M′2

��

Vi
Φi //

Id

''OOOOOOOOOOOOOOO W × V i

Id

((QQQQQQQQQQQQ

Vi
Φi // W × V i

(2.31)

(kerTφ)a|Vi
T ∗Φ−1

//

��

φ̂∗

&&LLLLLLLLLL
W × V ×M′2

q×Id

NNNNNNNNNNN

&&

��

T ′M2|W
T ∗Φ−1

i //

��

W ×M′2

��

Vi
Φi //

φ

&&NNNNNNNNNNNNNN W × V i

q

''OOOOOOOOOOOOO

W
Ψ // W

(2.32)

Since φ̂∗ ◦ ι0 is an injective smooth convenient bundle morphism over φ|Vi , it

follows that φ̂∗ ◦ ι0((kerTφ)0
|Vi) = T [M2|W and, according to (4), this range

does not depend on the choice of such trivializations Φ[
i. Thus, we can provide

T [M2|W with a structure of trivial convenient bundle over W . Indeed, let

Wi(x) = Φ−1
i (W × {0}) the closed supplemented submanifold of Vi. Then

the restriction of φ to Wi(x) is a diffeomorphism onto W and so ι0 ◦ Φ[
i ◦

(φ̂∗ ◦ ι0)−1 : T [M2|W → W × M[
2 ⊂ W × M′2 is then a trivialization over

q ◦ Φi ◦ (φ|Wi(x))
−1 : W →W .

Therefore, by merging Diagrams (2.31) and (2.32), and using composition
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of T ∗Ψ−1 with ι2, we obtain the following commutative diagram:

(kerTφ)0
|Vi

Φ[i //

��

φ̂∗◦ι0

%%LLLLLLLLLL
W × V ×M[

2

q×ι0

NNNNNNNNNNN

&&

��

T [M2|W
T ∗Ψ−1◦ι2 //

��

W ×M[
2

��

Vi
Φi //

φ

&&NNNNNNNNNNNNNN W × V i

q

''OOOOOOOOOOOOO

W
Ψ // W

(2.33)

In particular, we have{
Ψ = q ◦ Φi ◦ (φ|W (x))

−1 on W

T ∗Ψ−1 ◦ ι2 = (q × ι0) ◦ Φ[
i ◦ (φ̂∗ ◦ ι0)−1 on T [M2|W

(2.34)

By merging Diagrams (2.31) and (2.32), and using composition with ι2,

we see that φ̂∗ ◦ ι0 is a smooth morphism bundle from (kerTφ)0
|Vi to T ′M2

over φ such that

T ∗Ψ−1 ◦ (φ̂∗ ◦ ι0) = (q × Id ◦ ι0) ◦ Φ[
i.

According to this relation, since T [M2|W = φ̂∗ ◦ ι0((kerTφ)0
|Vi) in T ′M2 and

T ∗Ψ−1 is a smooth isomorphism, it follows that the following diagram is com-
mutative:

(kerTφ)0
|Vi

Φ[i //

��

φ̂∗◦ι0

&&LLLLLLLLLL
W × V ×M[

2

q×ι0
NNNNNNNNNNN

&&

��

T ′M2|W
T ∗Ψ−1

//

��

W ×M′2

��

Vi
Φi //

φ

&&NNNNNNNNNNNNNN W × V i

q

''OOOOOOOOOOOOO

W
Ψ // W

(2.35)
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and so that the restriction of T ∗Ψ−1 to T [M2|W is a trivialization.
In fact, by merging diagrams (2.33) for i ∈ {1, 2}, we obtain:

(kerTφ)0
|V1

Θ[

xxqqqqqqqqqq
φ̂∗◦ι0

%%LLLLLLLLLL

��

(kerTφ)0
|V2

φ̂∗◦ι0 //

��

T [M2|W
T ∗Ψ−1◦ι2 //

��

W ×M[
2

��

V1

θ

wwooooooooooooooo
φ

''NNNNNNNNNNNNNN

V2
φ // W

Ψ // W

(2.36)

where Θ[ = (Φ[
2)−1 ◦Φ[

1 is a smooth isomorphism over θ = Φ−1
2 ◦Φ1. It follows

that such a trivialization of T [M2|W does not depend on the choice of the
trivialization of (kerTφ)0 around any point x in the fibre over y ∈W .

Note that we have Θ[ = Θ ◦ ι0.
Consider two charts (W ′i ,Ψ

′
i) around some y ∈M2 for i ∈ {1, 2}. Fix some

x ∈M1 such that φ(x) = y. By same arguments as in (1), (2) and (3), we can
find a chart (V ′i ,Φ

′
i) around x in M1 such that, after shrinking Wi if necessary,

we have:
(1’) Ψ′i(y) = Ψ′(y) = 0 ∈M2 and Φ′i(x) = (0, 0) ∈M2 × F;

(2’) Ψi(W
′
i ) = W

′
i ⊂M2 and Φ′i(V

′
i ) = W

′
i × V

′
i;

(3’) Ψ′i ◦ φ ◦ (Φ′i)
−1 = q where q is the first projection of M2 × F on M2.

We again assume that V ′i and W ′i are simply connected. Since (kerTφ)0

is a convenient bundle, it follows that we have the trivialization(
Φ′i
)[

: (kerTφ)0
|V ′i
−→W

′
i × V

′
i ×M[

2.

Then the composition (Φ′2)[ ◦ [(Φ′1)[]−1 in restriction to (W
′
1 ∩W

′
2) × (V

′
1 ∩

V
′
2)×M[

2 is a diffeomorphism of type

(x̄, z̄, ᾱ) 7−→ (x̄,Πx̄(z̄), Ax̄(ᾱ)),

where x̄ 7→ Πx̄ (resp. x̄ 7→ Ax̄) is a field over W
′
1∩W

′
2 of local diffeomorphisms

of F over V
′
1 ∩ V

′
2 (resp. automorphisms of M[

2). As in the upper situation,
we have an analog commutative diagrams as (2.33 ) and by superposition of
these diagrams and using the transition map (5’) we obtain a transition map
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for T [M2|W and T [M2|W ′ which show that T [M2 is a convenient subbundle of

T ′M2. Now, by construction, we have (kerTφ)0
x := {(x, φ̂∗

−1

x (α)), α ∈ T [M2

which ends the proof of point (ii).

End of the proof of Theorem 2.55.2. First, from the proof of point (i) of
Lemma 2.57 , the fibre T [M2 = Py(U2) for all y ∈M2. Now, since (kerTφ)0 is

the pull-back of T ′M2, this implies that T ∗xφ = φ̂∗
−1

x . According to notations
in the proof of Lemma 2.57 we have θ = Φ−1

2 ◦ Φ1, so Tθ = TΦ−1
2 ◦ TΦ1

and so T ∗θ = T ∗Φ1 ◦ T ∗Φ−1
2 = Θ−1. From diagram (2.36), (4) and since

Θ[ = Θ ◦ ι0, it follows that for any α ∈ T [yM2, if y = φ(x1) = φ(x2) then

T ∗x1φ(α) = Θ[ ◦ T ∗x2φ(α) = Θ−1. Therefore, for any α ∈ T [yM , if P 0
1 denotes

the restriction of P1 to (kerTφ)0 we have

(P 0
1 )x2 ◦ T ∗x1φ = (P 0

1 )x1 ◦Θ[ ◦ T ∗x1φ = (P 0
1 )x1 ◦ T ∗θ−1 ◦ T ∗x1φ.

But Tx2φ = Tθ ◦ Tx1φ. Thus, for any α ∈ TyM2, we have

Tx2φ ◦ (P 0
1 )x2 ◦ T ∗x1φ(α) = (Tx1φ ◦ Tθ) ◦ (P 0

1 )x1 ◦ T ∗x1φ(α).

By setting (P2)y = Tφ ◦ P1 ◦ φ̂∗
−1

x ◦ ι0, we get a partial Poisson structure
(T [M2, TM2, P2, {. , .}P2).

3. If
(
T [M1, TM1, P1, {. , .}P1

)
is partial symplectic, this means that P is

an isomorphism and so we have a smooth non-degenerate 2-form ΩP on TM1

defined by ΩP (u, v) :=< P−1(u), v >. Since Ω is non degenerate, for all x ∈
M1, the orthogonal (kerTxφ)⊥ = {u ∈ TxM1 : ∀ v ∈ kerTxφ, ΩP (u, v) = 0}
defines a convenient subbundle (kerTφ)⊥ of TM1 and so (kerTφ)0

= P−1
(
(kerTφ)⊥

)
is a convenient subbundle of T [M1. Then we can

apply 2.
If T [M1 = T ′M1, then (kerTφ)0 = (kerTφ)a is a convenient subbundle of

T [M1 and so we also can apply 2.

2.9. Dual pairs. We end this section by a generalization of the notion
of dual pairs introduced in [9].

Definition 2.58. Consider a partial symplectic manifold
(
T [M,TM,P

)
and, for i ∈ {1, 2}, a Poisson map φi from M to the partial Poisson manifold
(T [Mi, TMi, Pi). We say that (φ1, φ2) is a dual pair if, for any x ∈ M , we
have:

kerTxφ1 = (kerTxφ2)⊥P and kerTxφ2 = (kerTxφ1)⊥P .



partial poisson-lie groups and groupoids 43

Proposition 2.59. Consider a partial symplectic manifold
(
T [M,TM,

P, { , }p
)
. For i ∈ {1, 2}, let φi be a Poisson map from

(
T [M,TM,P, { , }P

)
to the partial Poisson manifold

(
T [Mi, TMi, Pi, { , }Pi

)
such that (φ1, φ2) is

a dual pair. Then, for each open set Ui in Mi and any fi in the Poisson-Lie
algebra (A(Ui), { , }Ui) we have {φ∗1f1, φ

∗
2f2}P = 0 on φ−1

1 (U1) ∩ φ−1
2 (U2).

Proof. In the one hand, under our assumptions, from the proof of

Theorem 2.55.2, we have T [Mi =
⋃
y∈Mi

Py(Ui) where Py(Ui) = {dyf :

y ∈ Ai(Ui)}. On the other hand, the characteristic foliation is reduced to
M , so by Remark 2.24, (2) and (3), we have a weak symplectic form ω such
that ω(u, v) =< P−1(u), v > for all u and v in TxM and all x ∈ M . On the
other hand, for any α ∈ T [xM , we have an open set U around x in M and a
smooth map f : U → R such that α = dxf and since P : T [M → TM is an iso-
morphism, we have ωx(u, v) = ωx(Xfu , Xfv) = dx{fu, fv}P if P−1(u) = dxfu
and P−1(v) = dxfv.

Thus, according to Proposition 2.6, we have

(kerTxφi)
⊥P =

{
P ({dxf) : f ∈ A(U), ∀ v ∈ kerTxφi, < dxf, v >= 0

}
.

But since φi is a Poisson map, this implies that if fi belongs to A(Ui) then
φ∗i fi belongs to Ei

(
φ−1
i (Ui)

)
and then each dx (φ∗i fi) belongs to (kerTxφj)

0

for i 6= j and x ∈ φ−1
1 (U1) ∩ φ−1

2 (U2) and then if (φ1, φ2) is a dual pair, if
follows that {φ∗1f1, φ

∗
2f2}P = 0 on φ−1

1 (U1) ∩ φ−1
2 (U2).

Remark 2.60. The conclusion of Proposition 2.59 is also true when
(φ1,−φ2) or (−φ1, φ2) is a dual pair.

3. Convenient partial Poisson Lie groups

This section begins with a survey of definitions and basic properties of
convenient Lie groups, as presented in [8], together with adaptations of results
on Banach Lie groups from [38] (see also [16]). We then introduce the notion
of a convenient partial Poisson-Lie group in the convenient setting via a bi-
invariant Poisson structure, and investigate its properties and its relation with
bialgebras.
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3.1. Convenient Lie groups

Definition 3.1. A convenient Lie group G is a convenient manifold en-
dowed with a group structure for which the multiplication m : G×G→ G and
the inversion i : G→ G are smooth mappings.

The unit element of the group G will be denoted e and the inverse of an
element g by g−1.

For g ∈ G, Lg : x 7→ g.x is the left translation and Rg : x 7→ x.g is the
right translation.

The tangent bundle to G will be the kinematic tangent bundle TG and the
vector fields, smooth sections of this bundle, are the kinematic vector fields
whose set is denoted X(G).

Definition 3.2. A vector field X on G is said to be left invariant if

∀ g ∈ G, (Lg)∗X = X

where (Lg)∗X = TLg ◦X ◦ Lg−1 .

Since (Lg)∗ [X,Y ] =
[
(Lg)∗X, (Lg)∗ Y

]
, the set of all left invariant vector

fields on G forms a Lie subalgebra of X(G) denoted g.

Definition 3.3. g is called the Lie algebra of the Lie group G.

g is in bijective correspondence with the tangent space Teg via the linear
isomorphism

g −→ TeG
X 7−→ Xe .

So TeG becomes a Lie algebra for the bracket still denoted [., .] and defined by

[Xe, Ye] = [X,Y ]e .

Proposition 3.4. Let ϕ : G → H be a smooth homomorphism of Lie
groups. Then Teϕ : g→ h is a Lie algebra homomorphism.

Definition 3.5. Let (G, ·) be a Lie group with Lie algebra g. A 1-
parameter subgroup of G is a smooth Lie group homomorphism α : (R,+)
→ (G, ·).
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So a 1-parameter subgroup of G is a smooth curve α in G such that{
∀ (s, t) ∈ R2, α (s+ t) = α (s) · α (t) ,

α (0) = e.

Proposition 3.6. Let α : R→ G be a smooth curve where α (0) = e and
let X ∈ g. We denote X̂ the left invariant vector field such that X̂e = X.
Then the following assertions are equivalent:

1. α is a 1-parameter subgroup of G and X =
∂

∂t

∣∣∣∣
t=0

α (t);

2. α is an integral curve of the left invariant vector field X̂;

3. FlX̂(t, x) = x · α(t) is the unique global flow of the vector field X̂.

Definition 3.7. Let G be a Lie group with Lie algebra g. We say that
G admits an exponential map if there exists a smooth mapping exp : g → G
such that t 7→ exp(tX) is the unique 1-parameter subgroup with tangent
vector X at 0.

As in the Banach framework, we have the following properties:

(ExpC1) exp (0) = e;

(ExpC2) T0 exp = Idg

where (ExpC2) is a consequence of
d

dt

∣∣∣∣
t=0

exp (tX) = X.

Unfortunately, for a kinematic vector field, integral curves need not exist
locally10, so the existence of such a map is not guaranteed.

Let G be a convenient Lie group with Lie algebra g.
For any g ∈ G, we define the conjugation or inner automorphism

conjg : G −→ G
x 7−→ g · x · g−1.

Definition 3.8. The adjoint representation is the mapping

Ad : G −→ GL (g)
g 7−→ Te

(
conjg

)
.

The adjoint representation of the Lie algebra g is the map ad = Te Ad.
We then have:

∀ (X,Y ) ∈ g2, ad (X)Y = [X,Y ] . (3.1)
10cf. [21, 32.12]
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3.2. Coadjoint action on a subspace of a dual. For this subsec-
tion, we refer to [38, 2.5]. But for the sake of completeness, we recall this
classical context.

Let G be a convenient Lie group and Φ : G → Aff(E) a representation
into the affine group of a vector space E. As Aff(E) is a semi-direct product
of the linear group GL(V ) and the translation group on E identified with E,
Φ can be written as a pair (φ,Θ) where φ : G→ GL(E) and Θ : G→ E. Since
Φ is a group morphism it follows that φ is a group morphism and Θ satisfies

Θ(gh) = Θ(g) + φ(g) (Θ(h)) (3.2)

for all g and h in G. In this case, Θ is called 1-cocyle on G relative to φ.

The derivative TeΦ is a Lie algebra morphism from g to the Lie algebra
aff(E) of Aff(E) which can be written as a pair (Teφ, TeΘ) where Teφ and
TeΘ gives rise to a Lie algebra morphism dφ from g to gl(E) and dΘ from g
to E respectively which satisfy the relation

dΘ([x, y]) = dφ(x) (dΘ(y))− dφ(y) (dΘ(x)) (3.3)

for all x and y in g. In this case, dΘ is called 1-cocyle on g relative to dφ.

In particular, consider a Lie group G and a bi-invariant subbunbdle T [G
of TG. If we denote by g[ the fibre T [eG, then g[ is invariant by the coadjoint
action G on T ′G (formally, same proof as in [38, Proposition 5.6]).

Proposition 3.9. Under the previous assumptions, a map λ : g→
∧2 g[

is called a 1-cocycle relative to the coadjoint action of g onto g[ if, we have
the following properties:

(1) there exists p : g× g[ → g such that λ(x)(α, β) =< α, p(x)(β) >, for all
x ∈ g and α, β in g[;

(2) for all x, y in g and α, β in g[, we have:

λ([x, y]) = ad(2,0)
x (λ(y))− ad(2,0)

y (λ(x)). (3.4)

Then, in the Banach setting, from [38, Theorem 3.14],
(
g, g[, P

)
is a partial

Lie-Poisson space in the sense of Definition 2.34. Thus this Definition can be
considered as an adaptation of [38, Definition 3.12].
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3.3. Partial bialgebras. The notion of Lie bialgebra in finite dimen-
sion11 appears as a particular case of Lie bialgebroid (see [27] for instance).
A generalization to the Banach setting can be found in [38]. In the next
paragraph, we will propose the following natural adaptation to the convenient
framework, which we call a partial bialgebra.

Definition 3.10. Let (g, [. , .]) be a convenient Lie algebra and g[ be a
convenient subspace of g′ where the inclusion g[ → g′ is bounded. We will say
that

(
g, g[

)
is a partial Lie bialgebra if:

(1) the restriction of the coadjoint action to g× g[ takes values in g[ and is
bounded;

(2) there exists a Lie algebra bracket [. , .][ on g[ such that the dual map of
[. , .][ : g[ × g[ → g[ restricts to a 1-cocycle λ : g→

∧2 g[′ relative to the
coadjoint action of g onto g[.

Remark 3.11. According to [38, Remark 7.3], by formal same arguments
adapted to the convenient setting, the 1-cocycle condition can be written:

< [x, y], [α, β][ > =< y, [ad∗x α, β][ > + < y, [α, ad∗x β][ >

− < x, [ad∗y α, β][ > − < x, [α, ady aβ][ > .
(3.5)

3.4. Convenient partial (resp. symplectic) Poisson-Lie groups.
We begin by fixing some notations.

As in the Banach setting used in [38], on a convenient Lie group G the left
(resp. right) translation Lg (resp. Rg) gives rise to a left (resp. right) smooth
action of G on T ′G given by (Lg)

∗(α) = α ◦ TLg (resp. R∗g(α) = α ◦ TRg) and
also a smooth action denoted L∗∗g (resp. R∗∗g ) on the bidual T ′′G.

The smooth adjoint action Adg = Lg ◦ Rg−1 of G on its Lie algebra g
induces on the dual g′ a smooth coadjoint action Ad∗g = L∗g ◦ R∗g−1 and a

smooth action Ad∗∗g = L∗∗g ◦R∗∗g−1 .
Motivated by the framework of Banach Poisson-Lie groups developed in

[38], we introduce the notion of convenient partial Poisson-Lie group, defined
via a bi-invariant partial Poisson structure.

Definition 3.12. Let G be a convenient Lie group. A partial Poisson
(resp. symplectic) structure

(
T [G, TG, P, { , }P

)
is called a bi-invariant partial

Poisson (resp. symplectic) structure if the following conditions hold:

11cf. [23].



48 f. pelletier, p. cabau

(BiT) The subbundle T [G is bi-invariant:

L∗g(T
[
ghG) = T [hG and R∗g(T

[
hgG) = T [hG

for all g, h ∈ G.

(BiP) P is bi-invariant:

Ph ◦ L∗g = TL−1
g ◦ Pgh and Ph ◦R∗g = TR−1

g ◦ Phg

for all g, h ∈ G.

We then say that
(
T [G, TG, P, { , }P

)
defines a convenient partial Poisson

(resp. symplectic ) Lie group.

Remark 3.13. When T [G is bi-invariant, if we set g[ := T [eG, then the map
(TL)∗ : T [G → G × g[ (resp. (R)∗ : T [G → G × g[ ) given by TL∗(g, α) =
(g, L∗g(α)) (resp. TR∗(g, α) = (g,R∗g(α))) is a convenient bundle isomorphism

As we have already seen, to P is associated a partial Poisson tensor Λ
defined by Λ(α, β) =< α,P (β) >. Therefore, if P is bi-invariant, we have:

Λgh(α, β) = Λh(L∗gα,L
∗
gβ) + Λg(R

∗
hα,R

∗
hβ). (3.6)

Notations 3.14. We will denote by T [′M the convenient dual bundle of
T [M . Since the restriction to ThG ⊂ T ′′hG of the adjoint L∗∗g to ThG is TLg.

However for the for the sake of clarity, as in [38], for any Λ ∈
∧k T [′G we set:

(L∗∗g Λ)gh(α1, . . . , αk) := Λh(L∗gα1, . . . , L
∗
gαk)

and for analogue reason we also set:

(R∗∗g Λ)hg(α1, . . . , αk) := Λh(R∗gα1, . . . , R
∗
gαk).

Since we have: Adg = TRg−1 ◦ TLg (resp. Adg−1 = TLg−1 ◦ TRg), we set:

Ad∗∗g Λe = R∗∗g−1 ◦ L∗∗g Λe (resp. Ad∗∗g−1Λe = L∗∗g−1 ◦R∗∗g Λe).

In this way, the relation (3.6) can be written:

Λgh = L∗∗g Λh +R∗∗h Λg. (3.7)

The following result generalizes some fundamental results on Banach
Poisson-Lie groups proved in [38]:
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Proposition 3.15. Let G be a convenient Lie group and let
(
T [G, TG, P,

{. , .}P
)

be a partial Poisson structure on G.

The following assertions are equivalent:

(1)
(
T [G, TG, P, { , }P

)
is a convenient partial Poisson (resp. symplectic)

Lie group.

(2) The multiplication m : G × G → G is a Poisson (resp. partial symplec-
tic) morphism when G × G is equipped with the partial Poisson (resp.
symplectic) product structure.

(3) With respect to the Poisson structure G × G × G− on G × G × G, the
graph Gm of the multiplication is coisotropic (resp. Lagrangian).

(4) The subbundle T [G of T ′G is bi-invariant and the associated partial
Poisson tensor Λ satisfies, for all g, h ∈ G,

Λgh = L∗∗g Λh and Λhg = R∗∗g Λh. (3.8)

Remark 3.16. Note that Proposition 3.15, (2) recovers Definition 5.3 of a
Banach Poisson-Lie group in [38]. This is consistent with our Definition 3.12
in the Banach case.

Proof. We only look for the partial Poisson situation. For the partial
symplectic framework, the same argument works too.

(1)⇔ (2)12 On the one hand, for the partial Poisson structure on G× G,
we have T [ghG× G = T [gG× T [hG. If (Xg, Xh) ∈ T [gh (G× G), then we have:

T(g,h)m(Xg, Xh) = TLg(Xh) + TRh(Xg). (3.9)

The bi-invariance of T [G means that, for any α ∈ T [hG and α ◦ TgRh ∈ T [ghG

then α◦ThLg belongs to T [gG. It follows that the relation (3.9), for all g, h ∈ G

and Xg, Xh ∈ T [ghG×G, is equivalent to (BiT). On the other hand, let (φ, ψ)

be a smooth function around (g, h) ∈ G × G. We denote by Xφ and Xψ the
Hamitonian vector fields associated with φ and ψ respectively. Then, for the
partial product Poisson P × P , the Hamiltonian field of (φ, ψ) is (Xφ, Xψ).
Then according to (3.9), we must have

T(g,h)m(Xφ, Xψ) = ThLg(X
φ) + TgRh(Xψ).

12This proof is an adaptation of the proof of [38, Proposition 5.4].
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Moreover, by definition of the Poisson product structure on G× G, it follows
that

(P × P )(dφ, dψ)(g, h) = X
(φ,ψ)
(g,h) = TgRh(Xφ) + ThLg(X

ψ)

= TgRh(Pg(dφ)) + ThLg(Ph(dψ)).
(3.10)

The map m is a Poisson morphism if and only if

T(g,h)m
(
X(φ,ψ)

)
= (P × P )(dφ, dψ)(g, h)

which is equivalent to the identity above. This completes the proof of the
equivalence.

The equivalence (2)⇔ (3) is a consequence of Proposition 2.48.

For the equivalence (1)⇔ (4), it suffices to prove the equivalence between
condition (BiP) and relation (3.8), which follows directly from the definition
of Λ in terms of P , together with (3.7).

3.5. Multiplicative admissible 2-form and Lie bialgebra. In this
subsection, we fix a bi-invariant convenient subbundle T [G of T ′G and we set
g[ = T [eG ⊂ g′. The convenient dual of g[ will be denoted g[′.

3.5.1. Multiplicative admissible 2-forms. According to [8, Defini-
tion 7.12], for any integer k ≥ 2, an admissible section Λ ∈

∧k T [′G is a section

for which there exists a skew-symmetric morphism P :
(
T [G

)k−1 → TG such
that:

Λ(α1, . . . , αk) = α1 (P (α2, . . . , αk))

for all (α1, α2, . . . , αk) ∈ (T [′G)k.

For the sake of simplicity, such a section will be called an admissible k-
form. Note that the partial Poisson tensor Λ associated with a partial Poisson
anchor P : T [G→ TG is a 2-admissible form.

According to Property (3.8), as in finite dimension for the notion of mul-
tiplicative tensor (cf. for example [13, 26, 28, 23]), we introduce:

Definition 3.17. An admissible k-form Λ is called multiplicative if it
satisfies:

Λgh = L∗∗g Λh +R∗∗h Λg (3.11)

for all (g, h) ∈ G2.
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Remarks 3.18. (a) If Λ is multiplicative, for h = g = e, from the relation
(3.11) we obtain Λe = 2Λe and so Λe = 0.

(b) If Λe = 0, for any v ∈ TeG, let X be a vector field on G such that
X(e) = v. Since we have (cf. [8, Chapter 7])

LXΛ(α1, . . . , αk)(e) = de (Λ(α1, . . . , αk)) (X)

−
∑k

i=1
Λe(α1, . . . , LXαi, . . . , αk)

(3.12)

it follows that LXΛ(α1, . . . , αk)(e) = de (Λ(α1, . . . , αk)) (X) and hence only
depends on the 1-jet of Λ at point e and the value X(e). Thus, as in finite
dimension, the differential dΛe is intrinsically defined.

As in finite dimension, (cf. [13]), we have the following properties:

Proposition 3.19. Given any admissible k-form Λ, we associate to Λ two
bounded fields

ΛL : G −→
k∧
g[′ and ΛR : G −→

k∧
g[′

defined, for all (g, h) ∈ G2, by (ΛL)g = L∗∗g−1Λg and (ΛR)g = R∗∗g−1Λg. We then
have the following equivalences:

(i) Λ is multiplicative.

(ii) ΛL satisfies, for all (g, h) ∈ G2:

(ΛL)gh = (ΛL)h +Ad∗∗h−1(ΛL)g.

(iii) ΛR satisfies, for all (g, h) ∈ G2:

(ΛR)gh = Ad∗∗g (ΛR)h + (ΛR)g.

Remark 3.20. In finite dimension, if G is connected, the following pro-
perties:

(iv) Λe = 0 and LXΛ is left invariant whenever X is a left invariant vector
field.

(v) Λe = 0 and LXΛ is right invariant whenever X is a right invariant vector
field.
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are equivalent to properties (i), (ii) and (iii) (cf. [13, 22]).
Properties (iv) or (v) are equivalent to each Properties (i), (ii) and (iii) for a

connected convenient Lie group admitting an exponential map and generated
by the range of the exponential map. This is, in particular, the case for
connected and simply connected Banach-Lie groups. Unfortunately, in the
general case for convenient Lie groups, such properties are not true since the
previous assumption is not satisfied.

Proof. According to Notations 3.14, for all (g, h) ∈ G2, we have

(ΛL)gh − (ΛL)h −Ad
∗∗
h−1(ΛL)g = L∗∗(gh)−1Λgh − L∗∗h−1Λh − L∗∗h−1 ◦R∗∗h ◦ L∗∗g−1Λg

= L∗∗(gh)−1

(
Λgh − L∗∗g Λh −R∗∗h Λg

)
which implies the equivalence between (i) and (ii).

A formally comparable calculus shows the equivalence between (i)
and (iii).

3.5.2. 1-cocycles and Lie bialgebras. For this paragraph, we refer
to [38, 2.5 and 4.1]. For the sake of completeness, we adapt these results to
the convenient context.

As in § 3.2, let G be a convenient Lie group and Φ : G → Aff(E) a
representation into the affine group of a vector space E. In this situation, Φ
can be written as a pair (φ,Θ) where φ : G→ GL(E) and Θ : G→ E.

Example 3.21. Consider a Lie group G and a bi-invariant subbundle T [G
of TG. If we denote by g[ the fibre T [eG. Then g[ is invariant by the coadjoint
action G on T ′G (formally, same proof as in [38, Proposition 5.6]). Let Λ be
an admissible multiplicative 2-form and ΛR : G→

∧2 g[ given by

(ΛR)g = R∗∗g−1Λg

for all g ∈ G.
Then ΛR is a 1-cocycle on G with respect to the coadjoint action Ad∗∗ on

the vector space
∧2 g[ that is

(ΛR)gh = (ΛR)g +Ad∗∗(g)(ΛR)h (3.13)

for all g, h in G (Formally again, the proof is the same as for [38, Proposi-
tion 5.7, Assertion (2)]). Therefore, we have

TeΛR([x, y]) = ad∗∗x (TeΛR(y))− ad∗∗y (TeΛR(x)) (3.14)
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which means exactly:

TeΛR([x, y])(α, β) = TeΛR(y)(ad∗x α, β) + TeΛR(y)(α, ad∗x β)

− TeΛR(x)(ad∗y α, β)− TeΛR(x)(α, ad∗y β).
(3.15)

3.5.3. Lie bialgebra associated with a multiplicative 2-form.
The following result gives a link between admissible multiplicative 2-forms on
a Lie group G and 1-cocycles:

Theorem 3.22. Let Λ be an admissible multiplicative 2-form and the
associated skew-symmetic morphism P : T [G → TG. Assume that Pe is
injective. Then [α, β]P = deΛ(α, β) defines an almost bracket on g[ which is a
Lie bracket if and only if

(
T [G, TG, P, {. , .}P

)
is a convenient partial Poisson-

Lie group. In this case,
(
TG, T [G

)
is a partial Poisson bialgebroid and deΛ is

a 1-cocycle on g relative to the ad∗∗ action on
∧2 g[.

Proof. First, recall that the bi-invariance of T [G implies that T [G ≡ G×g[

via right or left translation on G.
On the one hand, from the right invariance of T [G, the map PR : G×g[ →

TG where (PR)g := P ◦Rg−1 is well defined.
On the other hand, by the definition of ΛR from Λ (cf. Proposition 3.19),

we have
(ΛR)g(α, β) =< α, (PR)gβ >

for all α, β ∈ g[.
We will need the following result:

Lemma 3.23. Under the assumptions of Theorem 3.22, for any g ∈ G, we
have: Pe ≡ 0 and

d (Λ(α, β)) (Xe) = TeΛR(α, β)(Xe) =< α, TePR(Xe)(β) >

for any local sections α, β of T [eG around e and any Xe ∈ TeG.

Proof of Lemma 3.23. Fix some neighbourhood V of g in G. For all h ∈ V
we have Λh(α, β) = (ΛR)(R∗h−1α,R

∗
h−1β) =< R∗h−1α, (PR)h(β) >.

Since ΛR is a map from G to
∧2 g[, it follows that we have:

d (Λ(α, β)) (Xg) =< Tgα̃(Xg), (PR)g(β) > + < α, TgPR(Xg)(β)

+ < α,PR(Tgβ̃(Xg)) >
(3.16)
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where α̃(h) = Rh−1α(h) and β̃(h) = Rh−1β(h), for all h ∈ V .
But we have Λe(α, β) =< α,Peβ >= 0, for all α and β in g[. According

to section 2.2.1, this implies that (g[)⊥Pe = {0} and so Pe(β) belongs to
Pe(g

[)⊥Pe = 0. Since Pe is injective, it follows that Pe(β) = 0 for all β ∈ g[.
Thus from (3.16), since we have (PR)e = Pe we obtain:

d (Λ(α, β)) (Xg) =< α, TgPR(Xg)(β) > . (3.17)

In particular, for g = e, we have (PR)e = Pe = 0 and so we get:

d (Λ(α, β)) (Xe) =< α, TePR(Xe)(β) > . (3.18)

But we can note that since (ΛR)e = Λe = 0, the second member of (3.18) is
nothing but that TeΛR(α, β)(Xe), which ends the proof of Lemma 3.23.

End of proof of Theorem 3.22. Let A(G) := {φ ∈ C∞(G), dgφ ∈ T [gG}.
Then g[ can be identified with the set⋃

α∈g[

{
φα ∈ A(G) : φα(e) = 0 and ∀ g ∈ G, dgφα = R∗g−1α

}
.

Since P is an almost Poisson anchor, we have an almost Lie Poisson bracket
{φ, ψ}P on A(G) given by

{φ, ψ}P =< dψ, P (dφ) >

which is a Poisson bracket if and only if P is a Poisson anchor (cf. Proposi-
tion 2.26 and Remark 2.27).

Now, from Remark 2.27, {φ, ψ}P induces an almost Lie bracket [α, β]P =
d{φα, φβ} on g[ which satisfies the Jacobi identity.

From the definition of ΛR as a map from G to
∧2 g[ it follows that TeΛ is

map from g to
∧2 g[. Therefore, the almost bracket on g satisfies the relations:

[α, β]P = d{φα, φβ} = dgΛ(R∗g−1α,R
∗
g−1β) = TeΛR(α, β).

Lemma 3.23 implies that [α, β]P = deΛ(α, β).
Now, if P is a Poisson anchor, this implies that the bracket on A satisfies

the Jacobi identity and from Proposition 2.26 the almost bracket [. , .]P also
satisfies the Jacobi identity since P is injective by assumption. Therefore, the
almost Lie bracket induced on g also satisfies the Jacobi identity.

Conversely, assume that the almost bracket on g satisfies the Jacobi
identity.
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First note that from Remark 2.27, we have an almost Lie bracket [. , .]P on
T [g which satisfies:

[dφ, dψ]P = dΛ(dφ, dψ).

For any function φ1, φ2, φ3 in A, we set:

JP (φ1, φ2, φ3) = {φ1{φ2, φ1}P }P + {φ2{φ3, φ1}P }P + {φ3{φ1, φ2}P }P .

Note that, for any g ∈ G and any φi there exists αi ∈ g[ such that dgφi = R∗gαi
for i ∈ {1, 2, 3}.

With all these properties we have sucessively:

dg{φ2, φ1}P = dgΛ(dφ2, dφ3) = dgΛ(R∗gα2, R
∗
gα3)

= deΛR(α2, α3) = [α2, α3]P .

So we obtain

dg ({φ1{φ2, φ1}P }P ) = deΛR(α1, [α2, α3]P ) = [α1[α2, α3]P ]P .

It follows that dgJP (φ1, φ2, φ3) is the Jacobi expression of the bracket on g[

for (α1, α2, α3). Therefore

dgJP (φ1, φ2, φ3) = 0

for all g ∈ G and φ1, φ2, φ3 in A. By the way, JP must be must be constant
and this value does not depend on the choice (φ1, φ2, φ3) in particular of their
values at g. Thus JP must be identically zero, which ends the announced
equivalence.

Now if P is a Poisson anchor, from Proposition 2.30, (TG, T [G) is a partial
Poisson partial bialgebroid.

It remains to show that deΛ is a 1-cocycle on g relative to the ad∗∗ action
on
∧2 g[.

From Lemma 3.23, we have

[α, β]P = deΛ(α, β) = TeΛR(α, β).

The last assertion is then a direct consequence of Example 3.21.
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3.6. Direct limits of (partial) Banach Poisson-Lie groups.
Every Banach Poisson-Lie group in the sense of [38] is, in particular, a conve-
nient partial Poisson-Lie group. In [38], the author presents many interesting
examples of Banach Poisson-Lie groups which therefore are also partial conve-
nient Poisson-Lie groups. We do not reproduce the full list of examples here;
interested readers are referred to that paper.

In this subsection, direct limits of ascending sequences of (partial) Banach
Poisson-Lie groups provide examples of convenient Poisson-Lie groups that
are not Banach Poisson-Lie groups.

3.6.1. Direct limits of some ascending sequences of Banach
(partial) Poisson-Lie groups. First, we recall some results concerning
direct limits of ascending sequences of Banach-Poisson manifolds and Banach-
Lie groups. For further details, see [8, 7.6 and 5.8].

Let (Mi,A (Mi) , {.; , .}Pi)i∈N be a sequence of partial Banach-Poisson man-

ifolds where p[i : T [Mi → Mi is a Banach subbundle of the cotangent bundle
p∗Mi

: T ∗Mi → Mi and Pi : T [Mi → TMi is the associated Poisson anchor.
We denote by Mi the Banach space on which Mi is modelled, and by Fi the
model of the typical fibre of the subbundle p[i : T [Mi →Mi. We assume that
Fi is a Banach subspace of the dual M∗i of Mi. For each i ∈ N, we denote by
εi+1
i : Mi ↪→Mi+1 the inclusion map.

Definition 3.24. The sequence (Mi,A(Mi), {. , .}Pi)i∈N is called a direct
sequence of partial Banach-Poisson manifolds if

(DSpPM1) (Mi)i∈N is an ascending sequence of smooth Banach manifolds,
where Mi is modelled on the Banach space Mi such that Mi is a sup-
plemented Banach subspace of Mi+1 and such that Mi is a closed sub-
manifold of Mi+1;

(DSpPM2) for each i ∈ N, the map

εi+1
i :

(
T [Mi, TMi, Pi, {. , .}Pi

)
−→

(
T [Mi+1TMi+1, Pi+1, {. , .}Pi+1

)
is a Poisson map;

(DSpPM3) around each x ∈M , there exists an ascending sequence of charts
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(Ui, φi)i∈N such that we have the following commutative diagram:

T [Ui

��

T [Ui+1

��

T ∗εi+1
ioo

Ui
εi+1
i

// Ui+1

Remarks 3.25. (a) Since
(
Mi, ε

i+1
i

)
i∈N is an ascending sequence of Ba-

nach manifolds, we may assume that Mi is a Banach subspace of Mi+1. By
abuse of notation, we continue to denote by εi+1

i the natural inclusion of Mi in
Mi+1 and (εi+1

i )∗ : M∗i+1 →M∗i the adjoint operator. Note that (εi+1
i )∗ is sur-

jective. Since Fi is the typical fibre of T [Mi, we must have (εi+1
i )∗(Fi+1) = Fi

and each Fi is a Banach subspace of M′i.
(b) In fact, (DSpPM2) implies Pi+1|T [Mi

= Pi.

First, we have the following proposition:

Proposition 3.26. Let (Mi,A(Mi), {. , .}Pi)i∈N be a direct sequence of
partial Banach-Poisson manifolds and let M be the direct limit of the sequence
(Mi)i∈N. We then have:

1. pM : TM → M is a convenient bundle, which is the kinematic bundle
of M .

2. p′M : T ′M → M and p[ : T [M → M are locally trivial convenient
bundles over M . Moreover p′M : T ′M → M is the kinematic cotangent
bundle of M .

3. There exists a canonical bundle morphism P : T [M → TM whose
typical fibre is lim←−Fi where Fi denotes the typical fibre of T [Mi. This
morphism is characterized, for xi ∈Mi, by:

P (xi, ξ) = P (xi, lim←−k≥i(ξk)) = lim−→i≤k(Pk(xi, ξk)). (3.19)

Moreover, P is skew-symmetric, with respect to the canonical dual pair-
ing between T ′M and TM when restricted to T [M × TM .

Finally, we have:

Theorem 3.27. Let (Mi,A(Mi), {. , .}Pi)i∈N be a direct sequence of par-
tial Poisson Banach manifolds and let M = lim−→(Mi).



58 f. pelletier, p. cabau

There exists a weak subbundle p[ : T [M → M of p′M : T ′M → M and a
skew-symmetric morphism P : T [M → TM such that (M,AP (M), {. , .}P ) is
a partial Poisson manifold with the following characterization:

If εi : Mi → M denotes the canonical injection, then εi is a Poisson mor-
phism from (Mi,A(Mi), {. , .}Pi) to (M,A(M), {. , .}P ) for all i ∈ N. Moreover,
we have:

AP (M) = lim−→A(Mi), {. , .}P = lim−→{. , .}Pi .

Therefore
(
T [M,M,P, {. , .}P

)
is not a priori a partial Poisson manifold

since its Poisson bracket is defined only on the sheaf of subalgebras AP (M) =
lim−→A(Mi) of sheaf AM of smooth functions associated with the convenient

bundle T [M . However:

Lemma 3.28. Let (Ui,Φi)i∈N be an ascending sequence of charts. Set
U = lim−→Ui,Φ = lim−→Φ. Then, for any smooth function f : U →M , if fi = f|Ui ,
we have f = lim−→fi.

Proof. Recall that if Mi is modelled on the Banach space Mi, we may
assume that Mi is a supplemented subspace of Mi+1 and let M = lim−→Mi

which is a convenient space. Without loss of generality, we may assume that
Ui is a c∞-open set of Mi. Then by [8, Lemma 5.2], we obtain f = lim−→fi.

It follows that
(
T [M,M,P, {. , .}P

)
is really a partial Poisson manifold.

We will apply these results in the following context of Banach (partial)
Poisson-Lie groups.
Note that the direct limit of an ascending sequence of Banach manifolds can
be viewed as a non-Hausdorff manifold. Nevertheless, an ascending sequence
of finite dimensional manifolds is always a Haussdorff manifold ([15]).

However, for an ascending sequence

G1 ⊂ · · · ⊂ Gi ⊂ Gi+1 ⊂ · · ·

where Gi is a Banach-Lie subgroup of Gi+1, the associated sequence of Lie
algebras

g1 ⊂ · · · ⊂ gi ⊂ gi+1 ⊂ · · ·

is a strong ascending sequence of closed Banach spaces. Hence, the direct
limit g = lim−→gi is a Hausdorff locally convex space and therefore a Hausdorff
convenient space. Since CωK-differentiability implies convenient smoothness,
by [11, Theorem 4.11] we obtain:
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Theorem 3.29. Consider an ascending sequence G1 ⊂ · · · ⊂ Gi ⊂ Gi+1 ⊂
· · · of Banach-Lie groups such that Gi is a Banach-Lie subgroup of Gi+1.
Assume that, for each i ∈ N, there exists a norm ||.||i on gi such that
||[X,Y ]||i ≤ ||X||i ||Y ||i and such that the norm of the morphism εi+1

i : gi →
gi+1 canonically associated with the inclusion εi+1

i of Gi in Gi+1 is at most 1.

Then G = lim−→Gi is a convenient Lie group whose Lie algebra is g. Moreover,
expG := lim−→ expGi is a convenient local diffeomorphism on a c∞-open set of 0.

Note that this result is particularly valid for sequences of finite dimensional
Lie groups (cf. [15]).

In a more general context, we have the following result (cf. [8, 5.8]):

Corollary 3.30. Let (En)n∈N be an ascending sequence of Banach
spaces such that En is a supplemented Banach subspace of En+1.

Then E =
⋃
n∈N

En is an LB-space and L(E) =
⋃
n∈N
L(En) is also an LB-

space, where L(En) denotes the Banach space of continuous linear operators
of En. Moreover, GL(E) =

⋃
n∈N
GL(En) has a structure of convenient Lie

group modelled on L(E), where GL(En) denotes the Banach-Lie group of
linear continuous automorphisms of En.

3.6.2. Ascending sequences of Banach (partial) Poisson-Lie
groups. We have seen that any Banach Poisson-Lie group is in particular
a Banach partial Poisson-Lie group, so we only consider sequences of Banach
partial Poisson-Lie groups. Thus naturally, an ascending sequence of Ba-
nach (partial) Poisson-Lie groups

(
T [Gi,Gi, Pi

)
i∈N is an ascending sequence

of (partial) Banach-Poisson manifolds.

Theorem 3.31. Consider an ascending sequence of Banach (partial)
Poisson Lie groups

(
T [Gi,Gi, Pi

)
i∈N. Assume that the ascending sequence

of groups (Gi)i∈N satisfies the assumption of Theorem 3.29.

Then the direct limit G = lim−→Gi can be endowed with a (partial) Poisson-
Lie group structure.

Proof. It remains to show that the partial Poisson manifold
(
T [G,G, P

)
is

a (partial) Poisson Lie group.

Assume that g = lim−→gi. By using classical results on direct limits and
maps and their differentials, we have the following relations and results:
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• the left (resp. right) translation Lg (resp. Rg) is Lg = lim−→Lgi (resp.

Rg = lim−→Rgi) and an analogous result holds for Adg on G;

• since any x ∈ g can be written x = lim−→xi with xi ∈ gi, one has:

adx = lim−→adxi and ad∗x = lim←−ad∗xi

• if we set g[ = T [eG, we have g[ = lim←−g
[
i (cf. [8, p. 351]);

• the bi-invariance of each T [Gi implies the bi-invariance of T [G;

• from Remark 3.25 (b), the bi-invariance or each Pi implies the bi-
invariance of P .

This completes the proof.

3.6.3. Some examples of convenient partial Poisson-Lie groups

Example 3.32. Structure of Poisson-Lie group on U(n).

We first recall how to build a structure of Poisson-Lie group on the unitary
group U(n) := U(n,C). Let u(n) (cf. [38])13 be the Lie algebra of the Lie
group U(n), i.e. the space of skew-symmetric matrices and let b(n) be the Lie
algebra of the Borel group B(n) := B(n,C), i.e. the space of upper triangular
matrices with real coefficient on the diagonal. Then the Lie algebra of the
group GL(n,C) is gl(n), the space of all complex n × n matrices and the
Iwasawa decomposition gives rise to the decomposition:

gl(n) = u(n)⊕ b(n).

Consider the non degenerate symmetric bilinear continuous map < . , . >
given by

< A,B >= =Tr(AB),

where =Tr(AB) denotes the imaginary part of the trace of the matrix AB.
Then (u(n), b(n)) is a bialgebra, to which is associated a canonical Poisson
Lie structure on U(n). More precisely, in this finite dimensional situation,
b(n)) is isomorphic to the Lie algebra u(n)∗. From the decomposition gl(n) =
u(n)⊕b(n) we denote by p1 (resp. p2) the canonical projection of gl(n) on u(n)

13This situation is a particular case of a more general context exposed in [23] or [26] for
instance.
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(resp. b(n)) the associated multiplicative Poisson tensor ΛnR : U(n)→
∧
b(n)14

is characterized by (cf. [26]):

(ΛnR)g(α1, α2) := =Tr
(
p2(Adg−1α1)p1(Adg−1α2)

)
. (3.20)

The corresponding multiplicative 2-form on U(n) is15

(Λn)g(α1, α2) = R∗∗(ΛnR)g(α1, α2)

and the Poisson anchor Pn : T ∗U(n)→ TU(n) is the map

(g, α) 7→ (Λn)g(., α).

Example 3.33. A convenient Poisson-Lie group.

We have a canonical embedding from U(n) into U(n + 1) and associated,
canonical embedding from u(n) (resp. b(n)) in u(n + 1) (resp. b(n + 1)) (cf.
proof of Proposition A.4).

Consider the Poisson anchor Pn : T ∗U(n)→ TU(n) (resp. Pn+1 : T ∗U(n+
1) → TU(n + 1)) as previously defined. It is clear for the previous construc-
tion that

(
T [U(n),U(n), Pn

)
n∈N is an ascending sequence of finite dimensional

Poisson-Lie groups whose direct limit is U(∞) and which is thereby equipped
with a convenient Poisson-Lie group structure (T ∗U(∞),U(∞), P∞) that is not
a Banach Poisson-Lie group. Note that if f and g are smooth maps on U(∞)
and if x ∈ U(∞), then x belongs to some U(n) and {f, g}P∞(x) = {f, g}Pn(x)
which does not depend on the integer n such that g belongs to U(n).

Example 3.34. A partial Banach Poisson-Lie group which is not a Banach
Poisson-Lie group.

We consider the context of [39].

Let H be a separable complex Hilbert space provided with a Hilbert basis
( |i〉)i∈Z. We consider the group U(H) of skew-hermitian bounded operators
and we denote by u(H) its Lie algebra and u1(H) the the Lie subalgebra of
trace class of elements of u(H). We also consider the Lie algebra of algebra of
upper triangular trace-class operators :

b+
1 (H) := {α ∈ L1(H)16 : α|i〉 ∈ span{ |j〉, j ≤ i} and ∀ i ∈ Z, 〈i|α|i〉 ∈ R}

14b(n) is identified with u(n)∗.
15For notations, see Example 3.21.
16cf. Appendix A.
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Then the bilinear map:

u(H)× b+
1 (H) −→ R

(A,B) 7−→ =Tr(AB)

is a duality pairing between u(H) and b+
1 (H) (cf. [39, Proposition 10]). By

the way, it can be considered as a subspace of the dual u∗(H).
On the other hand, let Φ : L1(H) → u∗(H) be the map defined by

Φ(a)(x) = =Tr(ax). Then the kernel on Φ is u1(H) and we obtain a continuous
injective linear map from L1(H)/u1(H) into u∗(H) which is the predual u∗(H)
of u(H) is preserved by the coadjoint action of U(H). Moreover, Φ(b+

1 (H)) is
a proper dense subspace of L1(H)/u1(H (cf. [39, Proposition 13]).

The Lie-Poisson structure on U(H) is built from the decomposition:

L2(H) = u2(H)⊕ b+
2 (H)

where u2(H) = u(H)∩L2(H) and b+
2 (H) is the Lie algebra of Hilbert-Schmidt

upper triangular operators with real coefficients on the diagonal. Then we
have a Banach Poisson-Lie structure on U(H) defined in the following way
(cf. [39, Theorem 14]):

T [U(H) =
⋃

g∈U(H)

Rg−1u∗(H)

which is the predual bundle of TU(H).
The Poisson structure is defined by ΛR : U(H)→

∧2 u∗(H) 17 given by:

(ΛHR )g([α1], [α2]) = =Tr
(
p2(Adg−1α1)p1(Adg−1(p2(α2))

)
(3.21)

where [αl] = Φ(αl) ∈ L1(H)/u1(H) ≡ u∗(H) for l ∈ {1, 2}. We denote by PH
the associated Poisson anchor.

Now, considering H provided with a fixed Hilbert basis ( |i〉)i∈Z, for each
n ∈ N, we have a canonical embedding of U(n) in U(H) which is a closed
Banach-Lie subgroup. By the way, this gives rise to an embedding of Ba-
nach spaces from b(n) into b+

2 (H). Note that Φ(α) belongs to u∗(n) and
so the class [α] is reduced to α. Moreover, in the one hand, according
to the relations (9) and (10) in [39], u(n) and b(n) are invariant by con-
jugation by a unitary operator. On the other hand, according to (3.20),
(3.21) and the previous identifications, ΛnR is the restriction of ΛHR to b(n).

17cf. Proposition 3.19.
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We denote by PH : T ∗U(H) → TU(H) the Poisson anchor associated with
ΛHR . It follows that Pn is precisely the restriction of PH to T ∗U(n). Hence
(T ∗U(n),U(H), PH)|T ∗U(n))) is a Banach partial Poisson-Lie group which is
not a Banach Poisson-Lie group.

Remarks 3.35. (a) As in finite dimension, we can define the notion of
convenient partial Poisson-Lie subgroup as follow.

Let (T [G,G, P ) be a Poisson-Lie group. A closed supplemented subgroup
H of G will be called a convenient partial Poison-Lie subgroup of G if there
exists a convenient partial Poisson Lie group

(
T [H,H, Q

)
on H such that T [H

is a closed supplemented subbundle of T [G whose typical fibre h[ is a Lie
subalgebra of g[. By the way, (T ∗U(n),U(n), PH) is a Banach Lie-Poisson
subgroup of (T∗U(H),UH, PH).

(b) From Example 3.34, it follows easily that U(∞) can be considered as
a subset of U(H). The inclusion is a continuous smooth injective map and
U(∞) is dense in U(H). It is a convenient weak submanifold of U(H), but it
is not a convenient partial Poisson Lie subgroup of U(H).

4. Convenient Poisson-Lie groupoids

In this section, we recall the definition of a topological groupoid and some
generalizations of this notion, introduced in [5], to convenient Lie groupoids
and their associated Lie algebroids, with particular emphasis on the Banach
setting. In the final subsection, we introduce the notions of partial Poisson-Lie
groupoids and symplectic Lie groupoids, and review their main properties.

4.1. Topological groupoids

Definition 4.1. A topological groupoid G ⇒M is a pair (G,M) of topo-
logical spaces such that G need not be Hausdorff but M is Hausdorff, endowed
with the following structure maps:

(TGr1) two surjective open continuous maps s : G → M and t : G → M
called the source and the target maps, respectively; 18

(TGr2) a continuous map m : G(2) → G, where G(2) := {(g, h) ∈ G × G |
s(g) = t(h)} is equipped with the induced topology from the product
topology on G × G. This map called the multiplication is denoted by

18Each element g ∈ G can be seen as an arrow g : s(g)→ t(g) from s(g) to t(g).
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m(g, h) = gh and satisfies the associativity property: the product (gh)k
is defined if and only if g(hk) is defined and in this case:

(gh)k = g(hk);

(TGr3) a continuous embedding 1 : M → G called the identity section such
that g1x = g for all g ∈ s−1(x), and 1xg = g for all g ∈ t−1(x). In
particular, s ◦ 1 = idM = t ◦ 1;

(TGr4) a homeomorphism i : G → G, denoted i(g) = g−1 called the inver-
sion, such that gg−1 = 1t(g), g−1g = 1s(g). In particular, s ◦ i = t,
t ◦ i = s.

The space M is called the base of the groupoid, and G is called its total space.

For any (x, y) ∈M2, we denote G(x,−) := s−1(x), G(−, y) := t−1(y), and

G(x, y) :=
{
g ∈ G : s(g) = x, t(g) = y

}
= G(x,−) ∩ G(−, y).

The isotropy group at x ∈M is the set

G(x) =
{
g ∈ G : s(g) = x = t(g)

}
= G(x, x) ⊆ G

and the orbit of x ∈M is the set

G.x =
{
t(g) : g ∈ s−1(x)

}
= t(G(x,−)) ⊆M.

For any g ∈ G, if s(g) = x and t(g) = y, we define its corresponding left
translation

Lg : G(−, x) −→ G(−, y), h 7−→ gh,

and similarly its right translation

Rg : G(x,−) −→ G(y,−), h 7−→ hg.

Each of these maps Lg and Rg is a homeomorphism.
The topological groupoid G ⇒ M is called s-connected if its s-fibres

G(x,−) are connected for all x ∈M , and s-simply connected if all its s-fibres
are connected and simply connected.

The topological groupoid is called transitive if the map (s, t) : G →M×M
is surjective.

A topological morphism between topological groupoids G ⇒M and H⇒
N is given by a pair of continuous maps Φ : G → H and φ : M → N which
are compatible with the structure maps, that is:
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• ∀ g ∈ G, φ(s(g)) = s(Φ(g)), φ(t(g)) = t(Φ(g)) and Φ(g−1) = Φ(g)−1;

• ∀ (g, g′) ∈ G(2), Φ(gg′) = Φ(g)Φ(g′);

• ∀x ∈M , Φ(1x) = 1φ(x).

Note that φ is uniquely determined by Φ and therefore a morphism between
the groupoids G ⇒M and H⇒ N is given only by a continuous map Φ : G →
H which satisfies the above compatibility conditions.

A subgroupoid of G ⇒M is a groupoid H⇒ N such that H ⊂ G and the
inclusion ι : H → G is a topological morphism of groupoids. A subgroupoid
H⇒ N of G ⇒M is called a wide subgroupoid if N = M .

4.2. Convenient Lie groupoids. As in [5], the definition of a n.n.H.
convenient Lie groupoid requires analogues of the following basic facts for
Banach-Lie algebroids, whose proofs require suitable adaptations of the clas-
sical arguments.

Proposition 4.2. Let G ⇒ M be a topological groupoid satisfying the
following conditions:

(i) G is a n.n.H convenient manifold and M is a Hausdorff convenient man-
ifold;

(ii) the source map s : G →M is a submersion;

(iii) the inversion map i : G → G is a smooth diffeomorphism.

Then the target map t is also a submersion. Consequently, for every x ∈ M ,
the fibres G(x,−) and G(−, x) are n.n.H. convenient submanifolds of G and
G(x,−) is Hausdorff if and only if G(−, x) is Hausdorff. Moreover

1. the topological space G(2) is a n.n.H. convenient submanifold of G × G;

2. the identity section 1 : M → G is smooth and 1(M) is a convenient
submanifold of G.

Furthermore, if G is a Hausdorff manifold, then, for every x ∈ M , the fibres
G(x,−) and G(−, x) are Hausdorff submanifolds of G and G(2) is a Hausdorff
submanifold of G × G.

Proof. First, since from (ii), s is a submersion (cf. [8, Definition 1.13])
and, from (iii), i is a diffeomorphism, it follows that t = s ◦ i, is a submersion
(cf. [8, Proposition 1.15]). Therefore, by [8, Theorem 1.14], the fibres G(x,−)
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and G(−, x) are split n.n.H. convenient immersed submanifolds of G, for every
x ∈ M . Now assume that G(x,−) is Hausdorff. Since G(−, x) = i(G(x,−))
and since i is a diffeomorphism of G, it follows that G(−, x) is also Hausdorff.
The converse follows by the same argument.

Consider the map (s, t) : G × G → M ×M . If D denotes the diagonal in
M ×M , we have G(2) = (s, t)−1(D). Therefore, again from [8, Theorem 1.14],
G(2) is a n.n.H. convenient submanifold of G×G since s and t are submersions.
Moreover, if G is Hausdorff so are G(x,−) and G(−, x) for all x ∈M and the
same is true for G(2).

The proof of the last statement is formally the same as in [5, Proposi-
tion 3.1].

Definition 4.3. A n.n.H. convenient Lie groupoid is a topological
groupoid G ⇒M satisfying the following conditions:

(CLGr1) G is a n.n.H. convenient manifold and M is a Hausdorff convenient
manifold;

(CLGr2) the source map s : G →M is a submersion;

(CLGr3) the inversion map i : G → G is smooth;

(CLGr4) the multiplication m : G2 → G is smooth.

A convenient Lie groupoid G ⇒ M is called split if, for every (x, y) ∈ M2,
the set G(x, y) is a submanifold of G.

A convenient Lie morphism between the convenient Lie groupoids G ⇒M
and H⇒ N is a topological morphism Φ : G → H which is a smooth map.

When G is modelled on a Banach space (resp. Fréchet space), it is called
a Banach-Lie groupoid (resp. Fréchet-Lie groupoid).

4.3. Examples of convenient Lie groupoids. We will adapt to
the convenient context several classical examples of finite-dimensional Lie
groupoids (cf. [5]).

4.3.1. Convenient Lie groups. Any convenient Lie group G is a con-
venient Lie groupoid: the set of arrows G is the set G and the set of objects
M consists of a single point {1}, where 1 ∈ G denotes the unit element.



partial poisson-lie groups and groupoids 67

4.3.2. Convenient Lie pair groupoid. Given a convenient manifold
M , set G := M ×M and let s and t be the projections of M ×M onto the
first and the second factor, respectively. The multiplication map m and the
inverse i are respectively defined by

m
(
(x, y), (y, z)

)
= (x, z) and i(x, y) = (y, x)

and are smooth. Finally, the unit map 1 : x 7→ (x, x) is smooth as well. We
thus obtain a convenient-Lie groupoid M ×M ⇒M .

4.3.3. General linear Banach-Lie groupoids. Let π : A → M be
a Banach vector bundle. The general linear Banach groupoid GL(A) ⇒ M
is the Banach groupoid such that GL(A) is the set of linear isomorphisms
g : Ax → Ay between each pair of fibres (Ax,Ay). The source map and the
target map are obvious and the multiplication is the composition of linear
isomorphisms and 1x = IdAx .

4.3.4. Disjoint union of n.n.H. convenient Lie groupoids. Let
{Gλ ⇒ Mλ}λ∈L be a family of n.n.H. convenient-Lie groupoids. We denote
G :=

⊔
λ∈L
Gλ and M :=

⊔
λ∈L

Mλ. Since we consider here disjoint unions, the

structure of the n.n.H. convenient-Lie groupoid G ⇒ M is clearly defined by
the collection of structure maps for each particular Gλ ⇒Mλ for λ ∈ L.

For example, given a finite sequence of convenient bundles Ai → Mi, for
i ∈ {1, . . . , n}, then we have the natural structure of a n.n.H. convenient-Lie

groupoid
n⊔
i=1
GL(Ai) ⇒

n⊔
i=1

Mi.

More generally, given any convenient-Lie n.n.H. groupoid G ⇒ M , if
M =

⊔
λ∈L

Mλ is a partition of M into open G-invariant submanifolds, then the

corresponding groupoids Gλ ⇒Mλ obtained by restriction, are n.n.H. Banach-
Lie groupoids and G ⇒M is the disjoint union of the family {Gλ ⇒Mλ}λ∈L.

4.3.5. Action of a convenient Lie group. To each smooth action

A : G×M −→ M
(g, x) 7−→ g · x

of a convenient Lie group on a convenient manifold, is associated a convenient
Lie groupoid G ⇒M defined in the following way:
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• G := M ×G;

• s(x, g) := x and t(x, g) := A(g, x) = g · x;

• if y = g · x then m((y, h), (x, g)) := (x, hg);

• i(x, g) := (g · x, g−1);

• 1x = (x,1).

The smoothness of the action immediately implies the smoothness of all the
structure maps defined above.

It is straightforward to verify that for any x0, y0 ∈M one has:

G(x0, y0) = {x0} × {g ∈ G : g · x0 = y0},

and, in particular, the isotropy group at x0 is given by:

G(x0) = {x0} ×G(x0)

where G(x0) := {g ∈ G : g · x0 = x0}.
It is worth pointing out that the above groupoid needs not split. To ob-

tain a concrete example, let X be any real Banach space with a closed linear
subspace X0 which has no supplement in X , e.g., the space of all bounded
sequences of real numbers X = `∞ (R) with its subspace X0 = c0 consisting
of the sequences which converge to 0 (cf. [8, Example 1.2]). Then the abelian
Banach-Lie group G = (X ,+) acts smoothly transitively on the Banach man-
ifold M = X\X0 via A(g, x+ X0) := g + x+ X0 for all g, x ∈ X . If we define
the groupoid G := M×G⇒M as above, then the isotropy group at the point
X0 ∈M , that is,

G(X0) = {X0} × X0 ⊆ G

is not a submanifold of G = M × X since X0 is not a supplemented subspace
of X .

4.3.6. The gauge groupoid of a Banach principal bundle. A
Banach principal bundle is a locally trivial fibration π : P → M over a
connected Banach manifold whose typical fibre is a Banach-Lie group G. We
then have a right action of G on P whose corresponding quotient P/G is
canonically diffeomorphic to M . We get a right diagonal action of G on P ×P
in an evident way. The gauge groupoid is the set of orbits of this action, that
is, the quotient G := (P × P )/G provided with the quotient topology. The
source map (resp. the target map) of the equivalence class of (v, u) is π(u)
(resp. π(v)) (cf. [30]).
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4.3.7. Fundamental groupoid of a Banach manifold. Recall that
to any connected topological space M one associates its corresponding funda-
mental topological groupoid Π(M) ⇒M where Π(M) is the set of homotopy
classes of paths with fixed end points. The source map (resp. the target map)
assigns to a class the initial (resp. terminal) point of a representative path,
the multiplication is given by concatenation of paths whenever defined, and
the inverse is given by reversing the direction of a path.

When M is a connected Banach manifold, each source fibre is a universal
covering of M and, in particular, carries a natural Banach manifold structure.
Moreover, it is a principal bundle over M with structural group π1(M). The
associated gauge groupoid of this principal bundle can then be identified with
Π(M), yielding a structure of n.n.H. Banach-Lie groupoid on Π(M).

4.4. Additional properties of Banach-Lie groupoids. We recall
below some properties of a Banach-Lie groupoid (cf. [5, Theorem 3.3]).

Theorem 4.4. Let G ⇒ M be a n.n.H. (pure) Banach-Lie groupoid and
define tx as the restriction of t to G(x,−).

For any x ∈M , the following assertions hold.

(1) For all x ∈ M and any y ∈ G · x the set G(x, y) is a closed submanifold
of G. In particular, the isotropy group G(x) is a Banach-Lie group and
its Lie algebra is isomorphic to kerT1xs ∩ kerT1xt.

(2) For any x ∈ M such that G(x, y) is a Banach submanifold of G, for all
y ∈ G.x = tx(G(x,−)), then the orbit G.x is a pure Banach manifold
and its inclusion map G · x ↪→M is smooth.

(3) Under the assumption of (2), tx : G(x,−) → G.x is a Banach principal
G(x)-bundle.

Remark 4.5. Note that the assumptions in (2) are satisfied for all (x, y) ∈
M2 whenever G ⇒M is split.

Proof. (Sketch of the proof) To prove (1), we consider the distribution

∆g = kerTgs ∩ kerTgt for all g ∈ G(x,−),

and we get a Banach subbundle of ∆ ⊆ TG(x,−). This distribution is inte-
grable. Thus, from19 [8, Theorem 8.1], there exists a partition of G(x,−) into

19This theorem was proved in the context of (Hausdorff) Banach manifolds but all the
arguments used in the proof of this result are based on local charts; hence the result also
holds for n.n.H. Banach manifolds.
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closed immersed n.n.H. Banach manifolds, each of which is modelled on the
Banach space ∆1x .

Moreover, since ∆g = kerTgtx, the maximal leaf through g ∈ G(x,−)
is a connected component of t−1(t(g)) and hence is a closed subset of the
Banach manifold G(x,−). In particular, the isotropy group G(t(g)) is a union
of such leaves and hence is a closed immersed n.n.H. Banach manifold. Since
each point in G(t(g)) is closed, thus it follows from [7] that G(t(g)) is in fact
Hausdorff. Consequently, G(t(g)) carries the structure of a Banach-Lie group.

For the proof of (2), we consider the map

Ψ: G(x,−)/G(x) −→ G · x
g · G(x) 7−→ t(g).

It is easy to prove that Ψ is bijective. We can show that, under the assumption
that G(x, y) is a Banach submanifold of G, for all y ∈ G · x, the quotient
set G(x,−)/G(x) has the structure of a smooth manifold for which the map
Ψ: G(x,−)/G(x)→M is smooth (cf. proof of [5, Theorem 3.3]).

The last point 3. is a consequence of [5, Lemma 2.5].

Unfortunately, the properties of a Banach-Lie groupoid described in
Theorem 4.4 do not hold in general for a convenient Lie groupoid, even when it
is split. The essential obstruction is the absence, in the convenient setting, of
a general existence theorem for local flows of vector fields. We will show that,
under some strong assumptions on projective or direct limits of Banach-Lie
groupoids, these properties can nevertheless be recovered.

4.5. Lie algebroid associated with a convenient Lie groupoid.
Analogously to the Banach-Lie groupoid setting, any convenient Lie groupoid
G ⇒M admits a natural convenient Lie algebroid structure over M . We now
briefly recall its construction.

Denote by T sG the vertical bundle associated with the submersion s : G →
M and by Γrinv(G) the vector space of right invariant vector fields. The space
Γrinv(G) is endowed with the Lie bracket of vector fields, thereby forming a
Lie subalgebra of the Lie algebra of vertical vector fields. The tangent map
T t induces a morphism of Lie algebras from Γrinv(G) to the Lie algebra Γ(M)
of vector fields on M . We consider the pull-back AG → M of the convenient
bundle T sG → 1(M) along the unit map 1 : M → G. AG may be viewed as
the restriction of T sG to 1(M) identified with M ⊂ G.

Note that sinceM is Hausdorff, it follows thatAG is a Hausdorff convenient
bundle.
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On the one hand, there is a canonical convenient vector bundle morphism
1∗ : AG → T sG from the bundle AG →M to the bundle T sG → 1(M) which
is an isomorphism in restriction to each fibre. On the other hand, if ΓM (T sG)
is the vector space of smooth sections of T sG → 1(M), then T1t gives rise
to an isomorphism from ΓM (T sG) onto Γrinv(G) which is also a morphism of
Lie algebras. Now, the morphism 1∗ gives rise to a Lie bracket on the vector
space Γ(AG) of smooth sections of AG → M , which will be denoted by [. , .].
Finally, by composition, we obtain an isomorphism of Lie algebras between
ΓM (T sG) and Γrinv(G). Now, AG is provided with the anchor ρ = T t|M . From
the property of Lie bracket of vector fields on G, it follows that the Lie bracket
[. , .] on AG is localizable by using the same arguments as in the proof of [5,
Theorem 4.19]. Moreover, since this Lie bracket of kinematic vector fields only
depends on the 1-jets of such vector fields, it follows that (AG,M, ρ, [. , .]) is
a convenient Lie algebroid (cf. [8, Definition 3.78]).

In a dual way, we can consider the vertical bundle T tG associated with
the submersion t and the Lie algebra Γlinv(G) of left invariant vector fields.
Then the tangent map T s induces a morphism of Lie algebras from Γlinv(G)
to the Lie algebra X(M) of vector fields on M . As previously, we consider
the restriction AG of T sG to 1(M) identified with M . If ρ′ := T s|M is an

anchor for AG, the isomorphism between Γ1(Gt) and Γlinv(G) provides the set
of sections of AG with a Lie bracket denoted [ , ]; thus we get a convenient
Lie algebroid (AG,M, ρ, [ , ]). Since T i transforms a right invariant vector
field into a left invariant vector field, this map induces an isomorphism of Lie
algebroid from (AG,M, ρ, [ , ]) to (AG,M, ρ, [ , ]).

4.6. Convenient partial Poisson groupoids. Consider a Banach-
Lie groupoid G ⇒M . The mutiplication m is a map from G(2) to G. Since G(2)

is a closed submanifold of G × G, the graph Gm of m is a closed submanifold
of G × G × G.

Definition 4.6. 1. A groupoid G ⇒ M is called a partial Banach
Poisson-Lie groupoid if it carries a partial Poisson structure associated
with a bundle morphism P : T [G → TG such that the graph Gm of the
multiplication map is a coisotropic submanifold of the partial Poisson
manifold G × G × G−.

2. A groupoid G ⇒M is called a partial symplectic (resp. strong symplec-
tic ) Banach-Lie groupoid if there exists an isomorphism P from T [G
to TG (resp. T ′G to TG) such that for the associated Poisson structure
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G+ × G+ × G− on G × G × G, the submanifold Gm is Lagrangian.

For a convenient partial Poisson-Lie groupoid, the following properties
hold.

In fact, a partial symplectic Banach-Lie groupoid enjoys stronger proper-
ties than a general partial Poisson convenient Lie groupoid. For this reason,
we shall state the corresponding results separately in a subsequent theorem.

Theorem 4.7. Let G ⇒ M be a partial Poisson Banach-Lie groupoid.
Then following assertions hold:

1. The submanifold M is a coisotropic submanifold of G.

2. The inversion map on G is an anti-Poisson morphism.

3. There exists a unique Lie Poisson algebras sheaf on M for which the
source map s (resp. the target map t) is a Poisson morphism (resp.
anti-Poisson morphism). Moreover if T [G = T ′G or if

(
T [G, TG, P

)
is

partial symplectic, then there exists a unique partial Poisson structure
on M such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism).

Proof. The proof of this theorem is an adaptation to our setting of the
proof of [41, Theorem 4.2.3].

1. By axiom (TGr3) of Definition 4.1, M is precisely the set:

{x ∈ G : ∃ y ∈ G, yx = y}.

Let C be the diagonal ∆G of G2 and let R : G2_G be the relation whose graph
is {(yx, y, x) : (y, x) ∈ G × G}.

Then one has:

R(C) =
{
x ∈ G : ∃ y ∈ G, (y, y) ∈ ∆G and (y, y, x) ∈ R

}
which coincides with M by the preceding characterization.

On the one hand, the identity IdG is a Poisson morphism. Therefore its
graph, namely the diagonal ∆G , is a coisotropic submanifold of G− × G+.

On the other hand, since Gm is coisotropic in G+ × G+ × G−, it follows
that R, whose graph is G−1

m , is also coisotropic in G− × G+ × G+. Hence,
by Corollary 2.44, R(C) = M is coisotropic in G+ provided that (R,C) is a
clean pair.
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According to Definition 2.39 and Definition 2.43, if ∆G2 denotes the diago-
nal of G2, we must show first that (∆G×R)∩(∆G2×G) is a closed submanifold
of (G2)×G2×G whose tangent bundle is given by (T∆G×TR)∩(T∆G2×TG).

But we have:

(∆G ×R) ∩ (∆G2 × G) =
{

(y, y, y, y, x) ∈ C ×R : yx = y
}

This set is the image of the embedding of G in G2 × G2 × G given by:

j : y 7−→
(
y, y, y, y, s(y)

)
.

Now the tangent space of this submanifold at a point (y, y, y, y, x) is the range
Tyj. To show that this space is exactly(

T(y,y,y,y,x)∆G × TR
)
∩
(
T(y,y,y,y,x)∆G2 × TG

)
it suffices to prove that T(y,y,x)R ∩ (T (y, y)∆G × TxG) is of the form:{

(u, u, v) : u ∈ TyG, v = Tys(u)
}
.

First, any vector in T(y,y,x)R∩
(
T (y, y)∆G×TxG

)
is of type (u, u, v) for u ∈ TyG

and v ∈ TxG. Let x : t 7→ x(t) and y : t 7→ y(t) be two smooth curves in G,
defined on ]− ε, ε[ such that x(0) = x, y(0) = y, ẋ(0) = v, ẏ(0) = u and such
that the derivative of the product satisfies:

d

dt
(y(t)x(t))|t=0 = u.

Since y(0)x(0) = y(0), this implies that x(0) belongs to M . We can write

x(t) = t
(
Ly(t)−1(yx(t))

)
.

Hence we obtain v = ẋ(0) = Tyt(u).

Since
d

dt
(y(t))t=0 =

d

dt
(y(t)x(t))t=0, the last condition (2) (ii) of Defini-

tion 2.39 is clear. This completes the proof of 1.
2. Once again, the graph of the inversion is of the form R(C) where

R : G_G × G is the relation whose graph is {(gh, g, h), : g, h ∈ G} and
C = M , since

R(C) =
{

(g, h) ∈ G × G : ∃x ∈M, (x, g, h) ∈ R
}
.

Now, M is coisotropic in G+ and R is coisotropic in G+×G−×G−. Thus, if the
pair (R,C) is clean, then R(C) is coisotropic in G−×G−. This is equivalent to



74 f. pelletier, p. cabau

saying that R(C), i.e. the graph of i, is coisotropic in G+×G+. Consequently,
i is an anti-Poisson morphism.

The intersection (M ×R) ∩ (∆G × G2) is the set

{(x, x, g, h) ∈M ×R}.

This is precisely the image of the embedding

j : M × G2 −→ G2 × G2

(x, g, h) 7−→ (x, x, g, h).

The same type of argument used in the proof of 1. permits to show that

T (M ×R) ∩
(
∆G × G2

)
= T (M ×R) ∩ T

(
∆G × G2

)
and the verification left to the reader. Finally, condition (2) (ii) of Definition
2.39 is satisfied, and thus the proof 2. is complete.

3. We have s(g) = s(g′) if and only if there exists h ∈ G such that g′ = hg;
for instance, one may take h = g′g−1.

We interpret the graph of s ◦ s−1 as R(C), where R : G × G ⇒ G is the
relation whose graph is

{(h, g, hg) : h, g ∈ G},

and C = G. Indeed, we have

s ◦ s−1 =
{

(g, g′) ∈ G2 : ∃h ∈ G, g′ = gh
}
.

Since M is coisotropic in G+ and R is coisotropic in G+ × G+ × G−, if the
pair (R,C) is clean, then R(C) is coisotropic in G+ × G−. Hence s ◦ s−1 is
a Poisson relation. The result follows from Theorem 2.55. The proof of the
cleanliness of the pair (R,C) is elementary and is left to the reader.

Since t = s ◦ i and i is an anti-Poisson morphism, it follows that t is an
anti-Poisson morphism.

Remark 4.8. In the context of Theorem 4.7, assume that T [G = T ′G or
that (T [G, TG, P ) is partial symplectic. Then there exists a unique partial
Poisson structure on M such s (resp. t) is a Poisson morphism (resp. anti-
Poisson morphism) is such that the Lie-Poisson algebras sheaf on M built
in 1. is exactly the Poisson Lie algebras sheaf associated with this partial
Poisson structure on M2. However, even if the partial Poisson structure on
G is symplectic the unique induced Poisson structure on M is not, in general
symplectic, even in finite dimension (cf. [1]).
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For a partial symplectic Lie convenient groupoid, the following properties
hold:

Theorem 4.9. Let G ⇒ M be a partial symplectic convenient Lie
groupoid. Then we have:

1. The submanifold M is Lagrangian in G.

2. The inversion map in G is an anti-symplectic map.

3. There exists a unique strong Poisson structure on M such that s (resp.
t) is a Poisson morphism (resp. anti-Poisson morphism).

4. There exists a weak symplectic 2-form ω such that ω[ : TG → T ′G has
image T [M and satisfies ω[|T [M = P .

5. For each g ∈ G, the vertical spaces TgG(s(g),−) and TgG(−, t(g)) are
symplectic orthogonal subspaces of the symplectic vector space (TgG, ω).

6. Moreover, if G ⇒ M is a split Banach-Lie groupoid, ω induces a weak
symplectic form on each orbit of G in M .

Following [5, 6.2], a convenient Lie groupoid G ⇒ M is called transitive
if the map (s, t) : G → M ×M is a surjective submersion. In this case, the
action of G on M has a single orbit, namely M itself.

Thus, by application of Theorem 4.9, we obtain:

Corollary 4.10. Let G ⇒M be a transitive partial symplectic Banach-
Lie groupoid. Then, via the identification of M with the unique orbit
of G, the weak symplectic 2-form ω on G induces a weak symplectic struc-
ture on M .

Remark 4.11. Consider a partial symplectic Banach-Lie groupoid G ⇒M .
The 2-form induced by ω on TgG(s(g),−) (resp. TgG(−, t(g)) is not symplectic
since the intersection of these two tangent spaces is isomorphic to the Lie
algebra of the isotropic group of s under the assumptions of Theorem 4.4. In
this context, this is true if and only if the isotropy group of s(g) is reduced to
the identity. Moreover, the partial Poisson structure on M is not, in general,
weakly symplectic (see item 6.).

Combining items 1. and 3. of Theorem 4.9, Proposition 2.59 and Re-
mark 2.60, we obtain:
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Corollary 4.12. Let G ⇒ M be a partial symplectic Banach-Lie
groupoid. For any open set U in M , let (EM (U), { , }U ) be the Poisson Lie
algebra on U associated with the partial Poisson structure on M and { , }P
the Poisson bracket on G associated with the partial symplectic structure on
G. Then any pair (f1, f2) in EM (U) is in involution, i.e. {f1, f2}U = 0.

Proof of Theorem 4.9. The proof of 1. is analogous to that of Theorem
4.7. 1., under the additional assumption that Gm is Lagrangian. Since, in this
case, ∆G is also Lagrangian in G−×G+, we invoke the second part of Corollary
2.44. In fact, in this case, the Lie-Poisson algebras sheaf on M2 is exactly the
sheaf associated with the partial Poisson structure on M (cf. Remark 4.8).

2. and 3. are exactly the result of 2. and 3. of Theorem 4.7.

4. is a consequence of Theorem 2.23 applied to the characteristic foliation
whose leaves are the connected components of G.

For 5., we will adapt the proof of [29, Theorem 3.6]. According to 4., we have
a weak symplectic form ω on G such that: ω(w,w′) =< P−1(w), w′ > for
any w,w′ in TgG and any g ∈ G. In this way, on G+ × G+ × G−, the partial
symplectic structure is an isomorphism P 3 from (T [G)3 to (TG)3 given by:

P 3(w1, w1, w3) =
(
P (w1), P (w2),−P (w3)

)
.

Hence, we obtain a weak symplectic form ω3 on (G)3 associated with P 3 given
by:

ω3((w1, w2, w3), (w′1, w
′
2, w

′
3)) = ω(w1, w

′
1) + ω(w2, w

′
2)− ω(w3, w

′
3). (4.1)

For each g ∈ G, we set Ag = G(s(g),−) and Bg = G(−, t(g)) the fibres of
s and t respectively.

Fix k ∈ G. For any (g, h) ∈ G(2), we set k = gh. Then we have Rh(Ah) =
Ak and Lg(Bg) = Bk. For u ∈ TgAg and v ∈ ThAh, if w1 and w2 belong to
TkG, the vectors (0, u, w1) and (0, v, w2) belongs to T(g,h,k)G3 and are tangent
to the graph Gm of m if and only if

w1 = TRh(u) and w2 = TLg(v). (4.2)

By assumption, Gm is Lagrangian in G+ × G+ × G−. Thus, according to
Proposition 2.6, the definition of a Lagrangian manifold, the relations (4.1)
and (4.2), we must have:

ω(u, 0) + ω(0, v)− ω(TRh(u), TLg(v) = 0,
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for all u ∈ TgAg and v ∈ ThBh. Since TRh(ThAh) = TkAk and TLg(TgBg) =
TkBk, it follows that

TkBk = (TkAk)
⊥P and TkAk = (TkBk)

⊥P

according to Proposition 2.6 which completes the proof of 5.
6. Moreover, if G ⇒M is split, for each x ∈M , from Theorem 4.4, G(x,−) is
a closed split submanifold of G. For any g ∈ G(x,−), let Hg be a supplement
of TgG(x,−) ∩ TgG(−, x) in TgG(−, x). Then from 5. of Theorem 4.9 and
point (ii) of Proposition 2.6, ω induces on Hg a symplectic form. Since we
have a canonical isomorphism from TG(x,−)/TG(x) to TG.x (cf. Proof of 3.
of [5, Theorem 3.3]), by using the same arguments as in the proof of [35,
Proposition 2.4.5], we obtain a symplectic form ω̃ on TG.x. This means that
the set of connected components of the orbit of G is exactly the characteristic
foliation of the partial Poisson structure on M . Since this partial Poisson
structure is strong, it follows that the almost symplectic form on each orbit
is closed (cf. Theorem 2.23 ).

5. Partial conormal bundles and convenient Lie algebroids

In this section, we study partial conormal bundles in the Banach and conve-
nient Poisson settings. We first establish their basic properties for coisotropic
submanifolds and derive the associated partial dual Lie algebroids. We then
prove that if the partial conormal bundle of the unit manifold is a split Banach
subbundle, the Lie algebroid of a Banach Lie-Poisson groupoid and its partial
dual form a partial bialgebroid.

5.1. The partial conormal bundle of a coisotropic manifold.
Let

(
T [M,TM,P, { , }P

)
be a partial Poisson manifold. For any closed sub-

manifold C of M , we denote by T ′CM (resp. T [CM) the pullback of T ′M (resp.
T [M) along the inclusion C ↪→M .

Definition 5.1. (1) The conormal bundle N a(C) is the subbundle of
T ′CM defined by:

N a(C) =
{

(x, η) ∈ T ′CM : ∀u ∈ TxC, < η, u >= 0
}
.

(2) The partial conormal bundle N 0(C) of T [CM is defined by:

N 0(C) =
{

(x, η) ∈ T [CM : ∀u ∈ TxC, < η, u >= 0
}
.
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Remark 5.2. It is clear that N a(C) is a subbundle of T ′CM , whereas, in
general, N 0(C) is not a vector bundle over C.

Theorem 5.3. Let C be a coisotropic submanifold of M .

(1) The partial conormal N 0(C) is exactly (TC)⊥. If T [M = T ′M or if P
is partial symplectic and C is Lagrangian, then N 0(C) is a subbundle
of T [M .

(2) If N 0(C) is a closed sub-bundle of T [CM , it can be provided with a Lie
algebroid structure whose anchor is the restriction of P to N 0(C).

Proof. (1) From the definition 2.4, we have (TxM)⊥Px = Px
(
(TxM)0

)
and

hence N 0(M) = (TM)⊥. First, assume that T [M = T ′M . Then N a(C) =
N 0(C) and hence it is a subbundle of T ′M . Assume now that P is partial
symplectic. Since C is Lagrangian, for each x ∈ C, we have Px

(
N 0
x (C)

)
=

TxC. Thus N 0(C) = P−1(TC) and since P is an isomorphism, it follows that
N 0(C) is a subbundle of T [CM .

(2) Let PC be the restriction of P to N 0(C). Since C is coisotropic, we
have already seen that P

(
N 0(C)

)
⊂ TC and hence PC takes values in TC.

We first show that the bracket defined in (2.9), when restricted to sections of
N 0(C), takes values in N 0(C). Fix some open set U in M . Using the identity
LXω = dω(X, ) + d(ω(X)) and the definition of [ , ]P , for any α and β in
Γ(T [MU ), we obtain:

[α, β] = dβ(Pα, )− dα(Pβ, )− dβ(Pα, )− d < α, Pβ > .

It follows that, for X ∈ T (C ∩ U) and for any section α and β of N 0(C)
over C ∩ U , we have < α,Pβ >≡ 0 on C ∩ U . Hence, we obtain [α, β](X) =
dβ(Pα,X) − dα(Pβ,X). But since Pα and X are tangent to C, their Lie
bracket [Pα,X] is also tangent to C. It follows that dβ(Pα,X) = 0. By
the same argument, we also obtain dα(Pβ,X) = 0. Thus [α, β] belongs
to N 0(C). Since the Jacobiator of [ , ]P vanishes on sections of T [M and
since the restriction of [ , ]P to sections of N 0(C) takes values in N 0(C),
it follows that the Jacobiator also vanishes on sections of N 0(C). Finally
the Leibniz rule on Γ(T [MU ) implies the Leibniz rule upon restriction to
Γ
(
N 0(C ∩ U)

)
.

5.2. Partial dual Lie algebroids. Let
(
AG,M, ρ, [. , .]

)
be the Lie

algebroid associated with a groupoid G ⇒ M . We denote by AG′ → M the
dual bundle of AG →M . We have the following properties:
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Theorem 5.4. Assume that G ⇒M is a convenient Lie-Poisson groupoid
such that the partial conormal bundle N 0(M) is a split convenient subbundle
of T [MG. Then

(1) If T [G = T ′G, the above assumption is always satisfied and N 0(M) =
N a(M) is canonically isomorphic to the dual AG′ → M of the Lie
algebroid AG →M .

(2) The inclusion ofN 0(M) into the conormal bundleN a(M) is a morphism
of vector bundles.

(3) N 0(M) admits a Lie algebroid structure whose anchor is the restriction
of P to N 0(M).

Corollary 5.5. If a Banach Lie groupoid G ⇒ M satisfies one of the
following assumptions:

(i) G ⇒M is a Lie-Poisson groupoid such that T [G = T ′G;

(ii) The kernel of P restricted to M is a split subbundle of T [MG and its
range is TMG;

(iii) G ⇒M is a partial symplectic Lie groupoid;

then N 0(M) is a split subbundle of T [G.
If we identify AG′ with N a(M), then N 0(M) is a weak subbundle of AG[

and carries a structure of convenient Lie algebroid.

Remark 5.6. According to the decomposition (5.1), if G is a Hilbert
groupoid, or if TM is finite dimenisonal or finite codimensional, then the
assumptions of Theorem 5.4 are also satisfied.

Under the assumptions of Theorem 5.4, if we identify AG′ with N a(M),
then N 0(M) is a weak subbundle of AG[ and carries a structure of Banach
Lie algebroid.

We therefore introduce in the Banach framework:

Definition 5.7. Assume that G ⇒ M is a Banach Lie-Poisson groupoid
such that the partial conormal bundle N 0(M) is a split Banach subbundle of
T [MG. Then N 0(M) is called the partial dual of AG and is denoted AG[.

Proof of Theorem 5.4. (1) Assume that T [G = T ′G. Then N 0(M) =
N a(M). First, since s : G →M is a submersion, as M is viewed as a subman-
ifold of G, it follows that

TMG = T s
MG ⊕ TM = AG ⊕ TM. (5.1)
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If psM : TMG → TGs is the associated projection, we obtain an isomorphism

p̂sM : TGs → TMG/TM . It follows that T ′MG is isomorphic to T ′MGs ⊕ T ′M .
Thus N a(M) can be identified with to T ′MGs. It is a split subbundle of T [G.
Since AG ≡ T ′MGs, N 0(M) can be identified with AG′.

(2) For simplicity, we assume that M is connected and work in the setting
of the previous constructions.

Let Gs the typical fibre of TMGs and let M be the typical model of M .
Then, for each x ∈M , there exists a chart (U,ψ) of x in G such that ψ(U) =
Ū1 × Ū2 ⊂M×Gs. In this way, we obtain a trivialization:

T ′ψ−1 : T ′GU −→
(
Ū1 × Ū2

)
×
(
M′ ⊕ (Gs)′

)
.

In this chart, we have (T ′ψ)−1
(
N a(M)|U

)
= Ū1× Ū2× (Gs)′. Without loss of

generality, we may assume that Ū1 and Ū2 are simply connected. Now, since
N 0(M) is a closed subbundle of T [G, there exists a local trivialization Ψ of
T [GU such that Ψ(T [GU ) = Ū1× Ū2×G[ where G[ is the typical fibre of T [GU .
On the other hand, since N 0(M) is a closed subbundle of T [MG, if we identify
G[ with T [xG, we have a decomposition G[ = N[ ⊕ H where N[ is the typical
fibre of N 0(M). Thus, we may assume that Ψ(T [GU ) =

(
Ū1× Ū2

)
×
(
N[⊕H

)
.

Since we have N 0(M) = N a(M) ∩ T ′MG, it follows that N[ = (Gs)′ ∩ G[.
Thus, in these local coordinates associated with the chosen trivializations, the
inclusion of N 0(M)|U into N a(M)|U is given by:

(y, η, 0) 7→ (y, η, 0).

Now consider another chart (U ′, ψ′) around x and a corresponding trivializa-
tion Ψ′(T [GU ) = Ū ′1 × Ū ′2 ×G[ with the same properties and decompositions.
Since N 0(M) (resp. N a(M)) is a split subbundle of T [G (resp. T ′G), the
transition maps Ψ′ ◦ Ψ−1 (resp. (T ′ψ′)−1 ◦ (T ′ψ)) preserve the vector space
(Gs)′ ∩G[ (resp. (Gs)′). This completes the proof of (2).

(3) Is a direct application of Theorem 5.3 (2).

Proof of Corollary 5.5. This corollary is a direct consequence of Theorem
4.9 (1), Theorem 5.3 (1) and Theorem 5.4 provided that under assumption (i),
(ii) or (iii) , N 0(M) is a split subbundle of T [MG.

(i) Note that according to the proof of Theorem 5.4 (1), under assumption
(i), N 0(M) = N a(M) and hence it is a closed split subbundle of T [MG = T ′MG.

(ii) Under assumption (ii), we denote by K[M the kernel of P restricted
to T [MGM and H[M is supplementary of K[M in T [MG. We denote by PH the
restriction of P to H[M . Since P is surjective, it follows that PH : H[M →
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TMG is an isomorphism. Taking into account the decomposition (5.1), we set
H0M = P−1

H (TM) and K0M = P−1
H (AG). By construction, for any α ∈ K0M

(resp. α ∈ H0M), we have < α, u >= 0, for all u ∈ TM (resp. u ∈ AG)).
Note that N 0(M) = K[M ⊕H0M and so N 0(M) is a split subbundle of T [G.

(iii) Under assumption (iii), M is a particular case of the context of
assumption (ii).

We are now in a position to prove the following result which generalizes a
result in finite dimension for Poisson Lie groupoids (cf. [27]):

Theorem 5.8. Let G ⇒ M be a Banach Lie-Poisson groupoid such that
partial conormalN 0(M) is a split Banach subbundle of T ′MG. Then (AG,AG[)
is a partial bialgebroid.

Proof. Since T [G carries a partial Poisson structure, Proposition 2.30 im-
plies that, for any open set U ⊂ G, we have:

dP [X,Y ] = LXdPY − LY dPX (5.2)

for all vector fields X and Y on U viewed as 1-forms on T [G.
On the other hand, we have seen in the proof of Theorem 5.3, 2., for

each open set U in G that the restriction of [. , .]P to AG[U∩M takes values
in AG[U∩M . Moreover, by (2.16) and Proposition 2.30 (1), if X is a section
of AG restricted to AG[U∩M is a 2-form on AG[U∩M . Finally, by (2.18) and
Proposition 2.30 (2), it follows that the restriction of each member of (5.2)
to AG[U∩M induces a 2-form on AG[U∩M which satisfies relation (5.2). This
completes the proof according to the definition of a partial bialgebroid.

Remark 5.9. All the previous results are not true in general in the con-
venient setting. The essential reason is that even if F is a split convenient
subspace of a convenient space E and E = F ⊕ G, then the canonical projec-
tion of G onto E/F is not, in general, a convenient isomorphism.

In particular, F∗ is not isomorphic to the annihilator of G and therefore
N a(M) cannot be identified with AG′.

Consequently the whole proof of Theorem 5.4 fails in this setting. However,
in the convenient setting, if T [G = T ′G and P = T [G → TG is a convenient
bundle isomorphism, i.e. it is a strong symplectic convenient groupoid, the the
typical fibre G of G is reflexive. In particular, AG is isomorphic toAG′. In fact,
we also can show that (AG,AG′) is a partial bialgebroid, with a proof formally
identical to that of Theorem 5.8. Note that we will see that Theorem 5.4
remains valid for direct limit of finite dimensional Poisson groupoids.
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6. Convenient sub-Poisson groupoids

This section is devoted to the study of the cotangent bundle of convenient
Lie groupoids and Lie groups. We prove that it carries a natural groupoid
structure and a canonical partial symplectic groupoid structure, yielding an
associated partial Lie bialgebroid. We also establish a characterization of sub-
Poisson groupoids in terms of partial Poisson structures. Finally, we analyze in
detail the cotangent bundle of a regular convenient Lie group and the induced
Poisson geometry on the dual of its Lie algebra.

6.1. Partial symplectic Poisson structure on the cotangent
bundle. Let G ⇒ M be a convenient Lie groupoid. As in finite dimension,
the conormal bundle N a(M) is the subbundle of T ′MG defined by:

N a(M) =
{

(x, η) ∈ T ′MG : ∀u ∈ TxM, < η, u >= 0
}
.

It is clearly a closed subbundle of T ′M . From the decomposition (5.1), we
have:

T ′MG = N a(M)⊕ (AG)a (6.1)

where (AG)a denotes the annihilator of AG. It follows that N a(M) is canoni-
cally isomorphic to the dual bundle of AG. Therefore, N a(M) will be regarded
as the dual bundle of AG and will be denoted by AG′. Note that the typical
fibre of AG′ is isomorphic to Ma and, therefore, to G′. Likewise, the typical
fibre of AGa is isomorphic to Ga and hence to M′. As in finite dimension, we
have:

Theorem 6.1. Let G ⇒M be a convenient Lie groupoid. Then we have

(1) T ′G ⇒ AG′ admits a groupoid structure.

(2) T ′G ⇒ AG′ carries a canonical partial symplectic groupoid structure.
Consequently, the pair (AG,AG′) forms a partial Lie bialgebroid.

Proof. (1) For the proof, we shall use local charts in this context. For
simplicity, we assume that M is connected. Let G be the typical fibre of T s

MG
and M the typical model of M . Note that since sB and tB are diffeomorphisms
on U1 and V1 respectively on their images, it follows that FB := tB ◦ s−1

B is
a diffeomorphism from U1 onto V1. Therefore G is also the typical fibre of
T t
MG. Fix some y0 ∈ M . There exists a chart (V, ψ) of G at y0 with simply

connected domain, such that ψ(V ) = V̄1× V̄2 ⊂M×G and ψ(y0) = (0, 0). In
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this way, ψ can be written as a pair (ψ1, ψ2). For i ∈ {1, 2}, we set ψi(y) = ȳi;
thus, ȳi : V → V̄i is a smooth map.

If T ∗ψ denotes the adjoint of Tψ, we obtain a trivialization:

(T ′ψ)−1 : T ′G|V −→ V̄1 × V̄2 × (M×G)′.

However, we have:

(M×G)′ = Mα ×Ga ≡ G′ ×M′

where Ea denotes the annihilator of a closed subspace E of M×G.
If we set V1 = ψ−1(V̄1 × {0}), then

(
V1, (ψ1)|V1

)
is a chart around z ∈M .

In this chart, we have:

(T ′ψ)−1(AGa|V1) = V̄1 ×G′ and (T ′ψ)−1(AG′|V1) = V̄1 ×M′.

On the one hand, for any ξ ∈ T ′M|V , (T ′ψ)−1(ξ) can, be written a a pair
(ξ̄1, ξ̄2) with ξ̄1 : V → G′ and ξ̄2 : V →Ma′ are smooth maps.

Since t : G → M is a submersion, around any g0 ∈ G, we have a chart
(V,Ψ) with simply connected domain and such that:

Ψ(V) = V̄1 × V̄2 ⊂M×G

with Ψ(g0) = 0. Again, write Ψ = (Ψ1,Ψ2). Define V1 = Ψ−1(V̄1 × 0)
and V2 = Ψ−1(0 × V̄2). With respect to the local coordinates induced by
Ψ, the target map t|V takes the form (ȳ, ḡ) 7→ ȳ. Assume that t(g0) = y0.
After possibly shrinking the domains V and V , and composing with a local
diffeomorphism in M fixing 0 ∈ M and a diffeomorphism of G fixing 0 ∈ G,
we may assume that the charts (V, ψ) and (V,Ψ) are chosen so that V̄1 = V̄1.
In the corresponding local coordinates, let ȳ = ψ1(t(g)) and ḡ2 = Ψ2(g).
Then target map t is still represented by (ȳ, ḡ2) 7→ ȳ. Here ȳ : V → M and
ḡ2 : V → G are smooth maps.

At the level of the tangent bundle of G, and with the above notation, the
chart Ψ induces a local trivialization

TΨ : TV −→ (V̄1 ×M)× (V̄2 ×G)

and the following commutative diagram:

TG|V (V̄1 ×M)× (V̄2 ×G)

TM|V V̄1 ×M

TΨ

T t
prV1

Tψ|TV

(6.2)
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with TΨ ((g, Y )) =
(
(ȳ, Ȳ1), (ḡ2, Ȳ2)

)
and TΨ ◦ T t ((g, Y )) = (ȳ, Ȳ1)) where

ȳ : V → V1 and Ȳ1 : V →M are smooth maps.
Since s is also a submersion, an analogous construction yields a chart

(U, φ) of x0 = s(g0) such that Φ(U) = Ū1 × Ū2 ⊂ M × G together with a
chart (U ,Φ) around g ∈ G such that Φ(U) = Ū1 × Ū2. Moreover, the pair
of charts (U, φ) and (U ,Φ) enjoys the same properties as the pair (V, ψ) and
(V,Ψ) constructed above. As we have seen (up to the choice of a bisection
B), there exists a diffeomorphism F : U1 → V1 such that F (y0) = x0.

On the one hand, for any ξ, (T ′ψ)−1(ξ) can be written as a pair (ξ̄1, ξ̄2)
with ξ̄1 : V1 → G′ and ξ̄2 : V1 →M′.

On the other hand, let 1M : M → G denote the unit map of the groupoid
G ⇒ M , and identify 1M (M) with a submanifold of G. Thus every Z ∈ TxG
can be written uniquely as Z = (a,X) where X ∈ TxM and a ∈ AGx. Then
the unit map 1̃ : AG′ → T ′G is defined by

< 1̃(ξ), (a,X) >=< ξ, a > .

According to the previous notations, it follows that, in local coordinates, 1̃ is
the identity of V̄1 ×M′. It follows that 1M → T ′G is an embedding and its
image 1̃(AG′) is a subbundle of TMG, namely the annihilator of TM .

Without loss of generality, in the above setting, we may assume that V1 =
V̄1 ⊂M and V2 = V̄2 ⊂ G. Moreover, we set TVG := TG|V = (V1×V2×M×G)
and in these coordinates the differential of the target map satisfies T t|TVG =
prV1 . In particular, each Z ∈ TV G can be written as a pair (Z1, Z2) where
Z1 : V → M and Z2 : V → G are smooth maps. Moreover, by diagram (6.2),
we obtain T t = pV1 .

Dually, we have T ′VG = V1 × V2 ×G′ ×M′. In particular,

(AGa|V1) = V̄1 ×M′ and AG′|V1 = V̄1 ×G′. (6.3)

Therefore, for any g = (y, g2) ∈ V any ξ ∈ T ′gV can be written as a pair
(ξ1, ξ2) ∈ {(y, g2)} ×G′ × {(y, g2)} ×M′ where ξ1 is a smooth map from V to
G′ and ξ2 is a smooth map from V to M′.

Also, for any ξ ∈ T ′U1
G , its components along AG|U1

is defined by its
evaluation on any section a of AG|U1

.
On the other hand, let b be a section of AG|V1 , i.e. a smooth map b → G.
Then TRg(b) belongs to T s−1(s(g)). Similarly, let a be a section of AG|U1.
Then a− T t(a) is a section of kerT t|U1, and hence TLg

(
a− ρ(a)

)
belongs to

T t−1(t(g)). Moreover, the maps (b, g) 7→ TRg(b) and (a, g) 7→ TLg
(
a− ρ(a)

)
are locally smooth in the convenient setting (using smooth curves).
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According to previous arguments, as in finite dimension, the source and
the target maps s̃, t̃ : T ′G ⇒ AG′ are well defined as follows:

< s̃(ξ), a > (g) =< ξ, TLg(a− ρ(a)) >,

< t̃(ξ), b > =< ξ, TRg(b) >
(6.4)

for all ξ ∈ T ′gG, a ∈ AGs(g) and b ∈ AGt(g).
We show that the maps s̃ and t̃ are submersions starting with t̃.
In fact, in the previous context, if ξ belongs to T ′gG, then ξ can be iden-

tified with a pair (ξ1, ξ2) where ξ1 is a smooth map from V to G′ and ξ2 is a
smooth map from V to M′. Moreover, we have < t̃(ξ), b >=< ξ, TRg(b) >=
< ξ1, TRg(b) > and, since TRg(b) belongs to G and ξ2 belongs to M′ = Ga,
the pairing 〈ξ2, TRg(b)〉 vanishes. It follows that t̃ takes values in G′ ≡ AG′g
which is smooth. Indeed, for any smooth curve γ : R → V1, the map
t 7→ R∗g(γ(t)(ξ(γ(t) is a smooth section of γ∗(T ′t−1(M)) ≡ R × M′. Note

that, for any η ∈ AG′t(g), if we set ξ = (R−1
g )∗η, then t̃(ξ) = η. Thus t̃ is

surjective and hence a submersion.
Let i : G → G be the inversion in G. Then T i is the inversion for the

induced Lie groupoid structure TG ⇒ TM . The adjoint ĩ := i∗ := T ′i is a
diffeomorphism of T ′G. Since i◦Lg = Rg it follows that R∗g = L∗g◦ ĩ. Moreover,

from the definition of s̃, it is easy to see that s̃ = t̃ ◦ ĩ and we leave the proof
as an exercise. By Proposition 4.2, it follows that s̃ is a submersion.

As in finite dimension, the multiplication m̃ on T ′G is given by

< ξ • η,X • Y > :=< ξ,X > + < η, Y >

if t̃(ξ) = s̃(η). By Proposition 4.2, we know that the set of such pairs (ξ, η) is a
submanifold (T ′G)(2) of T ′G×T ′G. If s(g) = t(h), on the one hand, the bilinear
map TgG × ThG → Tm(g, h)G: (X,Y ) 7→ X + Y is a bounded surjective map.
On the other hand, its graph TgG×ThG → Tm(g, h)G: (X,Y ) 7→ X+Y can be
viewed as a relation from TgG×ThG to Tm(g, h)G. From the surjectivity of the
multiplication Tm in T ′G and the definition of the multiplication m̃ in T ′G,
it follows that the graph of m̃ in T ′G is equal to the annihilator Ann(GTm).
The associativity of Tm implies the associativity of m̃.

Finally, under the previous local context (even in the convenient setting),
from its definition, it follows that the map (ξη) 7→ ξ • η is a smooth map from
(T ′G)(2) to T ′G, which completes the proof of (1).

Remark 6.2. T ′G ⇒ AG′ is a VB-groupoid dual of VB-groupoid
TG ⇒ TM .
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(2) Let ω be the canonical 2-form on T ′G. In a local trivialization of
T ′G, any vector X ∈ T(ξ,g)T

′G can be written as a pair (v, v′), where v ∈ TgG
and v′ ∈ T ′gG. We then have:

ω(ξ,g)(X,Y ) =< w′, v > − < v′, w >, (6.5)

if X = (v, v′) and Y = (w,w′). Let T [(T ′G) be the image of the map
ω[ : T (T ′G) → T ′(T ′G). Thus, P := (ω[)−1 : T [(T ′G) → T (T ′G) is an
isomorphism.

It follows that P is a Poisson anchor and hence T ′G ⇒ N a(M) is a partial
symplectic groupoid.

Finally, Proposition 2.30 implies that (AG,AG′) is a partial Lie bialge-
broid.

6.2. Sub-Poisson structure on a sub-groupoid of the cotangent
bundle. In the Banach framework used in [32], the authors introduce a no-
tion of sub-Poisson structure (p. 29). The following definition is an adaptation
of this notion to the convenient setting:

Definition 6.3. A convenient Lie groupoid G ⇒ M has a sub-Poisson
groupoid structure if there exists a Poisson anchor P : T [G → TG such that
T [G admits a convenient subgroupoid structure T [G ⇒ AG[ of T ′G ⇒ AG′
where AG[ is a weak subbundle of AG′. Moreover, there exists a bundle
morphism P [ : AG[ → TM such that the following diagram is commutative:

T [G

�� ��

P // TG

�� ��
AG[

P [ // TM

(6.6)

and P is a groupoid morphism over P [.

We have the following characterization:

Proposition 6.4. Consider a convenient Lie groupoid G ⇒ M endowed
with a Poisson anchor P : T [G → TG. Assume that the partial conormal set
N 0(M) is a closed sub-bundle of T [MG, and let denote P [ the restriction of P
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to N 0(M). Suppose the following diagram is commutative:

T [G
s̃
T[G

��
t̃|T[G

��

P // TG

T s

��
T t

��
N 0(M)

P [ // TM

(6.7)

Then the convenient Lie groupoid G ⇒ M is a sub-Poisson groupoid if and
only if G ⇒M admits a partial Poisson structure.

Corollary 6.5. Under any of the assumptions of Corollary 5.5, any
Lie groupoid is a sub-Poisson groupoid if and only if it is a partial Poisson
groupoid.

Remark 6.6. We can regard Proposition 6.4 as a generalization of a clas-
sical characterization of Poisson groupoid (cf. [27, Proposition 8.1]). From
Proposition 6.4, a sub-Poisson groupoid admits a partial Poisson structure.
In particular, all examples of partial Poisson -Lie groupoids given in § 4.4 are
sub-Poisson Lie groupoids. But, a priori, the converse is not true in general
without the assumption that N 0(M) is a closed sub-bundle of T [MG. Un-
fortunately, we have no example of a partial Poisson-Lie groupoid for which
N 0(M) is not a closed sub-bundle of T [MG.

Proof of Proposition 6.4. Assume that T [G ⇒ AG′ is a sub-Poisson Lie
groupoid. Since P is a groupoid morphism, it satisfies the condition

P ◦ m̃(ξ, η) = Tm
(
P (ξ), P (η)

)
, (6.8)

for all (ξ, η) ∈ (T [G)(2). Now, since we have

<
(
ξ, η,−m̃(ξ, η)

)
,
(
X,Y, Tm(X,Y )

)
>= 0

for all (ξ, η) ∈ T [(g,h)G
(2) and (X,Y ) ∈ T(g,h)G(2), the same holds for all (ξ, η)

and (ξ′, η′) in T [(g,h)G
(2), since T [G ⇒ AG[ is a sub-groupoid of T ′G ⇒ AG′. By

applying this relation to the left hand-side of (6.8), it follows that T ′G ⇒ AG′
is a partial Poisson groupoid. On the other hand, AG[ is a subgroupoid of
AG′ (in particular N 0(M) = AG[ is a closed subbundle of T [MG) and therefore
P [ must be the restriction of P to AG[. The Diagram (8.1) is then identical
to the diagram (6.7).



88 f. pelletier, p. cabau

Conversely, assume that G ⇒ M has a partial Poisson structure. On the
one hand, since the graph of m is coisotropic, this implies that the restriction
m̃[ of m̃ to T [g,h)G

(2) takes values in T [G, and its graph is a closed submanifold

of {T [G}3. It follows that the projection of the graph of m̃[ onto T [G is smooth
which implies that m̃[ is smooth. Note that the coisotropy of the graph means
that:

<
(
ξ, P (η),−P (ξ • η)

)
,
(
ξ′, η′,−ξ′ • η′

)
>= 0

for all (ξ, η) and (ξ′, η′) in (T [G)(2). But, for any g ∈ G, the annihilator of
T [G is zero. Since m̃ is surjective, it follows that P (ξ • η) = (P (ξ) + P (η)).
This implies that P satisfies the relation (6.8).

On the other hand, since M is coisotropic and N 0(M) is a closed sub-
bundle of T [MG, it follows from Theorem 5.3 thatN 0(M) carries a Lie algebroid
structure whose anchor is precisely P [. In fact, it is a subalgebroid of AG′ (cf.
Proof of Theorem 5.3).

Now, from Diagram (6.7), we have P [(t̃|T [G)(ξ) = T t◦P (ξ) for all ξ ∈ T [G.

Recall that, for any ξ ∈ T ′gG, we have t̃(ξ)(R∗g(ξ)) = t̃(ξ) which belongs to

(AG)′t(g). Therefore, t̃(◦R∗g)−1 = IdAG′t(g)
for all g ∈ G. This implies that

t̃|T [G ◦ (R∗g)
−1 = IdAG[t(g)

and it follows easily that t̃|T [G is a submersion. The same arguments apply

to s̃|T [G as well. Finally, T [G ⇒ AG[ is a subgroupoid of T ′G ⇒ AG′. Since
P satisfies the relation (6.8) as shown in the first part of the proof, it follows
that P is a groupoid morphism. This completes the proof.

6.3. The cotangent groupoid of a Lie group

6.3.1. Some preliminaries. If G is a Lie group, then its acts naturally
on its kinematic cotangent bundle T ′G by right and left translations. The right
action is given by (g, (h, ξ)) 7→ (gh, T ∗e Lg(ξ) while the left action is given by
(g, (h, ξ)) 7→ (gh, T ∗eRh(ξ). These actions induce the corresponding coadjoint
action of G on T ′G.

The right action (resp. the left action) gives rise to an isomorphism R̃
(resp. L̃) from g′ × G (resp. G × g′) to T ′G, defined by R̃(g, ξ) = (s̃g(ξ), g)

(resp. L̃(g, ξ) = (g, t̃g(ξ)), which respects the submersion s̃ (resp. t̃). We then
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have the following commutative diagrams:

g′ × G

��

R̃ // T ′G

s̃
��

g′
Idg′

// g′

, g′ × G

��

L̃ // T ′G

t̃
��

g′
Idg′

// g′

. (6.9)

Note that the arguments given in the finite-dimensional framework in [2, 2.3],
remain valid in the convenient setting for regular convenient Lie groups (see
also [21] for such a context). Thus, throughout the sequel, we assume that G
is provided with an exponential map, for example by requiring that it be a
convenient regular Lie group. We have the coadjoint action of G on g′, given
by g 7→ Ad∗g(ξ). Since L̃ is an isomorphism from T ′G onto G × g′, we can
provide T ′G with a semi-direct product given by:

(g, ξ) · (h, η) := (gh,Ad∗h−1(η) + ξ).

The coadjoint action of G on g′ induces a smooth action of the Lie algebra
g on g′ in the following way: any X ∈ g gives rise to a vector field X] on g′

whose value at ξ ∈ g′ is characterized by

〈X]
ξ , Y 〉 := 〈ξ, [X,Y ]〉 = ad∗X(Y ) (6.10)

for any Y ∈ g.

Thus, for any ξ ∈ g′, we define a bilinear alternating form ωξ on g by:

σξ(X,Y ) = 〈ξ, [X,Y ]〉 = ad∗X(Y ). (6.11)

The kernel of σξ consists of all X ∈ g such that 〈X]
ξ , Y 〉 = 0, for all Y ∈ g.

Thus, this kernel is the Lie algebra gξ of the stabilizer Gξ under the coadjoint
action at ξ. Let Oξ = {Adg(ξ) : g ∈ G} be the coadjoint orbit through ξ.
Unfortunately, in general, Oξ does not carry a convenient manifold structure.
Even when G is a Banach Lie group, Oξ need not admit a Banach manifold
structure. This holds if gξ is a supplemented Banach subalgebra of g. Of
course, this is always the case in the Hilbert setting for a finite dimensional
Lie group G. In this case, σ is a symplectic form in restriction to each orbit Oξ
and defines a Poisson structure on g′ known as the Kostant-Kirolov-Souriau
Poisson structure on g′. We will see in the next section a generalization of
this result in the Banach setting.
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As in [2], we consider the map κr : TG → g (resp. κl : TG → g) defined
by κrg = TeRg−1 (resp. κlg = TeLg−1). Note that these maps are 1-forms with
values in g and that they satisfy the Maurer-Cartan equations:

dκr +
1

2
κr ∧ κr = 0

(
resp. dκl − 1

2
κl ∧ κl = 0

)
.

Remark that κr (resp. κl) is right invariant (resp. left invariant). In fact, we
have κl = s and κr = t.

We consider the following diagram:

T (T ′G)

πT ′G
��

TπG // TG

πG

��
T ′G π

// G

Under these notations, we have:

R̃ = s× π, L̃ = π × t and s̃g = ((κlg)
−1)∗, t̃g = ((κrg)

−1)∗.

Let λ be the Liouville form on T ′G. Then the canonical symplectic form on
T ′G is given by ω = −dλ.

To show that T ′G carries a structure of partial symplectic groupoid, let
pr1 (resp. pr2)denote the projection of T ′G × T ′G on the first factor (resp.
second factor). Then by Remark 3.18, it suffices to prove that:

pr∗1ω + pr∗2ω = m∗ω. (6.12)

Since ω = −dλ, it suffices to verify relation (6.12) for λ.
Given ξ ∈ T ′gG (resp. η ∈ T ′hG)) and Ξ ∈ Tξ(T ′G) (resp. Θ ∈ Tξ(T ′G)), we

have:
T ′G(Ξ) ∈ T ′gG

(
resp. T ′G(Θ) ∈ T ′hG).

From the expression of the multiplication on the tangent space of a groupoid,
we obtain T(g,h)m̃(Ξ,Ξ2) = Ξ1 + Ξ2 which yields:

m̃∗(g,h)λ(Ξ1,Ξ2) = λg(Ξ1) + λh(Ξ2).

This shows that T ′G is endowed with a partial symplectic structure defined
by the Poisson anchor:

P = (ω[)−1 : T [(T ′G) := ω[(T (T ′G)) −→ T (T ′G).
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6.3.2. The cotangent bundle of a Lie group as a partial
symplectic groupoid. We consider the structure of a partial symplectic
groupoid on T ′G ⇒ g′ as described in the previous section.

Essentially, by application of Theorem 4.9, we have:

Theorem 6.7. Let G be a regular convenient Lie group. Its cotangent
bundle T ′G carries a structure of partial symplectic Lie groupoid over its dual
Lie algebra g′. We then have:

(1) g′, when considered as the zero section of T ′G, is Lagrangian in T ′G.

(2) The inversion in T ′G is an anti-symplectic map.

(3) Let ω be the canonical symplectic 2-form on T ′G and consider the as-
sociated partial Poisson structure P : T [(T ′G) := ω[(G) → TG. In
fact, T ′G ⇒ g′ has a sub-Poisson groupoid structure. In particular,
T [(T ′G) ⇒ g′ × g[ is a Lie groupoid 20.

(4) For each g ∈ G, each vector space Tg(s̃
−1(g)) and Tg(t̃

−1(g)) are orthog-
onal symplectic subspaces of the linear symplectic space (Tg(T

′G), ω).

(5) There exists a unique Poisson anchor Pg′ = T s ◦ P ◦ T s̃ = T t ◦ P ◦ T t̃
on g′ such that s (resp. t) is a Poisson morphism (resp. anti-Poisson
morphism). More precisely, if σ is the induced 2 form on g′ by ω, we
have:

(a) σ is the Poisson bivector associated with Pg′ .

(b) For each coadjoint orbit Oξ in g′, for any ξ ∈ O, then σξ is exactly
the form defined by relation (6.11) and its kernel gξ is a closed Lie
subalgebra of g.

(6) If G is a Banach Lie group such that kerσξ is split in g, for all ξ ∈ g′,
we have:

(c) For any ξ ∈ g′, the isotropy group Gξ of ξ, under the coadjoint
action, is a Lie subgroup of G whose Lie algebra is gξ.

(d) Each orbit Oξ is a split submanifold of g′ which is diffeomorphic to
the homogeneous space G/Gξ.

(e) ω induces a weak symplectic form on each orbit Oξ.
(f) The pair (s,−t) is a dual pair.

20cf. left vertical part of Diagram (6.7).
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Remarks 6.8. (a) Theorem 6.3.2 can be considered as a generalization
to the Banach setting of a finite-dimensional classical result concerning the
groupoid structure of the cotangent bundle of a finite dimensional Lie group
G and its connection to the Kostant-Kirilov-Souriau Poisson structure on the
dual of the Lie algebra of G (see for instance [29, 1]).

(b) In general, in the convenient setting, the last assertion (6) of
Theorem 6.3.2 is not true without these complementary assumptions. How-
ever, we will exhibit a context in which this result holds without these addi-
tional assumptions.

Proof. Assertions (1) and (2) are direct applications of Theorem 4.9.
Assertion (3) will follow from Proposition 6.4 if we show that Diagram

(6.7) commutes in this context.
Since R̃ is an isomorphism, λ = R̃∗λ is the Liouville 1-form on g′ × G and

thus λ(X, ξ) = 〈ξ,X〉. Therefore, ω = R̃∗ω is the canonical symplectic form
on g′×G. Thus, if X1 = (η1, X1) and X2 = (η2, X2) belong to Tξg

′×TgG), we
have

ω(X1,X2) = 〈η1, (X2)e〉 − 〈η2, (X1)e〉+ 〈ξ, [X1, X2]〉

where (Xi)e ∈ g is such that TeRg((Xi)e) = Xi for i ∈ {1, 2}.
Therefore, for X = X = (η,X) ∈ Tξg′ × TgG), we have:

(ω)[(X) =
(
i(η + ξ ◦ adXe),−X

)
∈ T ′(g′ × G) = g′ × g′′ × T ′G, (6.13)

where i is the canonical inclusion of g into g′′ and we set g[ = i(g). This
implies that the range of (ω)[ is (g′× g[)×T ′G. Thus T [(T ′G) := ω[(T (T ′G))
is equal to T ∗R̃((g′ × g[)× T ′G) and hence is a closed subbundle of T ′(T ′G).

Let P̄ :=
(
(ω)[

)−1
and P =

(
(ω)[

)−1
. Then the following diagram commutes:

T [(T ′G) g′ × g[ × T ′G

T (T ′G) g′ × g′ × TG

g′ × g[ g′ × g[

g′ × g′ g′ × g′

T ∗R̃

P

T s̃|T[(T ′G)

P

p
g′×g[

TR̃

pg′×s
Id

g′×g[

Pg′ P g′

T s

Idg′×g′

(6.14)



partial poisson-lie groups and groupoids 93

where s = TeL : TG→ g. By the same arguments, we also have the diagram:

T [(T ′G) g′ × g[ × T ′G

T (T ′G) g′ × g′ × TG

g′ × g[ g′ × g[

g′ × g′ g′ × g′

T ∗L̃

P

T t̃|T[(T ′G)

P

p
g′×g[

T L̃

pg′×t
Id

g′×g[

Pg′ P g′

T t

Idg′×g′

(6.15)
Now, note that it is clear that N 0(G) is nothing but g′ × g[. By superposing
the diagrams (6.14) and (6.15), the vertical right face of the resulting diagram
implies that its left vertical face gives rise to Diagram 8.1 in this context.
Therefore, the assumptions of Proposition 6.4 are satisfied, thus ending the
proof of assertion (3).

Assertion (4) is a direct application of Theorem 4.9 (4).
Assertion (5) is a direct consequence of Theorem 4.9 (3), which guarantees

the existence, uniqueness, and explicit expression of Pg′ .
From this point until the end of the proof of assertion (5), we identify g[

with g.
We now work in the setting of Theorem 2.21 with A = T ′G, endowed with

the Lie bracket of vector fields and the anchor being the identity. Therefore,
by relation [8, (7.19)], for every X = (η,X) ∈ T [(ξ,g)(T

′G), we have:

P (η,X) = (η + ξ ◦ adX ,−X) = (η + ad∗X ξ,−X) (6.16)

Since g′× g′ is identified with g′× g′×{0}, the map Pg′ may be viewed as
a map from g′ × g to g′ × g′, given by:

(Pg′)ξ(X) = ad∗Xξ (6.17)

On the one hand, from (6.13), the 2-form ωg′ induced by ω on g′ is given by:

(ωg′)ξ(X,Y ) = ad∗Xξ, Y 〉 = 〈ξ, [X,Y ]〉 = σξ(X,Y ).

On the other hand, we have:

ω′g(X,Y ) = 〈Pg′(X), Y 〉.
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Since
(
Pg′({ξ} × g)

)0
=
{
X ∈ g : 〈ad∗Xξ, Y 〉 = 0, ∀Y ∈ g

}
, we obtain(

Pg′({ξ} × g)
)0

=
{
X ∈ g : ad∗Xξ = 0

}
= kerσξ. Since the pullback of a

closed 2-form is also closed, it follows that σ is closed and thus, its kernel gξ
is a Lie algebra. This completes the proof of assertion (5).

For the proof of assertion (6), we assume that G is a Banach-Lie group
and that, for every ξ ∈ g′, the Lie algebra gξ is split. Then assertion (6)
follows from Theorem 4.9 (5). Nevertheless, we provide a complete proof in
this setting in order to make explicit the connection between the Lie groupoid
approach and the coadjoint action.

Under the previous assumptions, it follows that the Lie algebra of the
isotropy group is Gξ of ξ under the coadjoint action is gξ and hence Gξ is
a Banach Lie subgroup of G. This implies that the orbit Oξ is a Banach
submanifold of G, since its tangent space at ξ (and hence at every point of
Oξ) is isomorphic to g/gξ and is therefore supplemented. Hence, Oξ is a
submanifold of g′ and is diffeomorphic to G/Gξ (cf. [5, Example 3.5] or [4]).

Finally according to Definition 2.58, the pair (s,−t) is a dual pair.

Remark 6.9. g′ × g[ is the Lie algebroid of the Lie groupoid T [(T ′G) and
the anchor is Pg′ . Thus, when G is a Banach Lie group, the assumption ”gξ
is split” is equivalent to the condition ”kerPg′ is split at ξ”. Therefore, under
the assumptions of assertion (6), if G is connected, coadjoint orbits coincide
with the orbits of the Lie algebroid g′ × g[ acting on g′.

7. Direct sequences of partial Poisson-Lie groupoids

In this section, we study the direct limits of ascending sequences of finite-
dimensional Poisson-Lie groupoids and endow them with convenient struc-
tures.

Definition 7.1. An ascending sequence of finite-dimensional Poisson-Lie
groupoids (Gi ⇒Mi,Mi, Pi)i∈N consists of the following data:

(Gi ⇒Mi)i∈N is a sequence of finite-dimensional Lie groupoids, together
with close embedding structures maps:

ϕji : Gi −→ Gj and εji : Mi −→Mj , i ≤ j,

fulfilling the following properties:

(ASPLG1) (Mi)i∈N is an ascending sequence of finite-dimensional manifolds
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with bonding maps
(
εji

)
i≤j

, and (Gi ⇒Mi)i∈N is an ascending sequence

of finite-dimensional Lie groupoids.

(ASPLG2) For every i ≤ j, the pair (ϕji , ε
j
i ) : Gi ⇒ Mi −→ Gj ⇒ Mj is a

Lie groupoid morphism21 and the maps ϕji and εji are compatible with
units, inverses and multiplication.

(ASPLG3) Each Gi is endowed with a Poisson structure πi such that
(Gi ⇒Mi, πi) is a Poisson-Lie groupoid, and for every i ≤ j, the map
ϕji is a Poisson map.

(ASPLG4) The structure maps are compatible with the inclusions, namely

sj |ϕji (Gi) = εji ◦ si ◦ (ϕji )
−1 and tj |ϕji (Gi) = εji ◦ ti ◦ (ϕji )

−1,

and similarly for the unit, inversion and multiplication maps.

Proposition 7.2. Let (Gi ⇒Mi)i∈N be a direct sequence of finite dimen-
sional Lie groupoids. Then:

(1) The direct limits G = lim−→Gi and M = lim−→Mi carry natural structures of
Hausdorff convenient manifolds.

(2) The direct limit 1 = lim−→1i is a smooth closed immersion M = lim−→Mi

→ G;

(3) the direct limits s = lim−→si and t = lim−→ti are smooth submersions from
G onto M ;

(4) m = lim−→mi is a smooth map from the convenient manifold G(2) =

lim−→G
(2)
i to G;

(5) i = lim−→ii is a smooth diffeomorphism of G.

Consequently, G ⇒ M inherits a natural structure of Hausdorff convenient
Lie groupoid, called the direct limit Lie groupoid of the direct sequence
(Gi ⇒Mi)i∈N.

Moreover, its Lie algebroid is naturally isomorphic to the direct limit of
the corresponding sequence of finite-dimensional Lie algebroids

(
AGi,Mi,

ρi, [ , ]i
)
i∈N.

21Equivalently, sj ◦ ϕji = εji ◦ si and tj ◦ ϕji = εji ◦ ti.
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Remark 7.3. Since G (resp. M) is obtained as the direct limit of an
ascending sequence of finite-dimensional manifolds, its typical modelling space
is the strict inductive limit R∞ := lim−→Rn.

By [24], R∞ is a convenient reflexive locally convex vector space.
Therefore, G and M inherit natural structures of convenient manifolds mod-
elled on R∞.

Theorem 7.4. Let (Gi ⇒Mi)i∈N be an ascending sequence of finite
dimensional Lie groupoids and G ⇒ M its direct limit Lie groupoid. Then,
for each x = x = lim−→xi ∈M , the following properties hold:

(1) The isotropy group G(x) is a convenient Lie group which is the direct
limit of the sequence of isotropy groups (Gi(xi))i∈N.

(2) The orbit G.x is an immersed convenient submanifold of M , and G ·x =
lim−→ (Gi · xi).

(3) The restriction tx := t|G(x,−) : G(x,−) → M is a G(x) principal bundle
which is the direct limit of the sequence of principal bundles (ti)xi :
Gi(xi,−)→Mi.

(4) The associated convenient Lie algebroid (AG,M, ρ, [ , ]) is split and, for
any x ∈M , its orbit G.x is a closed immersed submanifold of M whose
connected components are orbits of the Banach-Lie algebroid AG.

Example 7.5. Direct limit of finite-dimensional cotangent groupoids.
Let (Gi⇒Mi)i∈N be an ascending sequence of finite-dimensional Poisson-Lie

groupoids, where each structure map ϕji : Gi → Gj is an injective immersion
and a morphism of Lie groupoids, identifying Gi with a Lie subgroupoid of Gj .

Assume that, for every i ≤ j, there exists a smooth vector bundle splitting
along Gi:

TGj |Gi = TGi ⊕N j
i ,

where N j
i is a smooth choice of a supplement, and that the sequence (N j

i ) is
compatible in the sense that for all i ≤ j ≤ k,

TGk |Gi = TGi ⊕Nk
i and Nk

i |Gj = N j
i ⊕N

k
j .

Define, for each i ≤ j, a bundle morphism ιji : T Gi → T Gj as follows.

For g ∈ Gi and αg ∈ T ∗g Gi, the covector ιji (αg) ∈ T ∗
ϕji (g)
Gj is the unique

element satisfying:

(Tgϕ
j
i )
∗
(
ιji (αg)

)
= αg and ιji (αg)|Nj

i (g)
= 0.
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Then each ιji is a smooth injective vector bundle morphism, and the compat-
ibility of the splittings implies:

ιii = IdT ∗Gi and ιkj ◦ ι
j
i = ιki (i ≤ j ≤ k).

Each cotangent bundle T ∗Gi ⇒ AG∗i carries its canonical symplectic Lie

groupoid structure. The maps ιji are Lie groupoid morphisms compatible
with these structures, hence(

T ∗Gi ⇒ AG∗i , ι
j
i

)
i∈N

forms an ascending sequence of finite-dimensional symplectic Lie groupoids.

Moreover, G = lim−→Gi exists in the category of convenient manifolds, and
the direct limits

T ′G := lim−→T ∗Gi, AG′ := lim−→AG
∗
i

exist in this category, and the induced groupoid

T ′G ⇒ AG′

inherits a natural structure of strong convenient symplectic Lie groupoid.

8. Von Neumann algebras and Lie-Poisson structures

Von Neumann algebras were originally introduced by John von Neumann
in the context of operator theory and quantum mechanics. These structures
since become fundamental objects in functional analysis, non commutative
geometry, and mathematical physics (see [12]). Their geometric aspects, in-
cluding the Banach-Lie groupoids naturally associated with W ∗-algebras, have
been extensively studied.

In this section, we apply the Poisson-geometric framework developed in
the previous sections to groupoids arising from von Neumann algebras. We
first recall the construction of the groupoid associated with a von Neumann
algebra and then consider the orbit groupoid of projections. Next, we in-
troduce Lie-Poisson structures on the corresponding weak cotangent bundle
groupoid. Finally, we illustrate these constructions in the important example
M = L∞(H), where the associated Fredholm groupoid provides a concrete
realization of the theory.
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8.1. Von Neumann algebras. Let H be a separable complex Hilbert
space with inner product 〈.|.〉 and associated norm ||.||. We denote by L∞(H)
the Banach algebra of all bounded linear operators on H, equipped with the
operator norm L∞(H) defined by ||A||∞ = sup||x||≤1Ax.

It is an involutive Banach algebra with involution given by the adjoint
A 7→ A∗, and a Lie algebra structure induced by the commutator

[A,B] := AB −BA,

where AB denotes composition A ◦B.

We recall several standard operator topologies on L∞(H):

(1) The strong operator topology.

A basis of neighbourhoods of A ∈ L∞(H) for this topology is

V (A, x1 . . . , xn, ε) :=
{
B : ∀ i ∈ {1, . . . , n}, ||(B −A)xi||∞ < ε

}
.

(2) The weak operator topology.

A basis of neighbourhood of A ∈ L∞(H) for this topology is

V (A, x1 . . . , xn, η1, . . . , ηn, ε) :=
{
B : ∀ i ∈ {1, . . . , n}, |〈(B−A)xi|ηi〉| < ε

}
.

(3) The weak topology.

It is the topology of pointwise convergence on H in the ”weak topology”
on H according to the inner product.

We have the following order between these topologies

{weak operator topology} < {strong operator topology} < {norm topology}.

A unital22 ∗-subalgebra of L∞(H) is a unital subalgebra b ⊂ L∞(H) that is
closed under the adjoint operation:

A ∈ b =⇒ A∗ ∈ b.

Definition 8.1. A von Neumann algebra is a unital ∗-subalgebra
M ⊂ L∞(H) which is closed in the weak operator topology.

22That is the subalgebra contains the identity operator IdH.
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Remark 8.2. For any Banach space E, a predual of E is a Banach space
E∗ such that (E∗)′ is isomorphic to E.

In general, a Banach space may admit several non-isomorphic preduals.
A remarkable result due to S. Sakai (cf. [37]) states that a C∗-algebra M is
a von Neumann algebra if and only if it admits a unique predual M∗. Thus,
von Neumann algebras may be characterized intrinsically as those C∗-algebras
that are dual Banach spaces.

A fundamental example is provided by the trace-class operators L1(H),
whose dual space is canonically identified with L∞(H):

(L1(H))′ ∼= L∞(H).

Hence L1(H) is the predual of the von Neumann algebra L∞(H). Moreover,
the dual of the space LK(H) of compact operators is canonically identified
with L1(H).

Example 8.3. Any finite dimensional unital ∗-subalgebra of L∞(H) is a
von Neumann algebra.

Example 8.4. Let ([0, 1],B([0, 1]), dx) be the unit interval equipped with
the Lebesgue measure, and consider the Hilbert space H = L2([0, 1], dx). The
algebra L∞([0, 1], dx) can be identified with the algebra of bounded multiplica-
tion operators on H. More precisely, for each f ∈ L∞([0, 1], dx), the operator
Mf : L2([0, 1], dx)→ L2([0, 1], dx) is defined, for every f ∈ L∞([0, 1], dx) by:

(Mf (g)) (x) = f(x)g(x), g ∈ L2([0, 1], dx).

The collection {Mf : f ∈ L∞([0, 1], dx)} forms a commutative von Neumann
algebra.

8.2. Groupoid associated with a Von Neumann algebra. For
this paragraph, we refer to [34].

Let M be a von Neumann algebra. We denote by L(M) the lattice23 of
projections of M and by U(M) the unitary group of M, namely:

L(M) := {p ∈M : p = p2 = p∗} and U(M) := {u ∈M : u∗u = uu∗ = 1}.
23The set L(M) is partially ordered by p ≤ q ⇔ pq = p. In fact, L(M) is a lattice: a

partially ordered set (L,≤) is called a lattice if every two-element subset {a, b} ⊂ L admits
a least upper bound a ∨ b and a greatest lower bound a ∧ b.
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For x ∈ M, let x = u|x| be its polar decomposition, where |x| = (x∗x)1/2 ∈
M+ and M+ denotes the cone of positive elements of M.

The operator u ∈ M is a partial isometry24, uniquely determined by the
conditions

u∗u = s(x), uu∗ = t(x),

where s(x), t(x) ∈ L(M). In particular, these are projections in the lattice
L(M).

For each projection p ∈ L(M), let G(pMp) denote the group of invertible
elements of the von Neumann algebra pMp, and let U(pMp) denote its unitary
group.

In particular, when p = 1, one has pMp = M, and we simply write G(M)
and U(M).

For any x ∈ M, let x = u|x| be its polar decomposition, where |x| =
(x∗x)1/2 ∈M+ and u is a partial isometry. If p = s(x) := u∗u, then |x| ∈ pMp,
since p|x| = |x| = |x|p.

We define

G(M) :=
{
u ∈M : u∗u ∈ L(M) and uu∗ ∈ L(M)

}
.

The following theorem summarizes some essential results proved in [32], 2:

Theorem 8.5. 1. G(M) has a canonical structure of groupoid over
L(M), where:

(i) the identity section 1 : L(M)→ G(M) is the natural inclusion;

(ii) the source and target maps s, t : G(M) → L(M) are given, for
x = u|x|, by

s(x) = u∗u and t(x) = uu∗

(iii) the multiplication is the product in M, defined for x, y ∈ G(M)
whenever s(x) = t(y), and in this case xy ∈ G(M);

(iv) the inverse i : G(M)→ G(M) is given by i(x) = x∗.

2. G(M) is a wide subgroupoid of G(M) ⇒ L(M).

24An element u ∈M is called a partial isometry if u∗u is a projection (equivalently, uu∗

is a projection).
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8.3. The orbit groupoid of projections in a von Neumann al-
gebra. For this subsection, we again refer to [32].

Given a Von Neumann algebra M, recall that two projections p, p′ ∈ M
are called Murray-von Neumann equivalent and denoted p ∼ p′ if there exists
u ∈M such that p = uu∗ and p′ = u∗u. Fix some p0 ∈ L(M) and set

Lp0 := {p ∈ L(M) : p ∼ p0},

Gp0(M) := t−1
(
Lp0(M)

)
∩ s−1

(
Lp0(M)

)
.

Then Gp0(M) ⇒ Lp0(M) is a subgroupoid of G(M ⇒ L(M). If p ∼ p0, then
Gp(M) ⇒ Lp(M) and Gp0(M) ⇒ Lp0(M) coincide. From Theorem 4.4 and
[32] on the other hand, we have the following illustration of Theorem 4.4 in
this context:

Theorem 8.6. 1. Each Gp0(M) ⇒ Lp0(M) is an open and closed sub-
groupoid of the Banach-Lie groupoid G(M) ⇒ L(M).

2. The Banach-Lie groupoid G(M) ⇒ L(M) is a disjoint union of the
Banach-Lie groupoids Gp0(M) ⇒ Lp0(M) for p0 ∈ L(M). In particular,
each set Lp0(M) is an orbit of the groupoid G(M) ⇒ L(M).

3. Let P0 := s−1(p0)∩Gp0(M). Then P0 → Lp0(M), given by the restriction
of the target map, is a principal bundle with structure group G0 := {g ∈
Gp0(M) : s(g) = p0, t(g) = p0}, i.e. the isotropy group at p0.

To clarify the connection between the proofs in [32] and direct applications
of Theorem 4.4, we conclude this subsection by interpreting these results in
the setting of von Neumann algebras, following the results of Section 1 in [32].

For a fixed p0 ∈ L(M), the set P0 is an open subset of Mp0. Moreover,
G0 denotes the group G(p0Mp0) of invertible elements of the von Neumann
subalgebra p0Mp0.

There is a natural free right action of G0 on P0, which induces a
G0-principal bundle

P0 −→ P0/G0 and (P0 × P0) −→ (P0 × P0)/G0,

both of which are isomorphic to the principal bundle P0 −→ Lp0(M). In par-
ticular, Lp0(M) (respectively Gp0(M)) is isomorphic to P0/G0 (respectively
(P0 × P0)/G0). In fact, we have the following diagram of groupoid isomor-
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phisms (see [32, Proposition 1.4]):

(P0 × P0)/G0
//

�� ��

Gp0(M)

�� ��
P0/G0

// Lp0(M)

8.4. Lie-Poisson structures on the weak cotangent bundle
groupoid. For fixed p0 ∈ L(M), we set P0 = s−1(p0). Then P0 is an
open subset of the manifold Mp0. Thus the tangent bundle TP0 is isomorphic
to P0 ×Mp0, and its cotangent bundle is isomorphic to P0 × p0M

∗.

Consider the predual (Mp0)∗ = p0M∗ of (Mp0)∗ = p0M
∗. Hence the

bundle P0 × p0M∗ is a weak Banach subbundle of P0 × p0M
∗, which defines

a weak Banach subbundle T∗P0 of T ∗P0. We denote by ι : T∗P0 ↪→ T ∗P0 the
inclusion morphism.

Now, according to [32, Proposition 5.2 and Remark 5.1], if ω denotes the
canonical symplectic form on T ∗P0, then ω0 = ι∗ω is a weak symplectic form
on T∗P0. More precisely, identifying T∗P0 with P0 × p0M∗ and T ∗P0 with
P0 × p0M

∗, we obtain:

T (T∗P0) ' (P0 × p0M∗)× (Mp0 × p0M∗),

and the image of ω[0 is

T [(T∗P0) ' (P0 × p0M∗)× (Mp0 × p0M∗)

⊂ (P0 × p0M∗)× (Mp0 × (Mp0)∗) ' T ∗(T∗P0).

Finally, the weak symplectic form ω0 defines a Poisson-Lie structure on the
algebra A(T∗P0) associated with T [(T∗P0). In particular, P := (ω[0)−1 is a
Poisson anchor.

On the other hand, we consider the pair groupoid T∗P0 × T∗P0 ⇒ T∗P0

and the Poisson anchor

P×P : T [(T∗P0 × T∗P0) −→ T (T∗P0 × T∗P0).

In [32, P. 40] it is proved:
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Proposition 8.7. The groupoid T∗P0 × T∗P0 ⇒ T∗P0 admits a sub-
Poisson groupoid structure associated with the following commutative dia-
gram of groupoid morphisms:

T [(T∗P0 × T∗P0)

�� ��

P×P // T (T∗P0 × T∗P0)

�� ��
T [(T∗P0)

P // T (T∗P0)

. (8.1)

8.5. Fredholm groupoid associated with M = L∞(H). In this sec-
tion, we consider the von Neumann algebra M = L∞(H) and recall results
from [32, Section 6.3].

Recall that the Banach predual (L∞(H))∗ is L1(H), and that the dual
pairing between L1(H) and L∞(H) is given by

〈A,B〉 := Tr(AB).

The set L(L∞(H)) of orthogonal projections is naturally identified with L(H).
The associated groupoid G(L∞(H)) ⇒ L(L∞(H)) can therefore be identified
with the groupoid G(H) ⇒ L(H), where the source and target maps are given
by:

s(A) = (kerA)⊥ and t(A) = ImA.

For N ∈ N, let LN (H) be the set of projections of rank N , and define

Lfin(H) :=

∞⋃
N=1

LN (H).

We then set
Gfin(H) := s−1

(
Lfin(H)

)
∩ t−1

(
Lfin(H)

)
.

Thus Gfin(H) ⇒ Lfin(H) is the groupoid of finite-rank operators.
On the other hand, consider the groupoid G∞(H) ⇒ L∞(H) of partially

invertible operators with infinite-dimensional range.
We define the involution ⊥: L(H) → L(H) by ⊥ (p) := p⊥ := 1 − p,

for every p ∈ L(H). This map is an involutive automorphism of L(H), i.e.
⊥ ◦ ⊥= IdL(H).

We define the subgroupoid GFred(H) ⇒ LFred(H) of G∞(H) ⇒ L∞(H) by
setting

LFred(H) :=⊥
(
Lfin(H)

)
,
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and
GFred(H) := s−1

(
LFred(H)

)
∩ t−1

(
LFred(H)

)
.

Now, as before, for any fixed p0 ∈ L(H), we consider

PFred
0 := s−1(p0) ∩ GFred(H).

To PFred
0 is associated a weak Banach subbundle T∗P

Fred
0 of T ∗PFred

0 , whose
fibres are the preduals of the fibres of TPFred

0 .
Then, by the same arguments as in the proof of Proposition 8.7, we obtain:

Proposition 8.8. The groupoid T∗P
Fred
0 × T∗P

Fred
0 ⇒ T∗P

Fred
0 admits

a sub-Poisson groupoid structure associated with the following commutative
diagram of groupoid morphisms:

T [(T∗P
Fred
0 × T∗PFred

0 )

�� ��

P×P // T (T∗P
Fred
0 × T∗PFred

0 )

�� ��
T [(T∗P

Fred
0 )

P // T (T∗P
Fred
0 )

(8.2)

A. Bounded operators on a complex Hilbert space

A.1. Basic preliminaries. The following results on the space of boun-
ded operators on a complex separable Hilbert space are classical. They can
be found in the concise and complete notes [18] (see also [12]).

A.1.1. Basic properties of bounded operators on a separable
complex Hilbert space. Let H be a separable complex Hilbert space.
We denote by 〈.|.〉 its inner product and ||.|| its associated norm. Let L∞(H)
be the Lie algebra Banach space of bounded linear operators on H edowed
with the classical operator norm ‖A‖∞ = sup

||x||≤1
A.x and the Lie bracket of

commutator [A,B] = AB −BA where AB means the composition A ◦B.
We now recall some classical properties of bounded operators.
The adjoint of A ∈ L∞(H) is denoted by A∗.
An operator A ∈ L∞(H) is called self-adjoint if A = A∗.
An operator p ∈ L∞(H) is called a projection if p2 = p = p∗.
An operator A ∈ L∞(H) is called positive if 〈Ax|x〉 ≥ 0 for all x ∈ H; in

this case, A is self-adjoint.
For A,B ∈ L∞(H), we write A ≥ B if A−B is positive.
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An operator u ∈ L(H) is an isometry if uu∗ = Id.
An operator u ∈ L(H) is unitary if uu∗ = u∗u = Id.
An operator u ∈ L(H) is a partial isometry if u∗u is a projection.

Lemma A.1. If u is a partial isometry then so is u∗.
The subspace u∗H is closed and is called the initial domain of u, while the

subspace uH is also closed and is called thefinal domain of u.

If A is positive, then A = A∗ and it admits a unique positive square root
A1/2, i.e. an operator B such that B2 = A.

For any A ∈ L(H), we set |A| = (A∗A)
1
2 .

Lemma A.2. For any A ∈ L(H), there exists a partial isometry u such
that A = u|A|, and u is unique under the condition that its initial space is
(kerA)⊥. The final space of u is AH = (kerA∗)⊥. Such a decomposition is
called the polar decomposition of A.

A.1.2. Some classical Banach sets of bounded operators. The
trace of a positive operator is defined by:

TrA :=

+∞∑
n=0

〈en|Aen〉

where (en)n∈N is an orthonormal basis of H. This value does not depend on
the choice of the orthonormal basis.

The set L2(H) of Hilbert–Schmidt operators is the subspace of L∞(H)
consisting of operators A such that

‖A‖2 :=
(

Tr(A∗A)
)1/2

<∞.

It is a Banach space for the norm ‖.‖2, stable under the commutator bracket,
and it is a two-sided ideal of L∞(H).

For any A ∈ L∞(H), the operator A∗A is positive and admits a square root,
so the set L1(H) of trace-class operators is defined as the space of operators
A ∈ L∞(H) such that

‖A‖1 := Tr
(

(A∗A)1/2
)
<∞.

It is a Banach space for the norm ‖.‖1, stable under the commutator bracket.
Moreover, we have

|Tr(A)| ≤ ‖A‖1,
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and thus L1(H) ↪→ L2(H) continuously.
For any 1 < p < ∞, let Lp(H) denote the space of operators A ∈ L∞(H)

such that:

‖A‖p :=
(

Tr((A∗A)p/2)
)1/p

<∞.

It is a Banach space for the norm ‖.‖p, stable under the commutator bracket.
For 1 < p < 2 < q <∞, we have the continuous inclusions:

L1(H) ↪→ Lp(H) ↪→ L2(H) ↪→ Lq(H) ↪→ L∞(H). (A.1)

Note that Lp(H) is dense in L2(H), and it is continuously embedded in L∞(H),
but it is not supplemented in general.

The bilinear map (A,B) 7→ Tr(AB) defines:

• a strong duality pairing between L2(H) and itself;

• a weak duality pairing between L1(H) and L∞(H), and, in particular,
L∞(H) can be identified with the dual of L1(H);

• a strong duality pairing between Lp(H) and Lq(H) when
1

p
+

1

q
= 1, so

that (Lp(H))∗ ' Lq(H) and conversely.

A.2. Finite rank and compact operators. Throughout, we fix an
orthonormal basis (en)n∈N of H.

Let Lfin(H) denote the subspace of operators A ∈ L∞(H) whose range is
finite-dimensional.

An operatorA ∈ L∞(H) is called compact if the image of the closed unit
ball inH under A is relatively compact. We write LK(H) the space of compact
operators on H.

The following properties of LK(H) are classical.

• The space LK(H) is the closure of Lfin(H) in L∞(H) relative to the norm
|| ‖|∞. In particular, LK(H) is closed in L∞(H).

• LK(H) is an ideal of the algebra L∞(H). In particular, LK(H) is a Lie
subalgebra of L∞(H).

• One has L2(H) ⊂ LK(H).

• The continuous dual of LK(H) is canonically identified with L1(H):

LK(H)′ = L1(H),

and the continuous dual of L1(H) is

L1(H)′ = L∞(H).
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Remark A.3. Consider the map Φ : `∞(N)→ L∞(H) given by:

Φ(λn)(x) =
+∞∑
n=0

λn〈x|en〉en.

Then we have:

• Φ−1(Lfin(H)) = c00(N), where c00(N) denotes the space of finitely sup-
ported complex sequences;

• Φ−1(LK(H)) = c0(N), where c0(N) denotes the space of complex se-
quences converging to 0.

Moreover, in each previous situation, Φ is an isometry.
It is well known that, for 1 < p < 2 < q < ∞, we have the continuous

inclusions:

`1(N) ↪→ `p(N) ↪→ `2(N) ↪→ `q(N) ↪→ c0(N) ↪→ `∞(N)

where each embedding is continuous. On the other hand, c00(N) ⊂ `1(N)
is a convenient space which can be viewed as algebraic direct limit of the
increasing sequence of finite-dimensional spaces

`(n) :=
{
x = (xk)k∈N : xk = 0 for k > n

}
(cf. proof of Proposition A.4). Moreover, c00(N) is dense in `1(N) and the
inclusion c00(N) ↪→ `1(N) is continuous with respect to its convenient topology.

As in Remark A.3, an analogous situation holds for the corresponding
spaces of bounded operators:

Proposition A.4. The space Lfin(H) carries a natural convenient vector
space structure, and is dense in L1(H). Moreover, the inclusion

Lfin(H) ↪→ L1(H)

is continuous when Lfin(H) is equipped with its convenient topology and L1(H)
with its Banach space norm topology.

In particular, for 1 < p < 2 < q < ∞, we obtain the chain of continuous
inclusions:

Lfin(H) ↪→ L1(H) ↪→ Lp(H) ↪→ L2(H) ↪→ Lq(H) ↪→ LK(H) ↪→ L∞(H), (A.2)

Moreover, for every 1 ≤ k ≤ ∞, the diagonal identification Φ satisfies:

Φ−1
(
Lk(H)

)
= `k(N).
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Proof. Let Hn be the finite-dimensional vector subspace of H generated
by {e0, . . . , en}. We consider the canonical inclusion ιn : Hn ↪→ Hn+1. If
L(Hn) denotes the Banach space of continuous endomorphisms of Hn, then
we obtain an induced inclusion ιLn : L(Hn) ↪→ L(Hn+1). Thus, the sequence
{L(Hn), ιLn}n∈N forms an ascending sequence of Banach spaces and its direct

limit lim−→L(Hn) =
⋃
n∈N

L(Hn) is contained in a convenient subspace of L1(H).

Since L(Hn) is a Banach subspace, each inclusion ιLn of L(Hn) into L1(H) is
continuous and so is the inclusion lim−→ι

L
n of lim−→L(Hn) in L1(H) (cf. [8, 5.4]).

Note that lim−→L(Hn) =
⋃
n∈N L(Hn) is also contained in Lfin(H). Consider

A ∈ Lfin(H). Then the Kernel K of A is finite codimensional and its range
R = A(E) is finite dimensional. Therefore, there exists n ∈ N such that
K +Hn = H and R ⊂ Hn. Thus, the restriction An of A to Hn belongs to
L(Hn). For any m ≥ n, the restriction Am to Hm also belongs to L(Hn) and
the restriction of Am to Hn is An. It follows that A = lim−→An and, finally, we

have lim−→L(Hn) = Lfin(H). This completes the proof of the first part.

Relation (A.2) is then a direct consequence of the previous result and (A.1).
Finally, the last part is a consequence of Remark A.3 and the definition of
each Banach space Lk(H) for 1 ≤ k ≤ ∞.
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1 – 62.

[11] R. Dahmen, “Direct limit constructions in infinite dimensional Lie theory”,
PhD Thesis, Universität Paderborn, 2011.
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