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1. INTRODUCTION

A commutative algebra satisfying the Jacobi identity called a Jacobi-
Jordan algebra was introduced first in [2I], where an important example
of infinite-dimensional solvable but not nilpotent Jacobi-Jordan algebra was
given. They are rather special objects in the jungle of non-associative algebras.
Different names are used to study these algebras, indeed they are called mock-
Lie algebras, Jordan algebras of nil index 3, Lie-Jordan algebras, pathological
algebras or Jacobi-Jordan algebras in the literature [5 6] [8, 9 15, 18], 19, 22].
In contrary to associative and nonassociative algebras, results on the coho-
mology theory of Jacobi-Jordan algebras are relatively scarce for a long time.
Recently, analogous to the existing theories for associative and Lie algebras,
cohomology and deformation theories for Jacobi-Jordan algebras are devel-
oped [7] where it is observed that they have several properties not enjoyed
by the Hochschild theory. Actually, this cohomology is called a zigzag coho-
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mology since its complex is defined by two sequences of operators. Moreover,
a weighted Rota-Baxter Jacobi-Jordan algebra and their representations are
studied in [2] where several new constructions of representations on these
algebraic structures are given. Observe that the first appearance of Rota-
Baxter operators on Hom-algebra is back to the paper [14]. Likewise, a gen-
eralized version of these operators called relative Rota-Baxter operators(or
O-operators), has subsequently been studied in [I3], I7] (see also [3, [4]).

Due to the importance of Hom-algebras in several domains, the twisted
generalization of Jacobi-Jordan algebras called Hom-Jacobi-Jordan algebras
is initiated in [10] while its representation theory is introduced in [3]. Roughly,
a Hom-type of a given algebra is obtained by a certain twisting of the defining
identities by a twisting map, in such a way that when this twisting map is
the identity map, then one recovers the original algebra. The first class of
Hom-algebras is the one of Hom-Lie algebras by Hartwig, Larsson and Sil-
verstory [I1] to characterize the structures on deformations of the Witt and
the Virasoro algebras. Hom-Jacobi-Jordan algebras are very close to Hom-Lie
algebras having only the skew-symmetry condition replaced by the symme-
try condition. Cohomology and deformation of associative and nonassociative
algebras have been extended to Hom-associative and non-Hom-associative al-
gebras in many papers these lastest years. Observe that in [16], a study of the
low dimensional cohomology of metric Hom-Jacobi-Jordan algebras is given
where n-coboundary operator is defined just for n = 1,2. Moreover, it is
established a one-to-one correspondence between the equivalence classes of
abelian quadratic extensions of a Hom-Jacobi-Jordan algebra and its second
cohomology group. The aim of this work is, among other things, to extend
the cohomology theory of Hom-Jacobi-Jordan algebras started in [16]. More
precisely, we define n-coboundary operator for any nonnegative integer n.
Observe that, as Jacobi-Jordan algebras, we introduce cohomology theory of
Hom-Jacobi-Jordan algebras and it is observed that this cohomology is also a
zigzag cohomology since the complex is defined by two sequences of operators.

A description of the rest of this paper is as follows. In Section [2, some
basic notions and concepts of Hom-Jacobi-Jordan algebras and their repre-
sentations are given. In Section [3] derivations of Hom-Jacobi-Jordan alge-
bras are studied and generalized to derivations of Hom-Jacobi-Jordan alge-
bras with values in representations. For any nonnegative integer k, we define
a-derivations of Hom-Jacobi-Jordan algebras. Several results are proved, in
particular, a necessary and sufficient condition for the anti-commutator of two
a-derivations (respectively a-antiderivations) to be an a-derivation (respec-
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tively c-antiderivation) is obtained. In Section |4, we introduce a cohomology
for Hom-Jacobi-Jordan algebras. As Jacobi-Jordan algebras case, it is called a
zigzag cohomology since it deals with two types of cochains and two sequences
of operators. As applications, we explore the low degree cohomology spaces
and explicit computations on examples are provided. Next, trivial and adjoint
representations of Hom-Jacobi-Jordan algebras are studied and some results
are obtained. Finally, in Section [5, as Jacobi-Jordan algebras case [4], we
study cohomologies of relative Rota-Baxter operators of Hom-Jacobi-Jordan
algebras with respect to a representation. Next, linear deformations and for-
mal deformations of Hom-Jacobi-Jordan algebras as well as those of relative
Rota-Baxter operators are explored.

Throughout this paper, all vector spaces and algebras are meant over a
ground field K of characteristic 0.

2. BASIC RESULTS ON HOM-JACOBI-JORDAN ALGEBRAS

In this section, we introduce some notations and basics about Hom-Jacobi-
Jordan algebras and their representations. Some results are proved and many
examples of these Hom-algebras are given. For general results about Hom-
Jacobi-Jordan algebras and their applications see for instance [3], 10, [16].

DEFINITION 2.1. A Hom-algebra is a tuple (A, u, @) in which (A, «) is a
Hom-module, p : A®2 — A is a linear map. The Hom-algebra (A, p, ) is
said to be multiplicative if a0 = o a®2. A morphism f : (A, pa,aa) —
(B, up,ap) of Hom-algebras is a morphism of the underlying Hom-modules
such that f oy = pp o f2.

DEFINITION 2.2. A Hom-associative algebra is a multiplicative Hom-
algebra (A, u,a) satisfying

p((z,y),a(2)) = pla(z), ply,2)),  Va,y,z €A
Let us give the definition of the main Hom-algebra of this paper.

DEeFINITION 2.3. A Hom-Jacobi-Jordan algebra is a multiplicative Hom-
algebra (A, %, ) such that

x*xy =y *x (commutativity), @.1)
Jo(7,Y,2) = O(py,2) (T xy) xa(z) =0, Va,y,z € A, .
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where O, ) is the sum over the cyclic permutation of z,y, z and J, is called
the Hom-Jacobian.

Remark 2.4. If o = Id (identity map) in a Hom-Jacobi-Jordan algebra
(A, *,a), then it reduces to a usual Jacobi-Jordan algebra (A, x). It follows
that the category of Hom-Jacobi-Jordan algebras contains the one of Jacobi-
Jordan algebras.

ExXAMPLE 2.5. Let A be a 3-dimensional vector space generated by
(e1,e2,€e3). Then A; := (A, *,a) is a Hom-Jacobi-Jordan algebra where
ale1) := 2e3, a(ez) = 4es, afes) := 2e; with non-zero products given by
e1 *e] = ez *x ez = 4eo.

It is easy to prove:

PROPOSITION 2.6. Let (A,*) be a Jacobi-Jordan algebra and oo : A — A
be a morphism of the algebra (A,x). Then A, := (A,*q := @ o *,a) is a
Hom-Jacobi-Jordan algebra.

EXAMPLE 2.7. Let Ay = (A, *) be the Jacobi-Jordan algebra defined and
denoted by Aj 4 in ([8], Proposition 3.4). It is defined with respect to a basis
(e1,€2,€e3,€4) by

€1 *xe; = €9, €1 X €3 = €3 x €1 = €4.
A linear map o : A — A defined by
ar by ¢ dq
a9 b2 (&) dg
as b3 C3 d3
as bs cq4 dy
is a self-morphism of Aj if and only if
ale; x ej) = ale;) * a(e;), Y (i,7) € {1,2,3,4} with i < j. (2.2)

Observe that (2.2)) holds for Az if and only if

bl = b3 = C1 = d1 = dg = d3 = 0, b2 = a%, b4 = 2&1@3, d4 = aics.
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Hence,

ay 0 0 0
a9 a% Co 0
as 0 C3 0
aq 2a1 az C4 aics

and by Proposition As is twisted into the Hom-Jacobi-Jordan algebra
(A2)a = (A, *q4, @) with non-zero products given by

e1 %o €1 = aley + 2a1azey, €1 *q €3 = €3 %o €1 = a1C364.
This Hom-Jacobi-Jordan algebra is non-zero if and only if a; # 0.

Let us give examples of 5-dimensional Hom-Jacobi-Jordan algebras.

EXAMPLE 2.8. It is proved ([8], Proposition 4.1) that any non associative
Jacobi-Jordan algebra of dimension 5 over an algebraically closed field of char-
acteristic different from 2 and 3, is isomorphic to the following algebra, given
by the products of the basis (eq,...,e5) as follows:

(A1) 1 e1 xe1 = eg, €1 % eq4 = €4 % €] = €5,
1
(A2)261*65:€5*61:—§€3, eg * eq = ey % eg = e3,
If (A, *) is a 5-dimensional Jacobi-Jordan algebra with basis (e, ..., es), then

a linear map o : A — A defined by

ap by o di t
ag by co dy to
o= as b3 C3 d3 t3
ag by cq dy ty4
as bs c5 ds s

is a self-morphism of (A, ) if and only if
ale; x e;) = ale;) * ale;), V(i,7) € {1,2,3,4,5}% with i <j.  (2.3)

Now, with the linear map « given as above, we shall discuss the conditions

(2.3) for each of the types (Al) and (A2).
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e Case of type (4;):
For this type, the conditions (2.3 lead to the following simultaneous con-
straints on the coefficients a;, b;, cx, d, ts of a:

bi=b3=bys=cr=dy =t =t =t3 =14, =0,
a%—b2:2a1a2—b5:a101:a1d4:a1d4—t5:().

If a1 = 0, from the equations above, we see that « is defined as

0 0 0 0 O

a 0 Co dQ 0

Q= as 0 C3 d3 0
ag 0 ¢4 dg O

as 0 Cy d5 0

Then, applying Proposition we get that (A1) is twisted into the zero
Hom-Jacobi-Jordan. If a; # 0, the equations above give the morphism

ag 0 0 0 O
% a% C9 dg 0
o= ag 0 ¢3 d3 O
as 0 0 0 O
as b5 Cs d5 0

Hence, by Proposition (Al) is twisted into the Hom-Jacobi-Jordan
(A, aq, ) with non-zero products given by:

2
€] *q €1 1= ajes + bses.

Observe that, this Hom-algebra is a Hom-associative algebra.

e Case of type (A2):
For this type, the conditions (2.3)) give the following simultaneous constraints
on the coefficients a;, bj, ci, dj, ts of a:

al:bl261262263:C4ZC5Zd1:t1:0.

Hence, the morphism « is defined by

0 0 0 0 O

a bg 0 d2 tQ

Q= as b3 0 d3 t3
ay by 0 dy ty

as b5 0 d5 t5



HOM-JACOBI-JORDAN ALGEBRAS 7

Then, applying Proposition we get that (Ag) is twisted into the zero
Hom-Jacobi-Jordan.

We have the following result.

PROPOSITION 2.9. Let (L,*,a) be a Hom-Jacobi-Jordan algebra and
(A,e,3) be a commutative Hom-associative algebra. Then (L ® A,o,0 :=
a ® ) is a Hom-Jacobi-Jordan algebra where

(r®a)o(y®b) = (r*xy) R (aeb), Vz,y € L and a,b € A,
Oz ®b) = a(r)® B(a), Vz € L and a € A.

Proof. First, the multiplicativity of 8 with respect to o follows from those
of a and B with respect to * and e, respectively. Next, the commutativity of
o follows from the one of * and e. Finally, pick xz,y,z € L and a,b,c € A.
Then,

((w@a)o(y@b)) 0f(z®c)+ ((y®b)o(z®c))o«9(x®a)
+ ((z®c)o(z®a))ob(y@b)
= ((z*y) @ (aed)) o (a(2) ® B(c)) + ((y* 2) @ (bec)) o (afz) ® B(a))
+((zx2) ® (coa)) o (aly) ® B(D))
=((zxy)*a(z)) @ ((aeb)eB(c)) + ((y*2) xa(z)) @ ((bec)e B(a))
+ ((zx2) xa(y)) ® ((coa) e 5(b))

= ((:U xy)xa(z)+ (y*x2)*xa(z)+ (zxx) * a(y)) & ((a eh)e ﬁ(c))
(by the commutativity and the Hom-associativity of (4, e, 3))

=0 (by (2.1)).
Hence, (L ® A,0,0 := a® ) is a Hom-Jacobi-Jordan algebra. 1

Similarly, we can also prove the next result.

PROPOSITION 2.10. Let (L,*,«) be a Hom-Jacobi-Jordan algebra and
(A, e) be a commutative associative algebra. Then (L ® A,0,0) := a® Ida)
is a Hom-Jacobi-Jordan algebra. Precisely:

(r®a)o(y®b) = (r*xy) R (aeb), Vz,y€ L and a,b € A,
Oo(z®@b) = a(x) ® a, Vz € L and a € A.
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DEFINITION 2.11. Let (A, *,a) be Hom-Jacobi-Jordan algebra and B be
a vector subspace of A. Then, (B, «) is said to be a Hom-ideal of (A, *, «) if
for all (a,b) € Ax B, a(b) € Band axb € B.

It is easy to prove the following.

PROPOSITION 2.12. Let (A, *,«) be Hom-Jacobi-Jordan. Then, the set
HAnn(A) :={bec A: a(b)=bandaxb=0Vaec A}.

is a Hom-ideal of (A,x,«) with respect to «, called the Hom-annihilator
of (A, x*, ).
Now, we recall the definition of representations of a Hom-Jacobi-Jordan

algebra.

DEFINITION 2.13. [3] A representation of a Hom-Jacobi-Jordan algebra
(A, *,a) is a tuple (V, p, ¢) where V is a vector space, ¢ € gl(V) and p: A —
gl(V) is a linear map such that the following equalities hold for all z,y € A,

¢p(x) = p(a())d, (2.4)
plzxy)¢ = —p(a(@))p(y) — play))p(z),  Ye,yeA (25

A representation of (A, *, «) as above is denoted by (V, p, ¢).

Remark 2.14. If o = Ida, ¢ = Idy, then (V| p, $) reduces to a represen-
tation (V, p) of the Jacobi-Jordan algebra (A, ) [1I, 12].

ExAMPLE 2.15. [3] Let (A, *,«) be a Hom-Jacobi-Jordan algebra and
(B,a) be a Hom-ideal of (A,x*,a). Set p(a)b := a*b for all (a,b) € A x B,
then (B, p, ) is a representation of (A, *, ).

It is easy to prove the following.

PROPOSITION 2.16. Let (A, x,«) be a Hom-Jacobi-Jordan algebra, (Vi,
p1,¢1) and (Va, pa, ¢2) be two representations of (A,x,«). Then (Vi @ Va,
p1 D p2, 01 @ ¢2) Is a representation of (A, *,«) where

(p1 ® p2)(z)(u+v) = p1(x)u+ p2(x)v, Ve A and (u,v) € Vi xVa.
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PROPOSITION 2.17. Let (A,x,a) be a Hom-Jacobi-Jordan algebra,
(V,p,¢) be a representation of (A,*,a) and D : A — V be a linear map.
Then (Vp,p, ) is a representation of (A,*,«) where

Vp:=V+KD, ¢:Vp—Vp and jp:A— gl(Vp)
with V(r,z,u) e K x A xV,
d(u+7D) = ¢(u) +r¢D and p(x)(u+rD) = p(z)u+ rp(z)D.
Proof. Pick r € K, (z,y) € A*? and u € V. Then by , we get
¢
p

¢p(x)(u+rD)

)
(p(x)u+rp(x)D) = ¢p(x)u+ rop(x)D
(a(z))p(u) + rp(a(z))¢D = pla(z))(¢(u) = r¢D)
pla(z))d(u+rD).

al\T

)¢
D) = p(z *y)(¢(u) + r¢D) = p(z x y)d(u) + rp(x * y)$.D
)

plasy)p(u+r
= —p(a(x))py)u — p(aly)) p(x)u — rp(a(z))ply) D
—rp(a(y))p(x)D  (by @
= —(p(a(:v))p(y)wrm )
— (p(a(y))p( Ju +rp(a )
= —p(a(x)) (p(y)u+ro(y) ) ( () (p(x)u +rp(x)D)
= —p(a(@))p(y)(u+rD) - p(aly))pla)(u+rD),

3. DERIVATIONS AND ANTIDERIVATIONS OF
HoM-JACOBI-JORDAN ALGEBRAS

Let (A, %, a) be a Hom-Jacobi-Jordan algebra. For any nonnegative integer
k, denote by a* the k-times composition of «; i.e.,

oF =ao---oa (k-times).

In particular, o’ = Id and a' = a. If (4, *, @) is a regular Hom-Jacobi-Jordan
algebra, we denote by a* the k-times composition of the inverse a .
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DEFINITION 3.1. Let (A, *, &) be a Hom-Jacobi-Jordan algebra and k any
nonnegative integer. A linear map D : A — A is called an

e of-derivation of (A, *, a) if
Doa=aoD, (3.1)
D(u*v) = D(u) x o*(v) + o*(u) * D(v), Vu,v € A. (3.2)
e oF-antiderivation of (A, *, ) if

Doa=«aoD, (3.3)

D(uxv) = —D(u) * of(v) — a*(u) * D(v), Yu,v e A. (3.4)

For a regular Hom-Jacobi-Jordan algebra, o ~*-(anti)derivations can be
defined similarly.

Denote by Der,.(A) (resp. ADer,:(A)), the set of a¥-derivations (resp.
aF-antiderivations) of a Hom-Jacobi-Jordan algebra (A, , ).

LEMMA 3.2. For any nonnegative integer k and u € A satisfying a(u) = u,
define Dy(u) : A — A by

Dyp(u)(v) := u* a®(v), Vo e A

k+

Then Dy(u) is an of'-antiderivation called an inner o*+1-antiderivation of

(A, *, ).

Proof. Let v,w € A. First, we have by the multiplicativity and the condi-
tion a(u) = u,

o(Dg(u)(v)) = afu) o (v) = ux ¥ ((v)) = Dg(u) (a(v)).
Next, again by the multiplicativity and the condition o(u) = u,

Dy(u)(v*w) = afu) * (ozk(v) * ak(w))
of (w) * u) — oL (w) (u* ak(v)) (by (2.1))

« o (w) — o (v) * (u* ak(w)).

Therefore, D (u) is an o**!-antiderivation of (4, *,a). 1
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Denote by IADer,x(A), the set of inner o*-antiderivations of (4, *, a).
TADer i (A) := {uxa®(—), uc A and a(u) =u}.

For any D; € Deryx(A) U ADer,i(A) and Dy € Deryr(A) U ADer,s(A) define
their commutator by

[Dl, D2] = D1D2 — D2D1.
Then, it is easy to prove the following.

LEMMA 3.3. Let (A, *,a) be a Hom-Jacobi-Jordan algebra. Then,
(i) [Der k(A),Derys(A)] C Derrts(A),
(ii) [ADeryx(A), ADerys(A)] C Dergrrs(A),
(iii) [ADerx(A),Derys(A)] C ADer rts(A).

Denoted by
Der(A) = Pr>0 Derak (A)

Then, as in [20], we can prove that Der(A) is a Lie algebra.
For any linear map D : A — A, consider the vector space A+ KD. Define
a bilinear map ¢ on A + KD by

(u+md) o (v+nD) :=u*xv+mD(v)+nD(u),
UOV =U*V, Dou=wuoD = D(u)
and the linear map & : A+ KD — A+ KD by
&(u+nD) = a(u) +nD.
Then, as in [20], we can prove:

PROPOSITION 3.4. With the above notations, (A + KD, ¢, &) is a Hom-
Jacobi-Jordan algebra if and only if D is an «-antiderivation of the Hom-
Jacobi-Jordan (A, *,«) with D o D = 0.

Now, for any D; € Der,x(A)UADer,:(A) and Dy € Der,r(A)UADerys(A)
define their anti-commutator by

{Dl, DQ} = DlDQ + D2D1.

In the two following propositions, we give a necessary and sufficient condition
for the anti-commutator of two a-derivations( respectively a-antiderivations)
to be an a-derivation (respectively a-antiderivation).
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PROPOSITION 3.5. Let (A, *,a) be a Hom-Jacobi-Jordan algebra, D; €
ADer x(A) and Dy € ADerys(A). Then {D1, D2} € ADerk+s(A) if and only
if

{D1, Da}(uxv) = (a” 0 D1)(u) * (a* o Da)(v)

+ (0¥ 0 Dy)(u) % (@® 0 D})(v), Yu,v e A. (3:5)

Proof. Let Dy € ADer.x(A), D2 € ADer,s(A) and u,v € A. Then by a
straightforward computation, using (3.3]) and (3.4) for D; and Dy we get

{D1, D2} (u*v) = D1Da(u*v) + DaD;(u *v)

= D1 Dy(u) * &*F5(v) + (o 0 Dy)(u) * (o o Dy)(v)
+ (o 0 D1)(u) * (& 0 Do) (v) + ¥ (u) % D1Ds(v)
+ D2 D1 (u) * a5 (v) + (o o Dy)(u) * (¥ o Do) (v)
+ (& 0 Dy)(u) * (@ 0 D1)(v) + a**¥(u) % DoDy (v)

= {D1, Da}(u) * &**(v) + ***(u) % { D1, Do} (v)
+2((a® o Dy)(u) * (* o Ds)(v)
+ (o 0 Do) (u) * (o o D1)(v)).

Hence, {D1, D2} € ADer 1+ (A) if and only if

{D1, Do} (uxv) = (a® o Dy)(u) * (& 0 Dy)(v) + (a* o Dy)(u) * (a® o Dy)(v).
|

In the case of two derivations of a Hom-Jacobi-Jordan algebra, we obtain.

PROPOSITION 3.6. Let (A, *,a) be a Hom-Jacobi-Jordan algebra, D; €
Derx(A) and D9 € Derys(A). Then {D1, D2} € Der irts(A) if and only if

(o o Dy)(u) * (a* 0 Dg)(v) + (o 0 Dy)(u) * (a® o Dy)(v) = 0. (3.6)

Proof. Let Dy € Deryx(A), Dy € Dergs(A) and u,v € A. Then as in
Proposition using (3.1) and (3.2) for D € Der «(A) and Dy € Derys(A),

we get
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{D1, Dy} (u*v) = D1 Do(u*v) + DaDy(u*v)

= D1 Ds(u) * o*F5(v) 4 (o o Do) (u) % (o o D1)(v)
+ (@ 0 D1)(u) * (a" 0 D2)(v) + a**(u) * D1 Da(v)
+ Dy D1 (u) * of5(v) 4 (@ o Dy)(u) * (aF o Da)(v)
+ (& 0 Dy)(u) * (a® 0 D1)(v) + a**¥(u) * DoDy(v)

= {D1, Da}(u) * &**(v) + ™+ (u) % { D1, Do} (v)
+2((a® o Dy)(u) * (&* o Da)(v)
+ (@ 0 Dy)(u) * (a® o D1)(v)).

Hence, {D1, D3} € Der s (A) if and only if

(o o Dy)(u) * (ak o D9)(v) + (ak o Do) (u) * (a® o D1)(v).

Similarly to the previous results, one can check the following.

Remarks 3.7. (i) For all D; € Der«(A) and Dy € Derys(A), {D1, D2} €
ADer i+s if and only if (3.5) holds.

(ii) For all Dy € ADeryx(A) and Dy € ADerys(A), {D1, D2} € Dergrss
if and only if (3.6) holds.

(iii) For all Dy € ADer x(A) and Dy € Derys(A), {D1, D2} € ADeryi+s
if and only if (3.6]) holds.

(iv) For all D; € ADer x(A) and Dy € Derys(A), {D1, D2} € Der r+s
if and only if

{D1, D2} (u*v) = —(a’ o Dy)(u) * (ak o Ds)(v)

(3.7)

— (o o Dy)(u) * (a® o Dy)(v).

Next, we introduce of-derivations (respectively a*-antiderivations) of a

Hom-Jacobi-Jordan algebra with values in a representation which generalize

o-derivations (respectively a*-antiderivations) of a Hom-Jacobi-Jordan alge-
bra as follows.
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DEFINITION 3.8. Let (A, *,a) be a Hom-Jacobi-Jordan algebra, (V, p, ¢)
be a representation of (A, x,«) and k be any nonnegative integer. A linear
map D : A — V is called an

e of-derivation of/ (A, x, «) with values in (V, p, ¢) if

Doa=¢oD, (3.8)
D(u*v) = p(a¥(u))D(v) + p(a®(v))D(u), VYu,ve A (3.9)

e of-antiderivation of (A, x, ) with values in (V, p, ¢) if
Doa=¢oD, (3.10)
D(uxv) = —p(a®(u))D(w) — p(a*(v))D(u), VYu,ve A (3.11)

For a regular Hom-Jacobi-Jordan algebra, o *-(anti)derivations of
(A, %, ) with values in (V,p, ) can be defined similarly.

Remark 3.9. Observe that for any integer k, a*-derivations (respectively,
o-antiderivations) of (A,*,«) with values in the adjoint representation
(A, L,a) are of-derivations (respectively, o-antiderivations) of (A, *, ) (see

Definition .

Similarly, denote by Der (A, V) (resp. ADer«(A,V)), the set of a-deri-
vations (resp., a-antiderivations) of (A, x, «) with values in (V, p, ¢). Then,
we obtain:

ProPoOSITION 3.10. For any nonnegative integer k and v € V satisfying
¢(u) = u, define Dg(u): A—V by

Dy(u)(v) :== p(ak(v))u, Vo e A

Then Dy,(u) is an o1 -antiderivation of (A, *, o) with values in (V, p, ¢) called
an inner o '-antiderivation of (A, x, &) with values in (V, p, ¢).

Proof. Let v,w € A. First by ([2.4) and the condition ¢(u) = u, we have:

¢ (Dr(u)(v)) = d(p(a”(v))u) = p(a**(v)) p(u)
= (ak(a(v)))u k(w) (a(v)).

I
-
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Hence, ¢o Di(u) = Dg(u)o . Next, by the multiplicativity and the condition
¢(u) = u, we compute

Dy (u)(v * w) = p(a(v) * o (w)) ($(u)
= —p(a* (V) p(* (w))u — p(a* T (w))p(*(v))u  (by @235))
= (" (0)) Diu)(w) — (0 (1)) D) (v).

k+

Therefore, Dy (u) is an oFfl-antiderivation of (4,*,a) with values in

(Vip,¢). 1

Denote by IADer, (A, V), the set of inner o*-antiderivations of (4, *, @)
with values in (V p, ¢).

IADer (A, V) := {p(ak(—))u cueVand ¢(u) =u}
and set
Der(A, V) : @p>0 Derye (A, V).

Then Der(A, V) is a vector space called the vector space of a-antiderivations
of (A, , o) with values in (V, p, ¢).

4. THE ZIGZAG COHOMOLOGY OF HOM-JACOBI-JORDAN ALGEBRAS

In this section basing on the cohomology theory of Jacobi-Jordan alge-
bras [7], we develop a cohomology theory for Hom-Jacobi-Jordan algebras.
First, we define the differential operators and then define the first and second
cohomology groups. Finally, interpretations of these groups are given.

4.1. DEFINITION OF A ZIGZAG COHOMOLOCGY. For all nonnegative inte-
ger n, define

C"(A,V):={f:A¥" -V : fisa n-lincar map}
and
;L,qﬁ(AaV) = {fECn(A,V) : d)of:foa@n}'

Denote by Sy (A, V) (resp. Ap ,(A,V)) the set of symmetric (resp. a-skew-
symmetric) maps of Cp) (A, V') that is the set of any element f € Cy ;(A,V)
satisfying

f(@o(1)s - Tom)) = f@1,- . 2T0)
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for all o in the symmetric group S, (resp. V(i,j) € {1,...,n}?

f(xl, N R .,:cj_l,a(a:j),xj+1, ‘e ,a;n)

= _f(xlv ey Li—15 Ljy L1y - v - 737]'71705(331')1 Tjtly--- >$n)>
Let us set
CoHNA VA V) =A] (A V)= 4(AV)={veV : ¢(v) =}
Furtheremore, for any nonnegative integer n, define the operators

dy - Cf (A, V) — CEN (A, V)

p
and
8 o An (A, V) — CEN(A, V)
by
dy(v)(x) = 8y (v)(x) = p()(v),
n+1
de(fL’l, s 7xn+1) = Zp(an(xl))f(xb ) @7 ceey $n+1)
i=1
+ Z flzixzj,ofxy), ..., o@y),. .., a(zj),. .., a(zng1))
1<i<yj<n+1
and
n+1
5Zf(:c1, ey Tpg1) = Zp(a”(xi))f(azl, ey Ty )
i=1
- Z f(xi*xj,a(xl),...,a(a:i),...,a(xj),...,a(xn+1)).
1<i<j<n+1

LEMMA 4.1. With the above notations, for any (f,g) € Cp 4,(A,V) x
AL 4(A, V), we have

n R(n+1) _ n n R(n+1) _ n
dpfoa( )—qﬁodpf and 5pgoa( )—gboépg.
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Proof. Let (f,g) € Cf 4(A, V) x A7 (A, V) and (z1,...,2p41) € At
then

dgf(oz(xl), cel, a(mn+1)) = Zp(a”(a(xi)))f(a(xl), e ,c@, el a(xnﬂ))
i=1
+ Z f(a(xi)*a :cj),OzQ(a:l),...,m,...,m),...,QQ(xn+1))
1<i<j<n41
n+1
= Z¢p(a"(xi))f(x1, cey Ty Tpy1) Z qﬁf(wi xxj,a(xr),. ..,
i=1

1<i<j<n+1

o@,...,@,...,a(mn+1)) (using po f = f o a®" and )
= gbd:;f(xl, . ,.’L’n+1).

Hence we obtain djf o a®tl) = 4o dyf.

Similarly, we prove that
dpg o a® ) = o opg. 1

THEOREM 4.2. For n > 1, we have dj o 5:}_1 = 0.

Proof. Let f be an (n — 1)-lineair map in AZI; (A,V). We have

n+1
dz © 5271.]0(1'17 s 7xn+1) = Zp(an(x’L))égilf(wla s 7"2\.1'7 s 7$n+1)
i=1
+ Z 5;‘*1]”(@*xj,a(xl),...,a(aﬁi),...,a(xj),...,a(:z:n+1)).

1<i<j<n+1

First, we proceed for the first sum of the right hand side as follows:

n+1

Z p(a"(wi))égflf(xl, ey Ty ey Tp1)

i=1

= Y (plam@))p(a (@) +pla" (@) p(@" " (@) ) F (@, . 5

1<i<j<n+1
. 7@7" . 7xn+1)
—_—
- Z p(@n(.%'i))f(a}'i*[L‘j,Oé(-%'l),...,Ol(l'i),
1<4,5,k<n+1 o
1#7,1#k, j<k .

ca(mg), .. oTng)).
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Next, we proceed for the second sum of the right hand side as follows:

S (e alen), o), alm) o)

1<i<j<n+1

= Z p(a”_l(a:i*:L’j))f(a(xl),...,a(azi),...,oz(xj),...,a($n+1))
1<i<j<n+1
+ Z p(a(z)) f(zi* zj, a(zr), ..., ), ..., o(z)), ..., a(zpi1))
1<i,j,k<n+1
i), ik, j<k
- Z f((.l'i*l‘j)*a(.’Bk),Oé(.ZUl),...,
1§z,],k§n+1 —_— —_— —_
i#k, j#k, i<j (i), ... a(xj), ..., a(xk),. .., a(zni1))
- Z f(ZCi*ZCj,Oé(.ZUk)*Oé(.fl),a(xl),...,Oé(.iUi),...,Oé(ij),
1<i k1 <nt1 I
{i.33n{k,1}=0 ooz, (), .. a(azn+1))
J#k,i1<j, k<l
= Z p(an_l(l'i*$j))¢f($1,...,@,...,@,...,$n+1)
1<i<j<n+1
+ Z p(a”(:vi))f(xi*xj,a(xl),...,oz(:ci),...,a(xj),...,a(xnﬂ))
1<i,j,k<n-+1
i#], 1#k, j<k

(by the Hom-Jacobi identity, the a-skew-symmetry of f and the condition
fo a®mn—1) — ¢o f)

Hence,
dy o 5271f($1, ey 1)
= > (plam@))p(@" (@) + pla” (@) (0" (1))
1<i<j<n+1

+p(an_1(xi*xj))qs)f(xl,...,@,...,@,...,xm) =0 (by ).I

Associated to the representation (V) p, ¢) , we obtain the complex
(Ca.o(A V), AL p(AV), di, 57).
Denote the set of closed k-Hom-cochains by

ZE J(A V) ={feCi (A V) dif =0}
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and the set of exact k-Hom-cochains by
BE (A V) ={6y7"f : fe AL (A V)]

Then we define the k' cohomology space of (A, *, a) with values/coefficients
in (V, p, ¢) as the quotient

H (A, V) = 25 4(A,V) /B (A, V).

4.2. LOW DEGREE COHOMOLOGY SPACES. In this subsection, we give
an interpretation of the low degree cohomology spaces in terms of algebraic
properties of the Hom-Jacobi-Jordan algebra. In degree zero we have:

Hg@(A, Vy={meV : ¢(m)=m and dgm =0}
={meV :¢(m)=m and Vx € A, p(xz)m = 0}.
For example if V' = A is the adjoint representation of (A, *, ), we obtain

H(g’a(A,A):{mEA ca(m)=m and Vz € A, x*m = 0},

i.e.,

Hg[,a (A, A) = HAnn(A)

is the Hom-annihilator of (A, , «).
Now, we shall investigate the first cohomology space. We have

Hy 4(AV) =2} (A, V)/B, 4(A, V) = ADerq 4(A, V)/IADerq,4(A, V)
where

Za oA V) ={f € Cay(A, V) : V (21, 22) € A%,

[y xx2) = —p(a(z1)) f(22) — pla(a)) f(z1)}
= ADerq 4(A4,V)

and
B 4(A, V) ={6)m : me Cf 4(A,V)}
={feC ¢AV) dm eV, p(m)=m, Ve A,

f(z) = p(x)m}
={p(=)m : m eV, ¢(m) =m}.
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A particular case is V' = A be the adjoint representation of (A4, *,«). Then

Zh o ={f€CL (A A) : V(r1,12) € A%,
f(m1 *23) = —a(x1) * f(22) — a(z2) * f(z1)}
:= ADer,(A)
and
Béa(A,A):{m*( ):m € A, a(m) =m} :=IADery(A).
Hence, the quotient space is then H} (A, A) = OADer,(A), the space of

outer a-antiderivations of A.

ExaMPLE 4.3. Consider the 2-dimensional Hom-Jacobi-Jordan algebra
(A, *, o) defined by a(e1) = e1+e2, a(ez) = ez with the only non-zero product
€1 €1 = €.

A linear map f of the Hom-Jacobi-Jordan algebra (A, *, ) is an a-antideri-
vation if and only if the matrix of f with respect to the basis (e, e2) is given

by
0 0
(b O)’ bek

Similarly we obtain B} ,(4,A) = {0}. It follows that the dimension of
H} (A, A) is 1 and elements of H} ,(A, A) can be written as the classes

of the matrix
00
(00, bex

EXAMPLE 4.4. Let compute the first cohomology space Hé7¢(.,41, Ay) for
the Hom-Jacobi-Jordan algebra of Example Let f be a linear map of A
such that f(e1) = aie1 + ages + ases, f(e2) = bier + boea + bzes, f(e3) =
c1€e1 + c2eo + cze3. Then,

f €2y, (A1, A1) < [ satisfies and (3.4) with k = 1.
Observe that f satisfies if and only if
ci=ag, c2=a2=0b3=b1=0, cz3=a,
and f satisfies if and only if

a] — O, b2 = —4a3.
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Hence, f € Z}, (A1, A1) if and only if

0 0 as
f = 0 —4az 0|, az€eKk
as 0 0

Next, we prove similarly that B/ (A1, A1) = {0}. Thus, the dimension of
H}, (A1, A1) is 1 and elements of H (A1, A1) can be written as the classes
of the following matrices:

0 0 as
0 —4as 0|, azek
as 0 0

Let us consider another example of Hom-Jacobi-Jordan algebras whose set
of 1-coboundaries is non-zero.

ExaAMPLE 4.5. Consider the Hom-Jacobi-Jordan algebra, denoted A3 =
(A, %, «), obtained from the Hom-Jacobi-Jordan algebra of the Example
taking a1 = 1, ag = a3 = a4 = 0 and ¢3 € K\ {0,1}. More precisely, we have
As = (A, %, a) where

10 0 O
e | 01 e 0
’ 0 0 ecg O
0 0 C4 C3

and the non-zero products are:
€1 *q €1 = €2, €] *q €3 = €3 *q €1 = C3€4.

An endomorphism D on the Hom-Jacobi-Jordan algebra As is an antideriva-
tion if and only if the matrix of D with respect to the basis {e1, 2, e3,e4} is
given by

0 0 *Cgtg 0

0 t
2 2 2 ) $2,$3,])4,22,Z4,t2,t4 e K.
T3 0 -ty 0

Ty —203.%'3 Z4 t4
Let u = xe; + yes + zeg + teg € A. then

alu) =u <= u=wxe; +yey
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It follows that the matrix of an inner antiderivation Lu : A3 — Az defined by
L,(v) :=uxwv, Yv € A has the following form:

0O 0 0 O
z 0 0 O
00 o ol z e K.
0 0 c3z O

Hence, H'(As, A3) is 6-dimensional and elements of H'(As, A3) can be writ-
ten as the classes of the following matrices:

0 0 —Cgtz 0
i) 0 Z9 tQ

to,t K.
T3 0 —t4 0 , T2,T3,T4,22,12,l4 €

T4 —203:(}3 0 ty

4.3. THE TRIVIAL REPRESENTATION OF HOM-JACOBI-JORDAN ALGE-
BRAS. In this section, trivial representations of Hom-Jacobi-Jordan algebras
are studied. As an application, it is shown that the central extension of a
Hom-Jacobi-Jordan algebra (A, %, «) is controlled by the second cohomology
group of A with coefficients in the trivial representation. Now let V' = R,
then we have gl(V) = R and any ¢ € gl(V) is exactly a real number which
will be noted by r. Let p : A — gl(V) = R be the zero map. It is clear
that, p is a representation of the Hom-Jacobi-Jordan algebras (A, x, ) with
respect to any r € R. Let assume in the sequel that »r = 1. Then, this
representation is called the trivial representation of the Hom-Jacobi-Jordan
algebras (A, %, ). Associated to this representation, the set of k-cochains on
A denoted by C¥(A,R), is the set of k-linear maps from A x --- x A to R and
the one of k-Hom-cochains is then given by

CF(AR) :=={f e C*AR) : foa® = f}

with
C9 4(A,R) = A%(A,R) = R,

The corresponding operators
d": O 4(A,R) — CLEH(AR)

and

5" A7 4(A,R) — CEN(ALR)
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are defined by
d°(v)(x) = 6°(v)(x) = p(z)(v),

dnf(l‘l, ey xn+1)

—_—

= E f(lj*l’j,Oé(-fl),--.,Oé(xi),...,a($j),...,a($n+1))
1<i<j<n+1
and
(5"f(3:1, N 7517n+1)
== > flirzjal@),. . o), . a(z)),. .. a(zn)).
1<i<j<n+1

Now, consider central extensions of the Hom-Jacobi-Jordan algebra (A, *, a).
It is clear that, (R,0,1) is an abelian Hom-Jacobi-Jordan algebra with the
trivial multiplication and the identity morphism. Let # € C2(A,R) such that
O(u,v) = 6(v,u) (symmetry) and consider the direct sum A = A® R with the
following multiplication and linear map

po(u+ s,v+t) =uxv+ 6(u,v),
a(u+s) =alu) + s.

THEOREM 4.6. The triple (A, pg, &) is a Hom-Jacobi-Jordan algebras if
and only if § € C*(A,R) satisfies

d*0 = 0.

This Hom-Jacobi-Jordan algebra (A, ug, @) is called the central extension
of (4, *,a) by the abelian Hom-Jacobi-Jordan algebras (R, 0,1).

Proof. Similar to the one in [20]. 1

Also, similarly to [20], we can prove:

PROPOSITION 4.7. For 61,05 € C?(A,R), if §; — 0 is exact, the corre-
sponding two central extensions (A, pg,, &) and (A, ug,, &) are isomorphic.
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4.4. ADJOINT REPRESENTATIONS OF HOM-JACOBI-JORDAN ALGEBRAS.
Let (A,*,a) be a regular Hom-Jacobi-Jordan algebra and let consider the
adjoint representation of (A, *,a). An interesting fact that we will see in the
sequel, is that there exists many adjoint representations of a Hom-Jacobi-
Jordan algebra.

DEFINITION 4.8. For any integer s, the a®-adjoint representation of the
regular Hom-Jacobi-Jordan algebra (A, , ), which we denote by ads, is de-
fined by

ads(u)(v) == a’(u) * v, Yu,v e A

LEMMA 4.9. With the above notations, it is obvious to prove:

ads(a(u)) o a = a0 ads,

ads(u*v) oo = —ads(a(u)) o ads(v) — ads (a(v)) o ads(u).
Thus the definition of a*-adjoint representation is well defined.

The set of k-Hom-cochains is given by
Ch(AA):={feC™A A : foa® =aof}.

with
Co(A,A)={veA: al)=v}=A0A4,A).

Associated to the a®-adjoint representation the corresponding operators:

d?: C"(A, A) — C"1(A, A)

and
oy AL(AA) — CEH(A, A)

d3(v)(z) = & (v)(2) = p()(v),

n+1

d?f(.%’l, . ,$n+1) = Z a"+s(:UZ-) * f(xl, . ,.f’i, e ,xn+1)
=1

+ Z f(a:‘*a:j,a(xl),...,o@,...,Jx?),...,a(mnﬂ))

1<i<j<n+1
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and

n+1

5?]0([131, e 7$n+1) = Z a"“(mi) x f(acl, e ,Q/J\i, . ,a;n+1)
=1
! —_— —_—

- Z flzi*zj,a(z1),. . a(@i), ... az)),. .., (Tnq1)).

1<i<j<n+1
For the a®-adjoint representation, ads we obtain the a®-adjoint complex

(Ca(A,A), A(AA), d3, 63).

ProPOSITION 4.10. Associated to the o®-adjoint representations ads of
the regular Hom-Jacobi-Jordan algebra (A,x,«a), D € Co(A, A) is a 1-cocycle
if and only if D is an o*T'-antiderivation, i.e., D € ADers+1(A).

Proof. Similar to the one in [20]. 1

5. DEFORMATIONS OF HOM-JACOBI-JORDAN ALGEBRAS AND
RELATIVE ROTA-BAXTER OPERATORS

One-parameter formal deformations introduced for associative and for Lie
algebras, have been extended in the case of Hom-algebras. In this section we
introduce a formal deformations theory for Hom-Jacobi-Jordan algebras and
those of their relative Rota-Baxter operators. We prove that the zigzag coho-
mology defined above is suitable to establish their connections to cohomology
groups.

5.1. COHOMOLOGIES OF A RELATIVE ROTA-BAXTER OPERATOR ON A
HoM-JACOBI-JORDAN ALGEBRA. In this part, we define the cohomology
theory of a relative Rota-Baxter operator on a Hom-Jacobi-Jordan algebra in
terms of the cohomology of the Hom-Jacobi-Jordan algebra on the represen-
tation space.

DEFINITION 5.1. ([3]) Let (V, p, ¢) be a representation of a Hom-Jacobi-
Jordan algebra (A, *,«). A linear map T : V — A is called a relative Rota-
Baxter operator with respect to (V, p, ¢) if it satisfies

T = o, (5.1)

T(u) * T(v) = T(p(T(u))v + p(T(v))u), Vu,v eV (5.2)
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Observe that Rota-Baxter operators on Hom-Jacobi-Jordan algebras are
relative Rota-Baxter operators with respect to the regular representation.

PRrROPOSITION 5.2. ([3]) Let (A,*,a) be a Hom-Jacobi-Jordan algebra
and T : V — A a relative Rota-Baxter operator with respect to a repre-
sentation (V, p,$). Then (V,xp, ¢) is a Hom-Jacobi-Jordan algebra, where

wsp v = p(T(u))v+ p(T(v))u, Vu,veV. (5.3)

PROPOSITION 5.3. ([3]) Let T': V — A be a relative Rota-Baxter opera-
tor on the Hom-Jacobi-Jordan algebra (A, *, ) with respect to the represen-
tation (V, p, ). Let define a map pp : V — gl(A) by

pr(uw)z :=T(u) xz — T (p(z)u), V(u,z) € V x A
Then, the tuple (A, pr,«) is a representation of the Hom-Jacobi-Jordan alge-
bra (V,p, ¢).

Let
dy,. : C o (V, A) — CLHH(V, A)
and
S AL (V, A) — CtH(V, A)

be the corresponding coboundary operators of the Hom-Jacobi-Jordan algebra
(V, %7, ¢) with coefficients in the representation (A, pr, ). More precisely,

80, (2)(0) = 62, ()(0) = pr(v)(z) = T(v) * & — T(p(x)0).
Furthermore, for any n € N\ {0},

n+1

d:)ZTf(ula v 7un+1) = ZPT(qbn(ul))f(ul? .. 'a’a\h .. .,Un+1)
=1

—_—

+ Z f(uz *T u]7¢(u1)77¢(u2)71¢(u])77¢(un+1))
1<i<j<n+1
and

n+1

S fur, . ungr) = Y pr (™ () flur, . G U g)
=1

— > flurr g b)) Blug)s - Plunsn))-

1<i<j<n+1
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DEFINITION 5.4. Let T be a relative Rota-Baxter operator of the Hom-
Jacobi-Jordan algebra (A, %, «) with respect to a representation (V, p, ¢). The
complex cochain

+00 +oo
(2,000 =Bt 22,000 =B, 0ia . )
k=0 k=0

is called the cohomology complex for the relative Rota-Baxter operator 7'

The p** cohomology space of V' with values/coefficients in A is given by
the quotient

HE (V,A) = ZE (V,A)/B} ,(V, A).

It is obvious that x € A is closed if and only if
a(z)=xz and LyoT —Top(x)=0,

and f € Clva(V, A) is closed if and only if

(T (u)) = f(v) + a(T(v)) * f(u) — T(P(f(u))(gb(v)) + P(f(v))(d)(u)))
—f (P(T(U))(v) + p(T(v))(u)) — 0.

5.2. LINEAR DEFORMATIONS OF HOM-JACOBI-JORDAN ALGEBRAS AND
RELATIVE ROTA-BAXTER OPERATORS. This subsection is devoted to linear
deformations studies of Hom-Jacobi-Jordan algebras and those of their relative
Rota-Baxter operators using the cohomology theory given for Hom-Jacobi-
Jordan algebras.

DEFINITION 5.5. Let (A,*,«) be a Hom Jacobi-Jordan algebra and T :
V — A be a relative Rota-Baxter operator with respect to a representation
(V,p,#). A linear map Z : V — A is said to generate a linear deformation of
T ifVt e K, Ty =T + tZ is a relative Rota-Baxter operateur of (A, *, ) with
respect to (V, p, ¢).

Observe that a linear map Z : V — A generates a linear deformation of T'
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if and only if:
Z¢=aZz, (5.4)
Zux Zv = Z(p(Zu)v + p(Zv)u), (5.5)

Tus Zv+Tv+ Zu—T(p(Z(w)v + p(Z(v))u)
- Z(p(T(u))v + p(T(v))u) = 0. (5.6)

The identities ((5.4) and(j5.5)) mean that Z is a relative Rota-Baxter operateur
of (A, *,a) with respect to (V, p,¢). Observe that (5.6) is equivalent to

Z(u*pv) = pr(u)Zv+ pr(v)Zu.

Therefore, 1) and 1) mean that Z € Deryo(V, A),ie., Zisa ¢"-derivation
of the Hom-Jacobi-Jordan algebra (V, x7, ¢) with values in the representation
(Aa PT, Oé) :

DEFINITION 5.6. Let (A, *,«a) be a regular Hom-Jacobi-Jordan algebra.
A bilinear map ¢ € C2(A, A) is said to generate a linear deformation of the
multiplication * of the regular Hom-Jacobi-Jordan algebra (A, *, «) if the ¢-
parametrized family of bilinear operations

pi(u,v) =uxv+tp(u,v) forteK

gives to (A, ) the structure of Hom-Jacobi-Jordan algebras, i.e., (A, i, @) is
a Hom-Jacobi-Jordan algebra for all ¢ € K.

By computing the Hom-Jordan-Jacobi identity of u; and using Hom-Jacobi
identity for * we obtain:

t(ale) * v(y. 2) + aly) * ¥ (=) +alz) x Y(,y) + ¥ (alx) y * 2)
+ ¢(a(y), Z % x) + w(a(z),x * y))
+ 2 (v (e, y), a(2) + B(6(y, 2), o) + 6 (6(z 2),ay)) ).
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Hence, (A, pt, ) is a Hom-Jacobi-Jordan algebra for all ¢t € K if and only if:
o) = ha®?, (5.7)
o(z,y) = Y(y, x), (5.8)
(¥(2,y),a(2) + (P, 2), a(x)) + 1 (P(z,2), ay)) =0, (5.9)

a(z) *YP(y, 2) + a(y) xY(z,2) + afz) * P(z,y)
+ w(a(ac),y * z) + w(a(y), Z* a:) + w(a(z),x * y) =0. (5.10)

Obviously, (5.7), (5.8) and (5.9) means that must itself deﬁnes a Hom-
Jacobi algebra structure on (A, ). Furthermore, and ( mean that
1 is closed with respect to the a~'-adjoint representatlon ad 1,1.e., d? ¢ =0.

DEFINITION 5.7. Let (A, *,«a) be a regular Hom-Jacobi-Jordan algebra.
Two linear deformations p} = x4t and p? = 4ty are said to be equivalent
if there exists a linear operator N € gl(A) such that T; = Id + tN is a Hom-
Jacobi-Jordan algebras morphism from (A, u?, a) to (A, i}, a). In particular,
a linear deformation pu; = % + tY of a regular Hom-Jacobi-Jordan algebra
(A, *,a) is said to be trivial if there exists a linear operator N € gl(A) such
that for all t € K, T; = Id + tN is a Hom-Jacobi-Jordan algebras morphism
from (A, p, ) to (A, *, ).

For all t € K, T; = Id + tN being a morphism of Hom-algebras is
equivalent to

Na = aN, (5.11)
Va(z,y) —1(z,y) =z =« N(y) + N(z) *y — N(z *y), (5.12)
0 (1‘ ) +1/11( );y) = N (¢a(2,y)) — N(x) * N(y),

Y1 (N( )—0 (5.13)

Observe that (5.12)) means that ¢y —1; = §_1N € B?(A, A). Hence, it follows:

THEOREM 5.8. Let (A, *,a) be a regular Hom-Jacobi-Jordan algebra. If
two linear deformations iy = x + tiq and p? = x + tiby are equivalent, then
Y1 and 1) are in the same cohomology class of H2(A, A).

DEFINITION 5.9. Let (A4, %, «) be a regular Hom-Jacobi-Jordan algebra.A
linear operator N € CL(A, A) is called a Nijenhuis operator if

N(u)* N(v) = N(u*y v)
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where
uxnv:= N(u)*xv+u*Nw)— N(ux*v).

THEOREM 5.10. Let (A,*,«) be a regular Hom-Jacobi-Jordan algebra
and N € CL(A, A) be a Nijenhuis operator. Then, a deformation yi; of (A, *, )
can be obtained by putting

Y(u,v) = 0_1N(u,v) = u*yv.
Furthermore, this deformation is trivial.

Proof. Similar to the one in [20]. 1§

Now, let give the link between these two deformations.

PROPOSITION 5.11. Let (A,*,a) be a Hom Jacobi-Jordan algebra and
T : A — A be arelative Rota-Baxter operator with respect to a representation
(V,p, ). If a linear map Z : V — A generates a linear deformation of T', then
the bilinear map vz : V2 — V defined by

T,Z)Z(U,’U) :p(ZU)U+p(ZU)U, Vu,veV,
generates a linear deformation of the associated Hom-Jacobi-Jordan algebra

(V7 *T, ¢)

Proof. Let denote by 7, the corresponding Hom-Jacobi-Jordan algebra
structure associated to the relative Rota-Baxter operator T; := T +t1. Then
we obtain

uxr, v = p(Tyu)v + p(Tiv)u
= p(Tu)v + tp(Zu)v + p(Tv)u + tp(Zv)u
=u*p v+ tz(u,v), Yu,veV.

Hence, 1)z generates a linear deformation of (V,*p,¢). 1

DEFINITION 5.12. Let T and T’ be two relative Rota-Baxter operators of
(A, %, a) with respect to a representation (V, p, ¢). A morphism from 7" to T
is a couple (¢4, ¢y ) where ¢4 : A — A is a morphism of Hom-Jacobi-Jordan
algebras and ¢y : V' — V is a linear map such as:

Pvo = gy, (5.14)
Téy = ¢paT, (5.15)
dvp(z)u = p(pa(z))dv(u), VueV,Vx € A. (5.16)
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Remark 5.13. If ¢4 et ¢y are invertible, we say that (¢4, ¢y ) is an iso-
morphism from T to T".

PROPOSITION 5.14. Let T and T' be relative Rota-Baxter operators on a
Hom-Jacobi-Jordan algebra (A, x, o) with respect to a representation (V, p, ¢).
If (p 4, ¢v) is an isomorphism from T to T’, then (qb;ll, gb‘jl) is an isomorphism
from T’ to T.

Proof. 1t is clear that qﬁ;l : A — A is a morphism of Hom-algebras and
d)‘_,l : V' — V is a linear map. Next, we have ¢‘_/1gz§ = gﬁgﬁf/l and qﬁ;lT = T’(ﬁf/l
by (5.14) and (5.15) respectively. Finally, let x € A and v € V. Then, there
exists ( v) € A x V such that x = ¢(y) and u = ¢y (v) ie. y = ¢, ' () and
v= ¢, (u ( ). Hence,

B.16) <~ ovoy)v = p(da(y))dv(v)
= dvp(dy (2))oy (u) = p(z)u
= ¢y pla)u=p(¢5 (x))dy (u).

PROPOSITION 5.15. Let T and T' be relative Rota-Baxter operators on a
Hom-Jacobi-Jordan algebra (A, , o) with respect to a representation (V, p, ¢).
If (p 4, ¢v) is a morphism (resp., isomorphism) from T to T’ then ¢y is a mor-
phism (resp., isomorphism) of Hom-Jacobi-Jordan algebras from (V, 7+, ¢) to

(V7 *T, ¢)

Proof. Let u,v € V. It is clear that ¢¢y = ¢y ¢. Next, using and
, we compute:
ov (uxpr v) = oy (p(T'u)v + p(T'v)u)
= ¢v (p(T'u)v) + ¢v (p(T"v)u)
= p(¢a(T'w))dv (v) + p(a(T"0)) dv (u)
= p(Tov(u) v (v) + p(Tov (v))pv (u)
= ¢v(u) *1 dv (v).

Hence, ¢y is a morphism from (V) *p/, ¢) to (V,*7,¢). 1

PROPOSITION 5.16. Let (A, x,«) be a Hom-Jacobi-Jordan algebra, T' be
a relative Rota-Baxter operator with respect to a representation (V,p,®),
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¢4 : A — A be an isomorphism of Hom-algebras and ¢4 : V — V an isomor-
phism of vector spaces such that:

Pvo = oo, (5.17)
ovp(z)u = p(da(z))ds, (v), Vee A YueV. (5.18)

Then, the map T := ¢21T¢V : V. — A is a relative Rota-Baxter operator
with respect to the representation (V, p, $).

Proof. First, thanks to conditions , and apa = paa, we get
T'¢ = ¢4 Tove = ¢, Topy = ¢4 aToy = ag, Ty = ol
Next, pick u,v € V. Then, using ¢4 is a morphism of Hom-algebras, we
compute:
T'usT'v = (¢, Tov)(u) x (¢, Tov) (v)
= ¢, (Tov () * 64" (Tov (v))
= ¢4 (Tov(u) x Toy (v))
= 63! (T (p(Tov(w)dv (v) + p(Tov(v)ov(w)))  (by (D)
= 03T (p(Tov (1)) 6u(v) + p(Tov (1)) dv (1))
= 03" T (p(paT'u)dv (v) + p(¢aT'v)pv (u))  (by Ty = paT’)
= ¢4 T(pvp(T'u)v + ¢y p(T'v)u) (by (B.18))
= 53 Tov (p(T'u)v+ p(T'v)u)
=T'(p(T"u)v + p(T"v)u).

5.3. FORMAL DEFORMATIONS OF HOM-JACOBI-JORDAN ALGEBRAS.
Given a K-vector space A, K[[t]] designates the power series ring in one
variable ¢ whose coefficients are elements of K and A[[t]] be the set of for-
mal series with coefficients in the vector space A, (A[[t]] is gotten by ex-
tending the coefficients domain of A from K to K[[¢]]). Any K-bilinear map
f:Ax A— Ahas naturally an extension to K[[t]|-bilinear map f : A[[t]] x
Allt)] — A[[t]]. More precisely if z = > % z;t’ and y = Z] % yit? then
f(@,9) =3 is0.50 "+ f(z4,y;). For linear maps, the same holds.
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DEFINITION 5.17. Let (A, u, «) be a Hom-Jacobi-Jordan algebra. A one-
paramater formal deformation of (A, p,a) is given by a K[[t]]-bilinear map
we : Al[t]] x A[[t]] — A[[t]] of the form

+oo
= Z pit!
=0

where each p; is a K-bilinear map u; : Ax A — A (extended to K[[¢]]-bilinear),
1o = p such that the following conditions hold for all z,y, z € A:

®2  (multiplicativity),

oy = juoa
ot ($, y) = Mt (yv .%') (SymmetTY)a

Oay.z) bt (pe(2,y),0(2)) =0 (Hom-Jacobi-Jordan identity). (5.19)

The deformation is said to be of order k € N if u; = Zf:o wit', and infini-
tesimal if k£ = 1.

Remark 5.18. The symmetry of yu, is equivalent to the symmetry of all pu;,
for ¢ > 0. In addition, the multiplicativity of u; with respect to a is equivalent
to the one of u; with respect to « for all 4.

EXAMPLE 5.19. Let (A, u, «) be a Hom-Jacobi-Jordan algebra.

1. The bilinear map s = j:og’ pit' defined by po = g and p; = 0, for all
i € N* is a formal deformation of (A, u, a) of order 0.

2. The bilinear map p; = ;r:og pitt defined by p; = p, Vi > 0 is a formal
deformation of (A, u, «).

The identity ((5.19) is called the deformation equation of the Hom-Jacobi-
algebra. It is equivalent to

o) D (i (1), a(2)) =0,

120,720
i.e.
Owye) >, tui(ps—i(z,y),a(2)) =0,
1>0,5>0
or

S Oy > wilps—ilz,y),a(2)) =0,

520 >0
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which is equivalent to the following infinite system

O(z,y,z) Z 203 (:U’Sfi(xa y)? OZ(Z)) =0 for s = 07 1’ 2’ s (520)

>0

In particular for s = 0, we have

o(a:,y,z) Ho (UO(xa y)7 Oé(Z)) =0,

which is the Hom-Jacobi-Jordan identity of (A, u, ). The previous equation
for s = 1, leads to the following equation

ppn(@,y), a(2)) + p(py, 2), a(@)) + p(p(z ), aly))
+ (@, y), a(2) + pa (uly, 2), al@)) + pa (u(z, 2), ay)) =0,
which means that p; is closed with respect to the a~'-adjoint representation

ad_1, i.e., d* 1 = 0. Hence, py is a 2-Hom-cocycle, i.e, u1 € Z2(A, A).

DEFINITION 5.20. Let (A, p, ) be a Hom-Jacobi-Jordan algebra. Two
one-paramater deformations A; = (4, ug, ) and A} = (A, p}, @) of (A, u, @)
where p; = >0 pit’ and p) = Y% pit? with po = pfy = p, are said to be
equivalent if there exists a formal automorphism (¢¢):>0 : A[[t]] — A[[t]] that
may be written in the form

+o00
¢ = ont"
k=0
where each ¢; € gl(A) (extended to K[[t]]-linear), ¢9 = Id 4 such that:
gbt(a(x)) = a(d)t(x)), (5.21)
on (Ht(%y)) = Mé(ﬁbt(ﬂﬂ)a gbt(y)) Va,y € Alt]. (5.22)

A one-paramater formal deformation A; = (A, py, ) of (A, u, «) is said to be
trivial if A; is equivalent to (A, p, ) (viewed as an algebra over A[[t]]).

The identity (5.22)) may be written for all z,y € A as:
> (aim@y)) - > TR0, aew) ) =0,
120,720 120,720,k>0
i.e.,

Z t* (@' (Ms—i(xay))> - Z t? (M; (¢i($)7¢s_i—j(y))) =0.

1>0,5>0 1>0,72>0,5>0
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Therefore,

Z (Qbi (ts—i(z,y)) — Z 145 (qbi(x),(ﬁs_i_j(y))) =0 for s =0,1,2,....

i>0 >0

In particular, for s = 0 we have ug = ), and for s = 1 we have

do(p1(z,9)) + ¢1(no(x,y)) = po(do(x), p1(y)) + po(P1(x), do(y))
+ py (do(x), do(y)).

Since ¢o = Ida, po = iy = p, in the case of a regular Hom-Jacobi-Jordan
algebra (A, uu, o) we have:

(@) = palx,y) + o1 (. y)) — p(z, 1) — p(éa(x),y),  (5.23)

1.e.
= =06-1¢1.

Therefore the two 2-Hom-cocycles corresponding to the two equivalent defor-
mations are cohomologous.

DEFINITION 5.21. Let (A, p, ) be a regular Hom-Jacobi-Jordan algebra
and pu; € Z2(A,A). Then, the 2-Hom-cocycle ju; is said to be integrable
if there exists a family (u¢)i>0 such that p; = > 7% pit’ defines a formal
deformation of (A, u, @).

Thank to identity (5.23)), the integrability of x; depends only on its coho-
mology class. Hence, it is easy to prove the following:

THEOREM 5.22. Let (A, u, ) a regular Hom-Jacobi-Jordan algebra and
(t)t>0 be a one-paramater formal deformation of (A, u, ). Then there ex-
ists a one-paramater formal deformation (uy)¢>0 of (A, u, ) which is equiva-
lent to (pt)i>0 such that p} € Z2(A, A) and py ¢ B2(A, A). In addition, if
H2(A, A) = {0}, then any one-paramater formal deformation of (A, u,q) is
equivalent to the trivial one.

Remark 5.23. The Hom-Jacobi-Jordan algebra whose all formal deforma-
tions are trivial are said analytically rigid. The nullity of the second cohomol-
ogy group gives a sufficient criterion for rigidity.
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5.4. FORMAL DEFORMATIONS OF RELATIVE ROTA-BAXTER OPERATORS
ON HOM-JACOBI-JORDAN ALGEBRAS. In this subsection, we study formal
deformations of relative Rota-Baxter operators using the cohomology theory
given for Hom-Jacobi-Jordan algebras.

Observe first that if (4, p, o) is a Hom-Jacobi-Jordan algebra over K, then
there is a K[[t]]-Hom-Jacobi-Jordan algebra structure on A[[¢]] given by

+oo
(Z:gztl) 3 al@)t, (5.24)
=0
+oo ~ Foo ‘
H(intz,Zyjt]) Z Z (s, yj) )k, Vag,y; € A (5.25)
i=0 =0 k=0 i+j=k

Let (V,p,¢) be a representation of a Hom-Jacobi-Jordan algebra (A, u, ).
There is a representation (V[[t]], p, ¢) of the K[[¢]]-Hom-Jacobi-Jordan algebra
Al[t]] given by

+oo +o00
qﬁ(Zviti) => (vt (5.26)
i=0 =0
(Z% )(Zvjt]) = Ji:.o Z p(xi)(vj)tk, Va, € A, vy e V. (5.27)

k=0 i+j=k

Let T be a relative Rota-Baxter operator on a Hom-Jacobi-Jordan algebra
(A, i, ) with respect to a representation (V, p, ¢). We consider a power series

=> Tit', T, € Homg(V, A), (5.28)

i.e., T} € Homg(V, A)[[t]]. Extend it to be a K[[t]]-module map from V[t]] to
A[[t]] which is still denoted by Tj.

DEFINITION 5.24. Let (A, u, @) be a Hom-Jacobi-Jordan algebra, (V) p, ¢)
be a representation of (A, u,a) and T : V. — A be a relative Rota-Baxter
operator of (A, u, «) with respect to (V, p, ¢). If T, = Zf:og Tit!, with Ty =T
satisfies

T, = oy, VieK, (5.29)
w(Tyu, Tw) = Ty (p(Tyu)v + p(Tyv)u), Vu,veV, (5.30)
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we say that T; is a formal deformation of the relative Rota-Baxter
operator T.

Remark 5.25. (a) The order of the deformation (73)ick is k, if T} =
E?:o Tit', where k is a nonnegative integer.

(b) If k = 1, the deformation is said to be infinitesimal.
The identity (5.29) is equivalent to

> (Tip — o)t =0,

i>0

i.e.,
T;¢ = oT; fori=0,1,2,.... (5.31)

The identity (5.30)) is equivalent to

Z (N(Ti% Tjv) = T;(p(Tju)v + p(ij)u) i =,
1>0,7>0

ie.,

Z Z (,u(Tiu, Ts—v) —Ti(p(TS,iu)v—i—p(TS,iv)u) =0 for s=0,1,2,....

i>0
In particular, for s = 0 we have
w(Tou, Tov) = Ty (p(Tow)v + p(Tov)u)

and therefore Ty is a relative Rota-Baxter operator of (A, u,a) with respect
to the representation (V, p, ¢).
For s =1 we get

w(Tow, Tyv) — To (p(Tiu)v + p(Tiv)u) + p(Tiw, Tov) — Th (p(Tou)v + p(Tov)u),
i.e., if set pg, = *r,, we obtain
T (u*p, v) = pp,(w)T1v + pr, (v)T1u. (5.32)

Hence, by (5.31)) and (5.32), it follows that 71 € Dery(V, A), ie., T1 is a
#°-derivation of the Hom-Jacobi-Jordan algebra (V, x7,, #) with values in the
representation (A, p1y, ). Hence, we get,
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PROPOSITION 5.26. Let T; = Z;OS’ T;t* be a formal deformation of a rel-
ative Rota-Baxter operator T on a Hom-Jacobi-Jordan algebra (A, u, ) with
respect to a representation (V, p, ). Then Ty is a ¢°-derivation of the Hom-
Jacobi-Jordan algebra (V,*p, ¢) with values in the representation (A, pr, «).

Building on the relationship between relative Rota-Baxter operators and
Hom-Jacobi-Jordan algebras, we have

PROPOSITION 5.27. If (T})iek is a formal deformation of T, then the bi-
linear map pr, défined by

—+00

pr, (u,0) = (p(Tu)v + p(Tiv)u)t! (5.33)
=0

is a formal deformation of (V, ur, ¢) where

pr(u,v) = p(Tu)v + p(Tv)u, Vu,veV.

Proof. Applying Eqgs. (5.25)), (5.27)) and (5.28) to expand Eq. (5.33) and
collecting coefficients of t*, we see that Eq. (5.33) is equivalent to the system

of equations

+00
S (1(Ti(w), T3(0)) = To(p(Ty(w)v + p(Tj(0))u) =0, V>0, woweV.

1,720 1

6. SUMMARY AND OUTLOOK

In this work, we have established representation and cohomology theories
of Hom-Jacobi-Jordan algebras as well as those of relative Rota-Baxter op-
erators of these Hom-algebras. Deformations of Hom-Jacobi-Jordan algebras
and their relative Rota-Baxter operators are also studied using the cohomolog-
ical approach. Future work may explore the representation and cohomology
theory of (Hom-)Jacobi-Jordan bialgebras.
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