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Abstract: Let F': C — C be an endofunctor and, write Cr the category of F-coalgebras. The endo-
functor F is called a covarietor when the forgetful functor U : Cr — C has a right adjoint. Assuming
C is Barr-exact (i.e., regular and internal equivalence relations are effective), we prove that Cp is
Barr-exact under the condition F' is a covarietor and preserves pullbacks.
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1. INTRODUCTION

A category C admitting finite limits, (regular epi)-mono factorizations,
and coequalizers of equivalence relations is called effective if every equivalence
relation in C is effective (i.e., the kernel pair of its coequalizer). Given an
equivalence relation R on an object A of C, the diagram

T1 e

R A B

T2

is called an exact sequence whenever R is the kernel pair of e and e is the
coequalizer of R. It’s also said that an effective category has exact sequences.

A category will be called regular if every finite diagram has a limit, if the
kernel pair of any morphism admits a coequalizer and if regular epimorphisms
are stable under pullbacks (see [9]). In that way, regular categories recapture
many properties of abelian categories like the existence of images, without
requiring additivity. At the same time, regular categories provide a foundation
for the study of a fragment of first-order logic, known as regular logic (see
[6]). An important aspect of regular categories is that in these categories
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the calculus of relations provides a powerful method to prove new results,
possibly satisfying some additional exactness conditions (see [7], [8] and [19]).
An illustration of this method is given by the Mal’tsev axiom: in a regular
category this axiom is equivalent to the permutability of the composition of
relations, in the sense that any pair R and .S of equivalence relations on a given
object are such that Ro .S = .5 o R. Indeed, regular categories are important
not just for Mal’tsev categories but also for Goursat categories, arithmetical
categories, the categorical algebra of congruence distributivity, and others (see
[10], [11], [12], [13] and [21]).

A category which is both regular and effective is called effective regular
or Barr-exact. Every elementary topos is a Barr-exact category (see [15]).
However, not every Barr-exact category is an elementary topos. A counter-
example is the category K Haus of compact Hausdorff spaces (see [20]). Cat-
egories monadic over sets are Barr-exact (see [5]). In particular, varieties of
algebras are Barr-exact, so that categories such as Grp of groups and Rng of
rings are Barr-exact. These are also not elementary toposes. Abelian cate-
gories are Barr-exact.

Coalgebras have emerged in the last years as a significant concept in com-
puter science, particularly in the areas of system modeling, semantics, and
logic. Indeed, they provide a powerful framework to study systems that are
more concerned with behavior and interaction than with static structure, mak-
ing them fundamental to many modern applications in computing.

Given an endofunctor F' : C — C. An F-coalgebra (A,a) consists in an
object A of C together with a C-morphism a : A — FA. A homomorphism
between F-coalgebras (A,a) and (B, b) is a C-morphism f : A — B such that
F(f)oa="bo f. We write Cr the category of F-coalgebras. The endofunctor
F is called a covarietor when the forgetful functor U : Cr — C has a right
adjoint. Assuming C is Barr-exact, we prove that Cp is Barr-exact under the
condition F' is a covarietor and preserves pullbacks.

2. FACTORIZATION SYSTEMS

Roughly speaking, a factorization system on a category consists of two
classes of morphisms, £ and M, such that every morphism factors into an
E-morphism followed by an M-morphism, and the E-morphisms and M-
morphisms satisfy some lifting or diagonal fill-in property.

Formally, a factorization system for a category C consists of a pair (E,M)
of classes of morphisms in C such that:
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FS1. F and M contain all isomorphisms of C and are closed under composi-
tion.

FS2. C has E-M factorizations (of morphisms); i.e., every morphism f of C
can be factored as f = m o e for some morphisms e € £ and m € M.

FS3. C has the unique E-M diagonalization property; i.e., for each commu-

tative square
e

[ ] [ ]
-
—
-
u v
-
_ w
[ ] [ ]

with e € E'and m € M, there is a unique arrow w making both triangles
commute.

|

DEFINITION 2.1. (SEE [3]) A category admitting a factorization system
(E,M) is said to be (E,M )-structured.

For instance, the categories Set of sets, Grp of groups and Top of topolog-
ical spaces are (regular epi, mono)-structured. Every category has the unique
(regular epi)-mono diagonalization property.

DEFINITION 2.2. Let G : A — B be a functor, where the category B has
(regular epi)-mono factorizations. We say that G creates (regular epi)-mono
factorizations when, given any morphism f : A — A’ and a (regular epi)-mono
factorization G(f) : G(A) 5 B Nt G(4), there exists a (regular epi)-mono

factorization A % A 7 A’ and an isomorphism ¢ : G(A) — B such that
poG(e)=eand moyp=G(m).

3. SUBOBJECTS

The notion of subobject is a generalization of concepts such subsets from
set theory, subgroup from group theory subspaces from topology.

In detail, let A be an object of some category. Given two monomorphisms
uw:S — Aandv:T — A with codomain A, we define an equivalence relation
by u = v, if there exists an isomorphism ¢ : S — T with u = v o ¢.

Equivalently, we write u < v if u factors through v; that is, if there exists
¢ : S — T such that u = v o ¢. The binary relation = defined by

u=v <= u<vandov<u

is an equivalence relation on the monomorphisms with codomain A.
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DEFINITION 3.1. An equivalence class of monomorphisms with codomain
A is called a subobject of A.

The dual concept to a subobject is a quotient object. It may also refer to
a co-subobject; that is, a subobject in the opposite category.

DEFINITION 3.2. In a category with binary products, a binary relation
between A and B is a subobject of A x B. This is represented by a monomor-
phism m : R — A x B or equivalently, by a pair of arrows

A

with the property that the induced arrow (r1,r2) : R — A x B is a monomor-
phism. So we have r1 = py o (ry,r3) and r9 = pa o (ry,r2); p1 and ps being the
projections of the product of A and B. A binary relation between A and A is
called a binary relation on A.

The pullback of two morphisms f: A — C and g : B — C with common
codomain (or the pullback of g along f) is a commutative diagram

p1

P B
| ls
A C

f

with the following property: if u: D — A and v : D — B are morphisms with
fou = gow, then there is exactly one morphism w : D — P with u = pjow
and v = po ow. In particular, the pullback of f and f is called the kernel pair
of f. We say that a category C has pullbacks if it has a pullback for any two
morphisms.

DEFINITION 3.3. A span (A J x4 B) is called a mono source, if for
any two arrows hi, ho : Y — X we have:

((fohi=fohg) and (gohy =goha)) = hy=hy.

Binary products and pullbacks are mono sources. In a category with bi-
nary products, binary relations are mono sources and vice-versa. Given A
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in a category admitting binary products, pullbacks and (regular epi)-mono
factorizations. Consider a binary relation R on A. Form the pullback of its
projections r; and 7.

RxsR—"p-"sy

tQi lm

R A

|

A

Then R is called an equivalence relation if it is reflexive (i.e., the diagonal
map (14,14) : A — A x A factors through R), symmetric (i.e., there is an
arrow 7 : R — R such that 71 o7 = rg and 7o o7 = r1) and transitive (i.e.,
(rioty,rooty) : R x4 R— A x A factors through R).

T1

4. COALGEBRAS AND THEIR HOMOMORPHISMS

Consider an endofunctor F' : C — C. An F'-coalgebra consists in an object
A of C together with a morphism a : A — FA in C. The object A is called
the underlying object of (A,a) and the morphism a is called its coalgebra
structure.

A homomorphism between (A, a) and (B, b) is a morphism f : A — B that
respects the coalgebra structures; that is, the following diagram commutes

41— . p

|y b
()

FA——FB

The category of F-coalgebras and their homomorphisms is denoted Cp.
The forgetful functor U : Cr — C maps every F-coalgebra (A, a) to its under-
lying object A.

EXAMPLE 4.1. Consider the Set-endofunctor
F:Set — Set
A — ZxA

for a fixed nonempty set Z. A coalgebra for this functor consists of a set A
together with a mapping
a:A—ZxA
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Equivalently, an F-coalgebra is given by a set A and two mappings
hdy : A— 7 and tla: A— A

Given any such coalgebra, each element x € A gives rise to a sequence over
Z, namely the sequence

(hda(z),hda o tla(z),hda o ti5(z),...).

An example of such an F-coalgebra is given by A = Z%, the set of all infinite
sequences over Z. A homomorphism between two F-coalgebras (A, (hda,tla))
and (B, (hdp,tlp)) is a mapping f : A — B satisfying

hda(z) = hdp(f(z))  and  f(tla(z)) = tip(f(z))
with z € A.

ExXAMPLE 4.2. (RUTTEN [22]) A Moore machine with input alphabet X
can be viewed as a coalgebra for the functor

F:Set — Set
A — BxA¥

where B is any set. For the case of B = 2 = {0,1}, an F-coalgebra is given
by a set A together with two mappings

0:A—2 and t:A— A¥,

Any such coalgebra is known as a deterministic automata. The output func-
tion o indicates whether a state s in A is accepting (also called final): o(s) = 1,
or not: o(s) = 0. The transition function ¢ assigns to a state s a function
t(s) : ¥ — A which specifies the state t(s)(e) that is reached after an input
symbol e has been consumed. A homomorphism between two F-coalgebras
(A, {o,t)) and (B, (d',t')) is a mapping f : A — B satisfying the condition

F(f)0<0,t> = <0,at,>of

which is equivalent to

for all s € A and e € .
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EXAMPLE 4.3. (JAcoBs [14]) A context-free grammar is a basic tool in
computer science to describe the syntax of programming languages via so-
called production rules. These rules are of the form v — o, where v is a non-
terminal symbol and o is finite list of terminal and non-terminal symbols. Let
* denote the Kleene star operator. If we write V' for the set of non-terminal
symbols, and A for the terminals, then a context-free grammar g : V —
P((V + A)*) is a coalgebra for the functor

F:Set — Set
X — PUX+A)).

It sends each non-terminal v to a set g(v) C (V + A)* of right-hand-sides
o € g(v) in productions v — 0. A word 7 € A* with terminals only can
be generated by a context-free grammar ¢ if there is a non-terminal v €
V' from which 7 arises by applying rules repeatedly. The collection of such
strings is the language generated by the grammar. A simple example is the
grammar with V' = {v}, A = {a,b} and g(v) = {(), avb}. It thus involves two
productions v — () and v — a.v.b. This grammar generates the language of
words ab" consisting of a number of a’s followed by an equal number of b’s.

4.1. (REGULAR EPI)-MONO FACTORIZATIONS Recall that every category
admitting (regular epi)-mono factorizations is (regular epi, mono)-structured.

DEFINITION 4.4. (SEE [I8]) Let F : C — C’ be a functor and let D be a
small category. We say that

e F creates D-(co)limits if, for every diagram J : D — C, whenever (L', ¢’)
is a (co)limiting (co)cone to F' o J, then there is a unique (co)limiting
(co)cone (L, ) to J such that FL = L' and Fo = ¢'.

e [ creates (co)limits when it creates D-(co)limits, for all small categories
D.

A functor is said to preserve pullbacks if it transforms every pullback into a
pullback. For instance, every polynomial functor preserves pullbacks (see [22]
Theorem 10.1]). A morphism f: A — B in any category is a monomorphism
if and only if

1a

A A
{ )
A B



8 J.-P. MAVOUNGOU

is the kernel pair of f. Thus every functor that preserves pullbacks also
preserves monomorphisms.

PROPOSITION 4.5. The following assertions hold:

(i) The forgetful functor U : Crp — C creates colimits.

(ii) When C has pullbacks and F preserves them, U creates pullbacks. In
particular, it creates kernel pairs of homomorphisms.

Proof. Assertion (i) is Proposition 1.1 in [4]. For assertion (ii), see Remark
4.4-(a) in [1]. As a consequence, the forgetful functor U : Cp — C creates
kernel pairs of homomorphisms. 1

PROPOSITION 4.6. (SEE [2, [I7]) Suppose that C has (regular epi)-mono
factorizations and F' : C — C preserves monomorphisms (e.g. if F' preserves
pullbacks). Then Cr has (regular epi)-mono factorizations and the forgetful
functor U : Cp — C creates them.

4.2. Limits We are interested in the existence of limits in a category of
coalgebras.

DEFINITION 4.7. A functor F' : C — D preserves relations if it transforms
every binary relation R between A and B in C into a binary relation FR

between FA and F'B in D.

LEMMA 4.8. Let C and D be two finitely complete categories. Then every
functor F' : C — D that preserves pullbacks also preserves relations.

Proof. Given a binary relation R between A and B in C; that is, a subob-
ject of A x B. Also, A x B is a pullback because C is finitely complete (see [3]
and [23]). Since F' preserves pullbacks, it transforms A x B into a pullback,
and due to D has binary products, F(A x B) is a subobject of FA x FB.
Furthermore, F'R is a subobject of F(A x B) as F' preserves monomorphisms.
It follows that F'R is a subobject of FA x FB, and hence a binary relation
between FA and FB. 1

PROPOSITION 4.9. Let C be a finitely complete category and F : C — C
be an endofunctor that preserves pullbacks. Then Cr has equalizers, and the
forgetful functor U : Cp — C creates them.
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Proof. Consider a pair u,v : (A,a) — (B,b) of homomorphisms. Let
i : ' — A be their equalizer in the category C. Then FE is a regular subobject
of A. Denote by (A &~ A x B 2 B) the product of A and B. From
universality of the product, there is a unique arrow (14,u): A — A x B such
that p1 o (14,u) = 14 and py o (14,u) = w. Similarly, there is a unique arrow
(1a4,v) : A— A x B such that p; o (14,,v) =14 and pa o (14,v) = v. Since C
is finitely complete, the following diagram is a pullback.

E : A

zl i(lmu)
A1 A

Conversely, the pullback of (14,u) and (14,v) is the equalizer of u and wv.
By the fact that F' preserves pullbacks, F'E together with F'i as projections
is the pullback of F(14,u) and F(l4,v). Furthermore, there is a unique
arrow (1pa, Fu) : FA — FA x FB such that sy o (1pa, Fu) = 1p4 and
s90(lpa, Fu) = Fu with s; and s the projections of the product of F'A and
FB. Also, there is a unique arrow (1pa, Fv) : FA — FA x FA such that
s10(lpa, Fv) =1pq and syo (1pa, Fv) = Fu. Let h: F(Ax B) - FAXx FB
be the unique arrow such that s; o h = Fp; and s3 o h = F'ps. We have that
sio(hoF(lg,uyoaoi)=s;0(hoF(lg,v)oaoi)dueto FpjoF(la,u)=
lpa = FpioF(la,v) and, spo(ho F(lg,u)oaoi)=sgo(hoF(lg,v)oaoci)
by commutativity of the following diagram.

a

E A FA

i u F(l,,u)

A v B F(A x B)
)

a b FAXFB |Fp
52

FA— = F(Ax B) — —= FAx FB — FB

Fp2

Since s; and sg form a mono source, we have that h o F(lg,u) ocaoi =
ho F(la,v)oaoi. But his a monomorphism as F' preserves relations; this
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follows from Lemma[4.8] So F(la,u)oaoi= F(la,v)0aoi.

FA
lFuAM)
F(A x B)

FA

F<1A7v>

By the universal property of pullbacks, there is a unique arrow e : £ — F'E
such that F(i) oe = aoi. Hence (E,e) is the object of the equalizer of the
homomorphisms u and v. Consequently, Cr has equalizers. |

DEFINITION 4.10. An endofunctor F': C — C is called a covarietor if the
forgetful functor U : Cr — C has a right adjoint.

COROLLARY 4.11. Let C be a (finitely) complete category and F' : C — C
be a covarietor that preserves pullbacks. Then Cr is (finitely) complete.

Proof. By Proposition the category Cr has equalizers. Moreover, it
has (finite) products since F is a covarietor (see [I, Remark 4.4-(c)]), and
hence Cr is (finitely) complete (see [3] and [23]). 1

5. EXACT CATEGORIES

We discuss the conditions under which a category of coalgebras can be
made Barr-exact.

DEFINITION 5.1. A finitely complete category C is called effective when
it has (regular epi)-mono factorizations and coequalizers of equivalence re-
lations, and every equivalence relation in C is effective (i.e., the kernel pair
of its coequalizer). When in addition regular epimorphisms are stable under
pullbacks, C is called Barr-exact.

Given an equivalence relation R on an object A, the diagram

T1 e

R A

B

T2



EXACT CATEGORIES OF COALGEBRAS 11

is called an exact sequence whenever R is the kernel pair of e and e is the
coequalizer of R. It’s also said that an effective category has exact sequences.

Every elementary topos is a Barr-exact category (see [15]). However, not
every Barr-exact category is an elementary topos. A counter-example is the
category K Haus of compact Hausdorff spaces (see [20]). Categories monadic
over sets are Barr-exact (see [5]). In particular, varieties of algebras are Barr-
exact, so that categories such as Grp of groups and Rng of rings are Barr-
exact. These are also not elementary toposes. Abelian categories are Barr-
exact.

PROPOSITION 5.2. (SEE [16], 24]) If C is an elementary topos and F :
C — C is a covarietor that preserves pullbacks, then Cr is an elementary
topos.

DEFINITION 5.3. A bisimulation between F-coalgebras (A, a) and (B,b)
is a binary relation R between A and B such that there is a morphism r :
R — F R making the following diagram commute.

A< R Z .B
a |r b
F \ F
FA<" FR—"-FB

A Dbisimulation which is an equivalence relation is called a bisimulation
equivalence.

LEMMA 5.4. Let F : C — C be a covarietor that preserves pullbacks.
Suppose that C is a finitely complete category (and hence so is Cp by Corol-
lary . If moreover C has (regular epi)-mono factorizations, the canonical
morphism U((A1,a1) Xc. (A2,a2)) — U(A1,a1) x U(Az,a2) = A1 x Ay is
a monomorphism in C, where (Ai,a1) X¢, (A2,a2) denotes the product of
(A1,a1) and (Ag,as), for all F-coalgebras (Ai,a1) and (Az,as).

Proof. Given two F-coalgebras (Aj,a;) and (Ag,az), their product
(A1,a1) Xc, (A2, a2) exists due to Corollary We write ¢1 : (A1,a1) Xcp
(Az,a2) — (Ai,a1) and g2 : (Ay,a1) Xcp (A2,a2) — (Ag,ag) its projec-
tions. From universality of the product, there exists a unique arrow u :
U((A1,a1) X¢p (A2,a2)) — Ay x Ag such that pjou = ¢; and pyou = ¢o,
where p; and ps are the projections of the product of A; and As. Factorize u
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into a regular epimorphism e followed by a monomorphism m : R — A; X As.
For each i = 1, 2, the following diagram commutes

qi

//////”’:ﬂw_m&N“‘\“\\\iﬁ\&

U((Alaal) XCF (A27a2)> Al X A2 Az
F(U((A1,a1) Xcp (m/}%/ a;
F(e)l a7 -
< F(A; x A A
FR F(m) (A1 4z) Fon) FA;
F(pjom)

where o0 : U((A1,a1) Xc¢p (A2,a2)) = F(U((A1,a1) ¢ (A2,a2))) is the coal-
gebra structure on U((A1, a1) X¢, (A2, az2)). By definition, e is the coequalizer
of a pair of parallel morphisms v and w in C. So for each i = 1,2, we have
that (F'(p;) o Fi(m))o ((F(e)oo)ow) = (F(p;)oF(m))o ((F(e)oo)ow) or
equivalently F'(p; om) o ((F(e)oo)ov) = F(p;om)o ((F(e)oo)ow). Also,
F(p1 om) and F(p2 o m) form a mono source; this is because F' preserves
relations as it preserves pullbacks. Whence (F'(e)oo)ov = (F(e)oo)ow. By
the universal property of coequalizers, there is a unique arrow r : R — FR
such that F'(e)oo = roe. It follows that for each i = 1,2, (F(pjom)or)oe =
(a;j o (pi om)) o e, and hence F(p; om)or = a; o (p; om) because e is an
epimorphism. Thus R is equipped with an F-coalgebra structure r : R — F'R
turning its projections 71 = p; o m and r9 = ps o m into homomorphisms;
that is, R is a bisimulation between (A1, a;1) and (A2, az2). As a consequence,
there exists a unique homomorphism s : (R,r) — (A1,a1) X¢, (A2,a2) such
that g1 o s = r1 and g2 0o s = ro. Since ¢; and g9 form a mono source in Cp,
the composite soe: (A1,a1) X¢p (A2,a2) = (A1,a1) X¢p (A2,a2) is then the
unique homomorphism such that ¢; o (soe) = g1 and g2 0 (soe) = go; that is,
soe = 1U((A1,a1)XcF (A,a2))- Consequently, e is an isomorphism as a regular
epimorphism and a coretraction. This shows that u is a monomorphism. |

COROLLARY 5.5. Let F': C — C be a covarietor that preserves pullbacks.
Suppose that C is a finitely complete category with (regular epi)-mono fac-
torizations and coequalizers of equivalence relations. Then Cp is effective
provided that C so Is.
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Proof. By Corollary [£.11] Cp is finitely complete. Given an equivalence
relation (R,r) on an F-coalgebra (A,a). Under condition that F preserves
pullbacks, its underlying object R = U(R,r) is a subobject of U((4,a) x¢,
(A,a)) due to Proposition and hence R is a binary relation on A as a
consequence of Lemma [5.4] Also, the forgetful functor U : Cp — C preserves
equivalence relations as F' preserves pullbacks. Thus R is an equivalence
relation on A. Let ¢ be the coequalizer of R in C. It exists as C is effective.
From Proposition [4.5}(i), ¢ is also the coequalizer of (R,r) in Cp. Since R is
the kernel pair of ¢ in C, it follows that (R, r) is the kernel pair of ¢ in Cp.
Hence Cr is an effective category. |

PROPOSITION 5.6. Let F': C — C be a covarietor that preserves pullbacks,
where C is a Barr-exact category. Then Cr is also Barr-exact.

Proof. First, Cr is effective due to Corollary 5.5. So it only remains to
prove that regular epimorphisms in Cr are stable under pullbacks. But this is
a direct consequence of the fact that the forgetful functor U : Cp — C creates
(regular epi)-mono factorizations and pullbacks (see Proposition [4.5](ii) and

Proposition . |
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