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Abstract : Fusion frames are a very active area of research because of a myriad of applications in

pure mathematics, applied mathematics, image processing and related areas. In the current paper,
we mainly establish an operator theoretic approach for constructing K-g-fusion frames in Hilbert

spaces from operators satisfying suitable properties.
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1. Introduction and preliminaries

The theory of frames has become a useful tool in signal processing, allowing
uniform description of many linear but non-orthogonal transform techniques.
Many years after the advent of frame theory, its importance and applications
in various scientific fields have become clear to everyone. The aim of this
theory, developed by Duffin and Schaeffer [9], was to solve some problems
related to the nonharmonic Fourier series. In fact, the frame theory developed
Gabor’s studies in signal analysis in a pure form, which was extensively studied
by the fundamental paper of Daubechies, Grossmann, and Meyer [7].

A frame as well as an orthonormal basis allows each element in the underly-
ing Hilbert space to be written as an unconditionally convergent infinite linear
combination of the frame elements. As is fundamentally appreciated in har-
monic analysis, the utility of frames often surpasses that of strict orthonormal
bases. While an orthonormal basis guarantees perfect, non-redundant rep-
resentation, the necessity for diversity and redundancy in real-world, noisy
physical spaces mandates the use of frames. Consequently, the study and
identification of sequences that exhibit frame-like reconstruction properties,
yet offer novel diversity, is a crucial area of research.
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Over the last decade, frame theory has attracted steady interest in recent
applied mathematics research because it is used in various areas, such as signal
processing [2] and sampling theory [22]. With the deep development of frame
theory, several generalizations of frames were given by some authors, such as
frames of subspaces [3], g-frames [29], frames for operators [12]. Also, frames
and their generalization in Hilbert C∗-modules and locally compact abelian
groups have been studied in [11].

Fusion frames, which were introduced by Casazza and Kutyniok in [3],
can be regarded as frames of subspaces. They provide the link between local
frames and global ones.

Finding the operator perturbation of frames and its extensions is an im-
portant aspect of operator theory. The main purpose of the present paper is
to study the invariance of K-g-fusion frames in Hilbert spaces under operators
with specific properties.

Throughout this paper, we indicate by H a separable Hilbert space, by
L(H) the algebra of all bounded linear operators on H, and by CR(H) the set
of all closed range operators on H. For an operator A ∈ L(H), we will indicate
by A∗ its adjoint, by R(A) and N(A) the range and the kernel subspaces of
A respectively and by I ∈ L(H) is the identity operator. We also write
R∞(A) =

⋂
n≥0R(An) for the hyper-range of A. As usual, the orthogonal

projection from H onto Wj is denoted by πWj , where {Wj}j∈J is a sequence
of closed subspaces of H, where J is a subset of N.

In the sequel, we aim to review some basic definitions about frames and
operator theory that will be needed later. For a comprehensive survey on
fusion frame theory and its applications, one can refer to [5, 6, 20, 24].

Definition 1.1. ([4]) Let {Wj}j∈J be a collection of closed subspaces
of H and {νj}j∈J be a family of weights, i.e., νj > 0 for all j ∈ J. The
family {(Wj , νj)}j∈J is called a fusion frame for H if there exist constants
0 < α ≤ β < +∞ such that

α‖x‖2 ≤
∑
j∈J

ν2j ‖πWjx‖2 ≤ β‖x‖2, ∀x ∈ H.

Definition 1.2. ([26]) Let {Wj}j∈J be a collection of closed subspaces
of H, {νj}j∈J be a family of weights, i.e., νj > 0 and Λj ∈ L(H,Wj) for each
j ∈ J. The family {(Wj , Λj , νj)}j∈J is called a g-fusion frame for H if there
exist constants 0 < α ≤ β < +∞ such that

α‖x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖x‖2, ∀x ∈ H.
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Definition 1.3. ([25]) Let {Wj}j∈J be a collection of closed subspaces
of H, {νj}j∈J be a family of weights, i.e., νj > 0 and Λj ∈ L (H,Wj) for all j
∈ J. The family {(Wj , Λj , νj)}j∈J is called a K-g-fusion frame for H if there
exist constants 0 < α ≤ β < +∞ such that

α‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖x‖2, ∀x ∈ H.

We call α, β lower and upper frame bounds of a K-g-fusion frame, respectively.

The following lemmas are key tools for the proofs of our main results.

Lemma 1.4. ([13]) LetW be a closed subspace ofH and A ∈ L(H). Then

πWA
∗ = πWA

∗πAW .

Lemma 1.5. ([8]) Let A,B ∈ L(H). Then the following statements are
equivalent:

(1) R(A) ⊆ R(B);

(2) ‖A∗x‖2 ≤ c‖B∗x‖2 for all x ∈ H and for some c ≥ 0;

(3) there exists C ∈ L(H) such that A = BC.

In particular, there exists a unique T ∈ L(H) such that A = BT with

‖T‖ = inf
{
c > 0 : ‖A∗x‖2 ≤ c‖B∗x‖2, ∀x ∈ H

}
.

Remark 1.6. If A 6= 0, then then there exists T ∈ L(H) such that A = BT
with ‖T‖ = c 6= 0.

In [14], recall that the Moore-Penrose inverse of an operator A ∈ L(H)
with closed range is defined as the unique operator A† ∈ L(H) satisfying:

AA† = πR(A) and A†A = πR(A∗)

Example 1.7. ([21]) Let A ∈ L(H) such that A2 = A. Then

A† = πR(A∗)πR(A).

Now, we list below some useful properties related to Moore-Penrose in-
verses.
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Proposition 1.8. Let A ∈ CR(H). Then

(1) R(A†) = R(A∗) = N(A)⊥;

(2) N(A†) = N(A∗) = R(A)⊥.

The next proposition will be useful in our work.

Proposition 1.9. ([16]) Let A ∈ L(H) and B ∈ CR(H) be an arbitrary
operator which commutes with A. Then A commutes with B†.

In mathematics, an EP matrix (or range-Hermitian matrix) is a square
matrix A whose range is equal to the range of its conjugate transpose A∗

[27]. EP matrices, as an extension of normal matrices, has been extended by
Campbell and Meyer [28] to operators with closed range on a Hilbert space.

Definition 1.10. ([28]) A ∈ L(H) is called an EP operator if R(A) is
closed and R(A) = R(A∗).

Example 1.11. Let A ∈ L(l2C)) be defined as follows:

A
(

(xj)j≥1

)
= ((yj)j≥1) ,

where

yj =


x1 − x3 if j = 1,

0 if j = 2,

xj if j ≥ 3.

By some straightforward computations, we obtain that A is an EP operator.

Proposition 1.12. ([15]) Let A ∈ CR(H) be normal. Then A is an EP
operator.

Additionally, the closedness of range of operators is an attractive problem
which appears in operator theory, especially, in the theory of Fredholm oper-
ators. The following quantity is closely connected with the closeness of the
range (see [23])

γ(A) := inf
{
‖Ax‖ : x ∈ H, dist(x,N(A)) = 1

}
.

Formally, we set γ(0) :=∞. Clearly, γ(A) > 0 if and only if R(A) is closed.
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Example 1.13. Let A ∈ L(C2) be defined as follows:

A : C2 −→ C2

(x1, x2) 7−→ (x1, x1).

For x = (x1, x2) ∈ C2, we have

‖Ax‖ =
√

2|x1|

and

dist(x,N(A)) = |x1|.

Then

γ(A) =
√

2.

Following Mbekhta [18], an operator A ∈ CR(H) is said to be regular if
N(A) ⊂ R∞(A).

Example 1.14. All injective operators with closed range are regular.
Some other examples may be found in [17].

Proposition 1.15. ([19]) Let A,B,C,D be mutually commuting oper-
ators such that AC +BD = I. Then

R∞(AB) = R∞(A) ∩R∞(B).

Moreover, AB is regular if and only if both A and B are regular.

A subspace E ⊂ H is called a reducing subspace for A ∈ L(H) if A(E) ⊂ E
and A∗(E) ⊂ E .

Theorem 1.16. ([10]) Let A be regular such that R∞(A) reduces A.
Then A† is regular.

Next, we collect below some useful properties related to regular operators.

Proposition 1.17. ([1]) Let A ∈ L(H) be regular. Then

(1) R∞(A) is closed;

(2) A∗ is regular;

(3) R∞(A− zI) = R∞(A) = A(R∞(A)), ∀|z| < γ(A).
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2. K-g-fusion frames via operators

In this section, consider K ∈ L(H) and A ∈ CR(H) and we denote by

ζ(A) = A†∗.

Lemma 2.1. Let A ∈ CR(H). Then

R(ζ(A)) = R(A).

Proof. By Proposition 1.8, we have

R(ζ(A)) = N(A†)⊥ = (N(A∗))⊥ = R(A).

This completes the proof.

Theorem 2.2. Let Λ = {(Wj , Λj , νj)}j∈J be a K-g-fusion frame for H
with K 6= 0 and A be an EP operator such that KA∗ = A∗K and R(K∗) ⊆

R(A). Then

{(
ζ(A)Wj , ΛjπWjA

†, νj

)}
j∈J

is a K-g-fusion frame for H.

Proof. Let r ∈ R(A). By Lemma 2.1, we have

r = ζ(A)ζ(A)†r.

Since

H = R(A)⊕R(A)⊥,

if x ∈ H, there exist r ∈ R(A) and s ∈ R(A)⊥ such that

Kx = Kr +Ks.

Thus we get

Kx = Kζ(A)(A∗r) +Ks.

It follows from Proposition 1.9 that ζ(A)K = Kζ(A).

From R(K∗) ⊆ R(A), we get R(A)⊥ ⊂ R(K∗)⊥ = N(K), and hence

Kx = ζ(A)K(A∗r + s).

Since A is EP , we have

A∗x ∈ R(A).
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By Lemma 1.5, there exists c > 0 such that

c‖K∗x‖2 ≤ ‖(ζ(A)K)∗x‖2, ∀x ∈ H.

Since Λ is a K-g-fusion frame, we have

α‖(ζ(A)K)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjζ(A)∗x‖2 ≤ β‖ζ(A)∗x‖2, ∀x ∈ H.

This yields

cα‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjζ(A)∗x‖2 ≤ β‖A†‖2‖x‖2, ∀x ∈ H.

By Lemma 2.1, we get

πWjζ(A)∗π
ζ(A)Wj

= πWjζ(A)∗.

Therefore,

cα‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjA
†π
ζ(A)Wj

x‖2 ≤ β‖A†‖2‖x‖2, ∀x ∈ H.

This completes the proof.

Corollary 2.3. Let {(Wj , Λj , νj)}j∈J be a K-g-fusion frame for H and
A ∈ CR (H) be normal such that KA∗ = A∗K. Then{(

ζ(A)Wj , ΛjπWjA
†, νj

)}
j∈J

is a K-g-fusion frame for H.

Proof. The proof follows from Proposition 1.12 and Theorem 2.2.

Lemma 2.4. Let A be regular such that R∞(A) reduces A. Then ζ(A) is
regular.

Proof. The proof follows from Theorem 1.16 and Proposition 1.17.

Theorem 2.5. Let Λ = {(Wj , Λj , νj)}j∈J be a K-g-fusion frame for H
with K 6= 0 and A be regular such that KA∗ = A∗K. Then{(

ζ(A)Wj ,ΛjπWjA
†, νj

)}
j∈J

is a K-g-fusion frame for R∞ (ζ(A)).
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Proof. Let x ∈ R∞ (ζ(A)). Then there exists y ∈ R∞ (ζ (A)) such that

x = ζ (A) y,

and hence

Kx = Kζ(A)y.

Using Proposition 1.9, we get

Kζ (A) = ζ (A)K.

By Lemma 1.5, there exists c > 0 such that

c‖K∗x‖2 ≤ ‖(ζ(A)K)∗x‖2, ∀x ∈ R∞ (ζ(A)) .

Since Λ is a K-g-fusion frame, for all x ∈ R∞(ζ(A)), we have

α‖(ζ(A)K)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjζ(A)∗x‖2 ≤ β‖ζ(A)∗x‖2.

Thus

cα‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjζ(A)∗x‖2 ≤ β‖A†‖2‖x‖2.

By Lemma 1.4, we have

πWjζ(A)∗π
ζ(A)Wj

= πWjζ(A)∗.

Hence

cα‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjA
†π
ζ(A)Wj

x‖2 ≤ β‖A†‖2‖x‖2.

This completes the proof.

For any scalar z with |z| < γ(A), set

p(A) = A2 − zA.

Proposition 2.6. Let A be regular. Then p(A) is a regular operator.
Moreover, we have

R∞(p(A)) = R∞(A).



constructing g-fusion frames for operators 9

Proof. It follows from Proposition 1.15 that p(A) is regular. Moreover, we
have

R∞(p(A)) = R∞(A) ∩R∞(A− zI).

By Proposition 1.17, we get

R∞ (p (A)) = R∞(A).

This completes the proof.

Theorem 2.7. Let Λ = {(Wj , Λj , νj)}j∈J be a K-g-fusion frame for H
with K 6= 0 and A be regular such that KA = AK. Then{(

p(A)Wj , ΛjπWj (p(A)∗, νj

)}
j∈J

is a K-g-fusion frame for R∞(A).

Proof. Let x ∈ R∞(A). By Proposition 2.6, there exists y ∈ R∞(A) such
that

x = p(A)y,

and hence
Kx = p(A)Ky.

By Lemma 1.5, there exists c > 0 such that

c‖K∗x‖2 ≤ ‖(p(A)K)∗x‖2.

Since Λ is a K-g-fusion frame, for all x ∈ R∞(A), we have

α‖(p(A)K)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjp(A)∗x‖2 ≤ β‖p(A)∗x‖2.

By Lemma 1.4, we have

π∗Wj
π
p(A)Wj

= πWjp(A)∗.

Thus

αc‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjp(A)∗π
p(A)Wj

x‖2 ≤ β‖p(A)‖2‖x‖2.

This completes the proof.
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In the following, we aim to construct some K-g-fusion frames induced by
some projections.

Theorem 2.8. Let L ∈ L(H) such thatKLK = K and

{
(Wj , Λj , νj)

}
j∈J

be a K-g-fusion frame for H. Then
{

((KL)Wj , ΛjπWj (KL)∗, νj)

}
j∈J

is a K-

g-fusion frame for H.

Proof. By assumption, there exist α, β > 0 such that

α‖K∗(KL)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWj (KL)∗x‖2 ≤ β‖(KL)∗x‖2, ∀x ∈ H.

Since KLK = K,

α‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWj (KL)∗x‖2 ≤ β‖KL‖2‖x‖2, ∀x ∈ H.

By Lemma 1.4, we have

πWj (KL)∗π
(KL)Wj

= πWj (KL)∗.

Consequently,

α‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWj (KL)∗π
(KL)Wj

x‖2 ≤ β‖KL‖2‖x‖2, ∀x ∈ H.

This completes the proof.

From now on, we consider K ∈ CR(H) such that K 6= 0.

Lemma 2.9. Let K ∈ CR(H). Then there exists c > 0 such that

c‖ζ(K)∗x‖2 ≤ ‖K∗x‖2, ∀x ∈ H.

Proof. The proof follows from Lemma 2.1 and Lemma 1.5.

Lemma 2.10. Let U be a unitary operator. Then

ζ(UKU∗) = Uζ(K)U∗.



constructing g-fusion frames for operators 11

Proof. Direct computations show that

(UK∗U∗)† = UK∗†U∗ = UK†∗U∗.

This implies that

ζ(UKU∗) = (UKU∗)∗† = Uζ(K)U∗.

This completes the proof.

Theorem 2.11. Let U be unitary and {(Wj , Λj , νj)}j∈J be a K-g-fusion

frame forH. Then
{(
UWj , ΛjπWjU

−1, νj
)}

j∈J
is a Uζ(K)U−1-g-fusion frame

for H.

Proof. By assumption, there exist 0 < α ≤ β < +∞ such that

α‖K∗U∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjU
∗x‖2 ≤ β‖U∗x‖2, ∀x ∈ H.

By Lemma 2.9, there exists c > 0 such that

c‖(ζ(UKU∗))∗x‖2 ≤ ‖(UKU∗)∗x‖ ≤ ‖K∗U∗x‖, ∀x ∈ H.

Thus

αc‖(ζ(UKU∗))∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjU
∗x‖2 ≤ β‖x‖2, ∀x ∈ H.

By Lemma 1.4, we have

πWjU
∗πUWj = πWjU

∗.

It follows from Lemma 2.10 that

αc‖(Uζ(K)U−1)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjU
−1πUWjx‖2 ≤ β‖x‖2, ∀x ∈ H.

This completes the proof.

Next, new g-fusion frames for some idempotent operators are established.

Theorem 2.12. Let K ∈ CR(H) and {(Wj , Λj , νj)}j∈J be a K-g-fusion
frame for H. Then {Wj , Λj , νj}j∈J is a πR(K)-g-fusion frame for H.
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Proof. By assumption, there exist 0 < α ≤ β < +∞ such that

α‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖x‖2.

Using the fact that

ζ(K)K∗ = (KK†)∗ = (πR(A))
∗ = πR(K),

we obtain
‖(πR(K))

∗x‖2 ≤ ‖K‖2‖ζ(K)∗x‖2, ∀x ∈ H.
By Lemma 2.9, there exists c > 0 such that

αc‖ζ(K)∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖x‖2, ∀x ∈ H.

Then

cα‖K−2‖(πR(K))
∗x‖2 ≤

∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖x‖2, ∀x ∈ H.

This completes the proof.

Theorem 2.13. Let K be EP and Λ = {(Wj , Λj , νj)}j∈J be a K-g-fusion
frame for H. Then {Wj , Λj , νj}j∈J is a K∗-g-fusion frame for H.

Proof. Since K is EP , we have

R(K∗) = R(K).

By Lemma 1.5, there exists c > 0 such that

c‖Kx‖2 ≤ ‖K∗x‖2.

Since Λ is a K-g-fusion frame for H, for all x ∈ H, we have

α‖K∗x‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖ζ(A)∗x‖2.

This implies that

cα‖Kx‖2 ≤
∑
j∈J

ν2j ‖ΛjπWjx‖2 ≤ β‖A†‖2‖x‖2, ∀x ∈ H.

This completes the proof.
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Boston, Inc., Boston, MA, 2003.

[6] O. Christensen, M. Hasannasab, Operator representations of frames:
boundedness, duality, and stability, Integral Equations Operator Theory 88
(2017), 483 – 499.

[7] I. Daubechies, A. Grossmann, Y. Meyer, Painless nonorthogonal ex-
pansions, J. Math. Phys. 27 (1986), 1271 – 1283.

[8] R.G. Douglas, On majorization, factorization, and range inclusion of oper-
ators on Hilbert space, Proc. Amer. Math. Soc. 17 (1966), 413 – 415.

[9] R.J. Duffin, A.C. Schaeffer, A class of nonharmonic Fourier series,
Trans. Amer. Math. Soc. 72 (1952), 341 – 366.

[10] H. Ezzahraoui, M. Mbekhta, E.H. Zerouali, Wold-type decomposi-
tion for some regular operators, J. Math. Anal. Appl. 430 (2015), 483 – 499.

[11] M. Frank, D.R. Larson, Frames in Hilbert C∗-modules and C∗-algebra,
J. Operator Theory 48 (2002), 273 – 314.
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[13] P. Gǎvruţa, On the duality of fusion frames, J. Math. Anal. Appl. 333
(2007), 871 – 879.

[14] C.W. Groetsch, “Generalized inverses of linear operators representation
and approximation”, Monogr. Textbooks Pure Appl. Math., No. 37, Marcel
Dekker, Inc., New York-Basel, 1977.

[15] M. Jalaeian, M.M. Karizaki, H. Mahmoud, Conditions that the prod-
uct of operators is an EP operator in Hilbert C∗-module, Linear Multilinear
Algebra 68 (10) (2020), 1990 – 2004.

[16] M.M. Karizaki, D.S. Djordjević, Commuting C∗-modular operators,
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