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Abstract: We study the standard contact structure on the supercircle, S'I™, and the associated
supergroups of contactomorphisms E(1|n) and OPs(n|2) corresponding to Euclidean and projective
geometries. In this work, we begin by computing the cohomology group of the orthosymplectic
Lie group PC(n|2), taking values in the space of tensor densities, §%. Second, we determine the
5(2|n)-relative cohomology spaces HY ¢ (0sp(n|2),s(2|n); ) with H). indicating that only differ-
ential cochains are considered; meaning that only cochains given by differential operators are taken
into account. We also explicitly determine the 1-cocycles generating these cohomology spaces.
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1. INTRODUCTION

Lie superalgebras, supergroups, and their representation theory over the
field have been studied extensively in literature since the classification of finite-
dimensional complex simple Lie superalgebras by V. Kac [16]. The various
and well-known geometries on the circle S, namely the Euclidean, affine and
projective geometries (see for example [2] 111, [14]), are defined by the symmetry
groups (R,+), (Aff(1),0) and (PGL(2), x) respectively, or, equivalently, by
their characteristic invariants i.e. the distance, the distance rotation and the
cross-ratio.

The space of A—densities (or weighted densities with weight A) on S!,
denoted by:

3 = {h(dx)|h e C2(SY)},  AER,

is the space of sections of the line bundle (T*R)@)k. Let Vec(S') be the Lie
algebra of all vector fields Xy = H d%, where H € C*°(S1). The Lie derivative
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Lx along the vector field X makes §} a Vec(S!)-module for any A € R:
Lx,, (h(dx)*) = (HK + XH'h)(dx)™.
The action of Diff(S1) on the space § is given by
*(h) = h(®) (D).

The space %’g coincides with the space of all vector fields, functions and
differential 1-forms for A = —1, 0 and 1, respectively ([4, [10]). If we restrict
ourselves to the Lie subalgebra of Vec(S!) generated by {%, x%, xQ%}, iso-
morphic to the orthosymplectic Lie algebra s[(2). The vector field {d%}, spans
a commutative Lie algebra isomorphic to s0(2), the Lie subalgebra of Vec(S*!)
generated by {4, 21} is isomorphic to the affine Lie algebra a(1).

Therefore, we obtain the following inclusions of the Lie subalgebras
s0(2) C a(1) C sl(2).

We require that the Lie algebras, we are dealing with contain so(2). We
get a family of infinite dimensional s[(2)-modules still denoted F3. In [9],
Okba Basdouri computed the cohomology spaces H};z(a(1),3%). In [5], the
authors compute the cohomology spaces Hl¢(51(2), 3%).

From these invariants we can obtain, using Cartan-like formula, three 1-
cocycles of Diff 4 (S') with coefficients in some tensorial density modules §3
with A € R, see [12]. They are the generators of the three nontrivial cohomol-
ogy spaces H!(Diff | (S1); Fy), with A = 0, 1,2, as proved in [12} [17].

We now turn to the corresponding supergeometric setting. We consider
the supercircle S endowed with its standard contact 1-form a,, and intro-
duce the superspace § of A\-densities on the superspace S 1n " These spaces
naturally carry a structure of £(n)-modules, where €(n) is the Lie superalgebra
of contact vector fields on S

To the orthosymplectic Lie algebra sl(2) corresponds the orthosymplec-
tic Lie superalgebra osp(n|2) which is naturally embedded as a subalgebra
of ¢(n). Similarly, the Euclidean Lie algebra so(2) corresponds to the Eu-
clidean Lie superalgebra s(2|n) naturally realized as a subalgebra of osp(n|2).
Restricting the €(n)-modules to osp(n|2), we obtain osp(n|2)-modules, which
we still denote by §%. The main objective of this article is to compute the
first cohomology groups of the orthosymplectic Lie superalgebra acting on §Y
over the supercircle S1™. The extended geometries of S1™ are described by
supergroups of supersymmetries, namely translations E(1,n), affine transfor-
mations Aff(1,n), and orthosymplectic transformations OSp(n|2). As in the
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classical case, these supergroups admit characteristic invariants as well. Each
supergroup E(1,n), Aff(1,n) and PC(n|2) = OSp(n|2)/{£I} acts on S'" by
elements of IC(n).

In this paper, we first compute the s(2|n)-relative cohomology spaces
HL:(0sp(n]2),5(2|n); §%) where Hlz denotes differential cohomology, mean-
ing that only cochains defined by differential operators are considered. We
show that the non-vanishing cohomology spaces Hl . (0sp(n|2), s(2|n); F%) oc-
cur only for a finite number of values A. More precise, let

1 = dim(Hjig(0sp(n)2), 5(2|n); F2)).
We show that
2 if n=2 and A =0,
n=0 and X\ € {0, 1},
dy=<1 if $ n=1and Xe€{0, 3},
n>3 and A =0,

0 otherwise.

Moreover, we derive explicit formulas for all non-trivial 1-cocycles.

Second, we compute the first cohomology groups of the orthosymplectic
Lie group with coefficients in §%, focusing on the corresponding cohomology
spaces

H'(PC(n|2), ).

We prove that the non-vanishing cohomology spaces H'(PC(n|2),F%) arise
only for a small number of values of \. More precisely, let

{ = dim(H'(PC(n2),3%)).
We prove that
2 if n=2and A =0,
n=0 and X € {0, 1},

DY} 1 if § n=1and X € {0, 3},
n>3 and A =0,

>
Il

0 otherwise.
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2. GEOMETRY OF THE SUPERSPACE

Let (x,&1, ..., &), denote local coordinates on S where z is even and
&, ..., &, are odd coordinates with relations 5% =0, &&= —&ék-

This superspace carries the standard contact structure defined by the dis-
tribution (D1, ..., D,) spanned by the vector fields D; = O¢; — &0 where
0; = % and 0, = %. Equivalently, this distribution is given as the kernel of
the following 1-form:

an =dr+ Y &dg;. (2.1)

=1

By definition, a diffeomorphism of S*™ is a parity-preserving algebra au-
tomorphism of the function algebra C'*°(S 1'"). The group of diffeomorphisms
of S1"™ is denoted by Diff(S'"). Let & = (&,---,&,), which allows us
to use the shorthand notation ®(z,¢) for a diffeomorphism of S'™ deter-
mined by a family (¢,1,- -+ ,1,) where ¢ is even and ¢; (i = 1,--- ,n) are
odd functions. Each ® € Diff(S'") induces a diffeomorphism on S and
P: Diff(S'1") — Diff(S!) defines a group homomorphism.

2.1. THE LIE SUPERALGEBRA OF CONTACT VECTOR FIELDS ON S1I”
Consider the superspace C°(S'") consisting of functions F' of the form:

F = Z fil 77777 i ((L‘)&l cee flk where fily---yik S COO<Sl)

1<i1 << <n

Even (respectively odd) elements of C*°(S'") are those functions given in
(?7) where the summation is restricted to even (respectively odd) integers k.
Let | F'| denote the parity of a homogeneous function . We now consider the
contact bracket on C*(S")

/ / ]' - )
{F,.G}=FG' - F'G - Z; D;(F)D;(@) (2.2)

where D; = E% +§i3%.
Let Vec(S'™) be the superspace of vector fields on S11™:

Vec(S'm) = {Foax + ) Fidi : Fie C2(S'") for all z}

=1



COHOMOLOGY OF ORTHOSYMPLECTIC CONTACTOMORPHISMS b}

Consider the superspace £(n) of contact vector fields on S'". Equivalently,
£(n) consists of all vector fields on S preserving the contact distribution
(D1, ..., Dy):

E(n) = {X € Vec(Sl\n) : [X, 52] = FXﬁz for some Fy € COO(Sl|n)}

The Lie superalgebra €(n) is spanned by vector fields of the form:

I —
Xp=Fo, -5 > Di(F)D;, where F e C®(S'Im).
i=1
The vector field X has the same parity as F'. The Lie bracket in £(n) can be

written as follows:
[(XFr, Xo] = X(r,q)-

2.2. THE SUBSUPERALGEBRA OF £(n) The Euclidean Lie algebra s(1|n)
is isomorphic to the Lie subalgebra of ¢(n) generated by

s(1n) = Span(X1, X¢,, .-+, Xeigjs -+ ), where 1 <14, j <n.

The orthosymplectic Lie algebra osp(2|n) is isomorphic to the Lie subalgebra
of ¢(n) generated by

osp(n|2) = Span(Xy1, Xu, Xp2, Xe,, Xogys -, Xeiejr o), where 1. <4, j < n.

2.3. CONTACTOMORPHISMS The standard contact structure on S'" is
defined by the conformal class of the 1-form , satisfying a; A da; # 0.
Equivalently, it is given by the kernel of «,, which is spanned by the odd
vector field

D; = 0¢, + &0x, for i=1,...,n (2.3)

whose square Df = %[Di, D;] = 0, is the Reeb vector field of the structure.
Then D; and dz set up a basis of the C(S") left-module Vec(S!") while
a; and B; = d&; constitute the dual basis, with da; = 8; A 5;.

Let ® € Diff(S'") be a diffeomorphism satisfying

®*a,, = Epayy, (2.4)

for some superfunction Eg and is called a contactomorphism of St (cf. [12,
18]). It follows that ® is a contactomorphism if and only if

D;p —1.Djp =0, for i=1,...,n. (2.5)
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Consequently, we obtain
By =¢' + ¢4 = Dy Dy, for all 4. (2.6)

The subgroup K(n) C Diff(§'") preserving the contact structure is de-
noted by K(n); its elements are called contactomorphisms.

K(n) = {® € Diff(S'") | ®*a,, = FEpa,} is the group of contactomor-
phisms of S where Eg denotes a function on S depending on the diffeo-
morphism ®.

2.4. SUBGROUPS OF CONTACTOMORPHISMS: EUCLIDEAN, AFFINE AND
PROJECTIVE INVARIANTS The orthosymplectic group acts by contactomor-
phisms through a homomorphism OSp(n|2) — K(n), given by the following
projective action on S'* ([I2} 15]), namely

(2.7)

(€)= (aac—i—b—i—’yf ax+ﬁ+e§>

cx+d+ e cx+d+ e

where g € OSp(n|2), the entries a,b,c,d are even elements, 3, a are odd
column vectors of size n, while 7, € are odd row vectors of size n. The block
e is an even n X n matrix and £ is regarded as a column vector.

The kernel of this action is {Id, —Id}. Therefore, the induced action is
effective for the quotient supergroup OSp(n|2)/{£Id} = PC(n|2), the super-
group of conformal projective transformations. When n is odd, this super-
group coincides with the special orthosymplectic group OSp, (n|2), i.e. the
subgroup of OSp(n|2) with Berezinian 1. One can still define the Euclidean
and affine subgroups of OSp(n|2), whose elements are

a ab —aB
h=|0 at! 0 (2.8)
0o g 1

where (a,b, 3) € R%", a > 0 defining Aff, (1|n) and a = 1 defining E (1|n).

The group Aff(1|n) is defined as the subgroup of g € K(n) preserving
the direction of each f;, i.e. satisfying g*3; = (;F;, for some superfunction Fj,
with ¢ = 1,...,n. The subgroup E;(1|n) is characterized by the condition of
preserving o.
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2.5. WEIGHTED DENSITIES Now, consider the action of the Lie superal-
gebra £(n) on C°(S1") defined by

X, = Xp+ AF'.

We denote by §% the £(n)-module of the space of weighted densities on S 1fn
of weight A:

n_ {Fag L Fe 000(51‘")}.

It is clear that the adjoint ¢(n)-module, is isomorphic to ;.
The group of Diff(S!") acts on the space § via

®(fan) = ((Be-1)*f(271)ay.

Now, consider the one-parameter group action on C'*°(S 1|") generated by
t(n) given by:
X, = Xr+AF'.

We denote this £(n)-module by §7, the space of all weighted densities on S lin
of weight A:

3= {Fa;\L . Fe 000(51‘")} .

It is clear that the adjoint €(n)-module, is isomorphic to §" ;.

We restrict the action to the orthosymplectic Lie (super)algebra osp(n|2)
and regard the spaces §% as osp(n|2)-modules. Of course, the case n = 0 we
recover the classical setting: £(0) = Vec(S!) and the corresponding orthosym-
plectic Lie algebra osp(0|2) reduces to the classical Lie algebra s[(2) which is
isomorphic to the Lie subalgebra of Vec(S'). Clearly, osp(n — 1|2) can be con-
sidered as a subalgebra of osp(n|2). Hence, the spaces of weighted densities
§% carry a natural structure of osp(n — 1|2)-modules. It was established in
[1, 5, [6 9, 11] that, as osp(n — 1|2)-module, we have

v~ len <g§;15> (2.9)

where II is the change of parity operator.

In this section, we briefly present the geometry of the supercircle S17,
required for our purposes, including the basic concepts of super differential
geometry and the standard contact structure on S/
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2.6. COHOMOLOGY OF LIE SUPERALGEBRA We begin by recalling some
fundamental concepts from cohomology theory (see, e.g., [2, 3, 4 6} 7, 8, 11]).
Let 2l = 205 & 27 be a Lie superalgebra acting on a superspace N’ = N & N7
and let h be a subalgebra of 2. (If b is omitted it is assumed to be {0}). The
space of A-relative n-cochains of € with values in N is the &-module

C"(2,b; N) := Homg (A" (2A/h); V).

The coboundary operator &, : C™(A, h; N) — C"H (2, h; N) is a £-map satis-
fying 8, 0 0,—1 = 0. The kernel of d,,, denoted by Z"(2,h; ), is the space
of h-relative n-cocycles. Among them, the elements in the range of §,_1 are
called h-relative n-coboundaries. We denote by B™(2, h; N') the space of n-
coboundaries.

By definition, the n" h-relative cohomolgy space is defined as the quotient
space

H* (A, b; V) = Z"(A, b; N)/B™ (A, h; N).

In what follows, we only require the formula for ¢,, (hereafter denoted by §)
in degrees 0 and 1: for v € CO(, h; N) = NV, dv(g) := (=1)19I?lg . v, where

NV ={veN | h-v=0 forall hech},
and for A € CH(A, h; N),
5(A)(g,h) = (=1)l1%g - A(h) — (=MD R - A(g) — A(lg, h]).  (2.10)
for any g, h € 2.
We consider the action of the Lie superalgebra osp(n|2) on §} and compute

the first 5(2|n)-relative cohomology space osp(n|2) with coefficients in F%. In
this paper, we investigate the differential cohomology spaces

Higr (0sp(n[2),5(2|n); §%).
3. THE MAIN RESULTS

The principal results of this paper are stated in the following two theorems:

THEOREM 3.1. The structure of the space H}.(0sp(n|2),s(2[n); %) is as
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follows:
2 if (n,\) =(2,0),

n=0 and X € {0, 1},
% = dim(Hjig(0sp(n[2),5(2/n);F5) =S 1 if { n=1 and X € {0, 1},
n >3 and A =0,

0 otherwise.

The nontrivial space H}.4(0sp(n|2),5(2|n); %) admits a basis consisting of
the cohomology classes of the 1-cocycles collected in Table 1.

(n, A\) 1-cocycles
(n, 0) AYXFp) =F'
(0, 1) AV Xp) = F'dx!

_ 1
(1. ) | ALCXR) = Di(F)aj

(2, 0) | Be(Xp) = DyDy(F)

Table 1

THEOREM 3.2. The space H'(PC(n | 2); %) has the following structure:

2 if n=2 and A =0,
n=0 and X\ € {0, 1},

R =dim ' (PC(n[2);§%) =< 1 if{ n=1 and X € {0, 1},

n>3 and A =0,

\ 0 otherwise.

The nontrivial space Hlz(PC(n | 2);3%) admits a basis consisting of the
cohomology classes represented by the 1-cocycles collected in Table 2, where
the last identity is valid for any i = 1,...,n.
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(n,A) 1-cocycles: Z9(®)a;)
(0,1) A)(D)dx = 27 da

)| AL@)af = By

(2,0) A§(®)af = T

(n,0) | €5(®) = Log(Es) = Log(Div)?

Table 2

4. RELATIONSHIP BETWEEN H!(osp(n — 1]2),s(2|n — 1); §%) AND
H'(0sp(n|2),5(2In); §3)

Consider a Lie superalgebra 2l = p @ q where p is a subalgebra and q is a
module over p satisfying [q, q] C p. Let A € ZY(A, V), where V is a 2-module.
The cocycle relation is expressed as

A(lg,h]) — (—=1)1918 g - A(h) + (—1)IMUHIAD R A(g) =0, g h e (4.1)

Denote Ay = A, and Aq = Ay Obviously, Ay is a 1-coycle over p and if
Ap = 0 then Ay is p-invariant. Thus, the space HY(A, V) is closely related
to the space H'(p, V). Moreover, A, and A, are constrained by the following
equations:

Ag([p, ) — (=D)PIRlY - AL (g)+(—1)llIPHAD G - A (p) = 0

forany p€ep,q€q, (4.2)
Ap(lg,q']) — (D)1 Ay (pf)+(—1) 110D A () = 0
for any ¢, ¢ € q (4.3)

In the present setting, we take 2 = osp(n|2), p = osp(n — 1|2), q = II(N,—1)
and V' = §%. We recall that the adjoint €(n)-module, is isomorphic to §”;.
Hence, the isomorphism of osp(n — 1|2)-modules induces the following
osp(n — 1|2)-isomorphism:

osp(n|2) =~ osp(n — 1|2) & TI(N,—1),

where H C 371_11. To be more precise, every element X admits a decom-

position of the 2form Xr = Xpr, + Xpyg, where 0,F1 = 0,F» = 0, and then
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1
Xp, € osp(n—1[2) and Xp,e, is identified with II(Foe,, 2;) € II(NV,—1). More-
over, it follows immediately that

[osp(n —1|2), TT(Ny—1)] C I(Np—1) and [II(N,—1), TI(N,—1)] C osp(n —1]2).

To begin the proof of Theorem [3.1} we first compute

H'(0sp(n — 1]2),50(2|n — 1), FH).
Using the isomorphism , we observe that the knowledge of
Heigr (0sp(n|2), 50(2|n), §3)
makes it possible to compute Hl.(0sp(n|2), 50(2|n); §3):
Hgigr(0sp(n — 112),50(2fn — 1), §3) = Hg(0sp(n — 1]2),50(2|n — 1); F371)
@ Hiig(osp(n — 1[2),50(2|n — 1);11(34;1%)). (4.4)
It follows that we can determine the structure of

Higr(0sp(n — 112), 50(2fn — 1), T1(3}; )

from Hig(osp(n — 1/2),s0(2[n — 1),§, ). In fact, for any

Je Zéiff(osp(n —1/2),s0(2|n — 1),3’;_1)
corresponds 1 € Zkq(osp(n — 1|2),50(2|n — 1),11(37;1%)) whith T(X¢g) =
II(T(Xg)). It follows that 7T 1is a coboundary if and only if T is a coboundary.

4.1. THE SPACE Hl4(sl(2),50(2),F)) We determine the space
Hcliiff(s[(2)750(2)7 ]:)\)7
and obtain the following result:

THEOREM 4.1.

' ) 1 if A € {0,1},
dim(H}(s1(2), 50(2), Fy)) = { (4.5)

0 otherwise.

The nontrivial spaces H};(s1(2), 50(2), F))) admit as generators the cohomol-
ogy classes of the 1-cocycles Ag\ given by:

M) = and  ANXp) = fde
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Proof. Every 1-cocycle AY € Z1..(sl(2), F») is represented by a 1-cochain
AY(Xp) = Yqcien 7ih()(dz)?, where ~; are, a priori, arbitrary functions;
however, from the relation 6(A9)(X1, X,2) = 0, it follows immediately that
d%fyi(:c) = 0. Thus, from equation , we obtain

! Ndx if A=1
A () = { P .
v f'dx?, if A# 1.

where g, 71 and 79 are constants.
We now consider the 1-cocycles

A :sl(2) — Fy AY:sl(2) — A
Xy s flda?, Xy —  fldu.

We obtain that
AQ(Xy) = 6(gda?) if A#£0
where g(x) = 1. Furthermore, we establish that A{ is a nontrivial 1-cocycle,

while Ag is nontrivial when A = 0. |

4.2. THE SPACE H}4(0sp(1]2),5(2[1);F%) The main result in this sub-
section is the following;:

THEOREM 4.2.

1 ifxe{o, 3},

0 otherwise.

dim (Hgg (0sp(1]2),5(2[1); §3)) = {

The nontrivial cohomology spaces Hl.q(0sp(1]2),(2[1); ) admit the follow-
ing 1-cocycles as a spanning set:

ANXp)=F  and AL (Xp)=D(F)az.
2
Proof. With respect to the Zs-grading, any 1-cocycle
A} € Zgig(0sp(1]2),5(2[1); 53)

admits a decomposition A} = Ag + A; where Ay and A;j denote its even
and odd parts, respectively. Clearly, A%\ is a 1-cocycle if and only if both
components A(l) and A% is a 1-cocycle. Accordingly, we distinguish between
the two cases: Al is even or A} is odd.
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1) Suppose that A} is even, and write

AXp) = Y 8+ S 3 | g
1<i<2 0<i<1

where fp, f1 € C*°(R) and F = fy+£ f1. The coefficients 8; and ~; are initially
arbitrary functions; however, as in the previous case, they are necessarily
constant. A direct computation then shows that equation holds only
for A = 0. Furthermore, modulo coboundaries and scalar multiples, A%\ is
determined by A}(Xp) = F’'. We then prove that A} is nontrivial.

2) Suppose that A}\ is odd. Arguing as in the first case, we prove that it
defines a 1-cocycle only for A\ € {—%, %} Furthermore, modulo coboundaries
and scalar multiples, we obtain

N%(XF)zD(F’)a% and Alé(XF)=(1—(—1)P<F>)D(F)a—%.

We show that Al | (Xp) = 5(504_%) and Al (XF) is nontrivial. 1
2

2

4.3. THE SPACE H}.¢(0sp(2]2),5(2/2); §3) We now state the main result
of this subsection:
PROPOSITION 4.1.
. 1 9 2 if A =0,
dim(H" (0sp(2(2),5(2]2); %)) = (4.6)

0 otherwise.

The space Hl..(0sp(2[2),5(2[2); §3) is generated by the cohomology classes
represented by the 1-cocycles A3 and A} defined as follows:

AYXp)=F  and Ai(Xp) = (—1)PF) D Dy(F).

The proof of Proposition is presented in Subsection As a pre-
liminary step, we first describe the spaces H!(osp(1]2),5(2|1); §3).

4.3.1. RELATIONSHIP BETWEEN H}.o(0sp(1]2),5(2[1); §3) AND

Hl(0sp(2]2),5(2]2);§3) In view of 1j it follows that the first cohomology
space H!(osp(1]2),5(2|1); F3) is closely related to H! (osp(1]2),s(2[1); F3):
H' (0sp(1]2),5(2]1); §3) ~
~ H (0sp(112),5(211); §3) & B! (0sp(1]2), 5(2[1):11 (3}, )) - (47)

Thus, we obtain the following result:
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PROPOSITION 4.2.

2 if A=0,
dim(Hjig (0sp(1]2),8(2]1);33)) = 1 if xe{-3%,3},
0 otherwise.

The following 1-cochains define nontrivial 1-cocycles that generate the corre-
sponding spaces:

No(Xp) = Fi, Ao(Xp) = Di(F1)éa,
A

1
A_1(Xp) = Fl&a™ 3, (Xp) = D}(F1)az.

1
2

D=

We recall that the adjoint €(n)-module, is isomorphic to §” ;. Consequently,
(2.9) gives rise to the following osp(1|2)-isomorphism:

05p(2]2) =~ 0sp(1|2) @ II(N7),

_1 _1 1
where A7 C §', denotes the subspace spanned by {&1aq 2, zay 2, o 2}.

More precisely, al?ly element Xp admits a decomposition Xp = Xp + Xpye,
where 02 F1 = 02F5 = 0, and then Xg, € 0sp(1]2) and Xp,¢, is identified with
1

I (Fyay 2) € TI(N7). Moreover, one readily sees that
losp(1]2), II(N7)] C TI(NY) and [II(N1), II(N1)] C osp(1]2).  (4.8)

LEMMA 4.1. A 1l-cocycle A} € Zk.2(0sp(n|2),s(2[n); %) is a coboundary
precisely when its restriction to osp(n — 1|2) is a coboundary.

Proof. If A} is a coboundary in 0sp(n|2), then its restriction to osp(n—1|2)
remains a coboundary in osp(n — 1]2). Hence, assume that A% |,ep;—1j2) 15 @
coboundary, meaning that there exists a cochain W(xz,&)a; € 3§y such that

AN Xp) = 6(P(z,8)a)) =0 for all Xp, € osp(n — 1/2).

By replacing A} by A} —6(V), we can assume, without loss of generality, that
its restriction to AY is zero. But in this case, by (4.8), the 1-cocycle condition
takes the form:

A&L([XFleHSn]) = Sé(pl AS\L(XHﬁn)v

(4.9)
(~LMEllEe) AR(Xpme,) = S, o AF(Xime,),
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1
where Xp,, Xp, € osp(n 1|2) and Hay,, Hla Hsa,, ?; € Ni. From the

first equation in , it follows that

n17 n—1»

e HEpa ! if \=—1,
_1
AN(Xne,) =< esHay, 2 if A=-1,

0 otherwise,

_1
where €1,62 € R and He,, ?; € H. From the second part of 1} it follows
that €1 = 0, and hence A", = 0.

1

However, in the case A = —3, we prove that

A" (Xr) = 8(6).
|

The result follows from the following lemma, which completes the proof of
Proposition [£.1}

LEMMA 4.2. Every l-cocycle A € Z}.(osp(n|2),s(2[n);F%) up to a
coboundary, can be written in the following general form:

AV (XF) = Z€k1 ks DY+ Dl (F)ag,

where the coefficients ¢y, ...k, depend only on the variables &;, and are inde-
pendent of x.

4.3.2. PROOF OF PROPOSITION Let A2 € Z'(0sp(2]2),5(2]2); 3)
be a homogeneous 1-cocycle.

1) Assume that A3 is even. By Proposition and Lemma the
1-cocycle Ai is a coboundary whenever A\ # 0. In the case A = 0 it follows
that, up to a coboundary, we have

A(Q)\usp(m) =710 + ’72K0, 7, 72 € R.

_1
To determine AZ, completely, it suffices to compute A3(X He, ), Where Hay ? €
N,_1. However, we have

A(Q)[XFNXH&] - (_1)p(F)p(H£2)£§\( Ag(XFl) = 'Si\ﬁA%(XH&)v

A%[XH1§2’ XH2§2] - (_1)p(H1§2) (HQ&)'Q A2(XH2§2) = ’Sé{Hﬁz A(z)(XH2§2)v

H2§2
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N
[SIE

1 _ _
where Xr, € 0sp(1]2) and Hey, ?, Hiay 2, Haoy
4.2[ gives the general form of A%, therefore, we get

€ N,,_1. Moreover, Lemma

AY(Xp) =NF + 72 (-1)PF) Dy Dy(F),

where 71, 72 € R.
2) Now, assume that Ai is a non-trivial odd 1-cocycle. As in the previous

1 11, By the same arguments, we show

case, we only need to consider A € {—5, 5

that, in each case, A%\ = 0.

COROLLARY 4.1.
2 if A€ {-3, 0},

0 otherwise.

dim(Hg;g (05p(212),5(2[2); §3)) = {

The spaces H} 4 (05p(22),5(2]2); §3) are generated by the cohomology classes
of the following 1-cocycles:

1

(Xp) = F'é&a3%,  Q

SIS

9) (Xp) = D1Dy(F)&04 2,

1 _1
2 2

’

Qo(XF) = F, Qo(Xp) = Dy Do(F).

Proof. The isomorphism ([2.9) induces the following isomorphism between
cohomology spaces:

Hi (050(212), 5(212); 33) =
= Higr (0sp(212), 5(212):33) © Hier (05p(212), s2I2): 113, 1))

Thus, we deduce the structure of HY .4 (05p(2]2),5(2(2); F3). 11

5. PROOF OF MAIN THEOREM [3.1]

Consider a 1-cocycle A? € Hlq(0sp(n|2),5(2|n);F%). If the restriction
AR |osp(n—1j2) 18 a trivial l-cocycle, its form is completely determined by
Lemma

Now assume that the restriction AY|,sp(,—1j2), 18 non-trivial. We then
distinguish the following cases:

1) The case n < 2, has already been treated in Section 4.

2) The case n > 3. Of course, up to coboundary, the general form of
A% |osp(n—1j2), is determined by Hjig(osp(n — 1]2),5(2n — 1);§571), together



COHOMOLOGY OF ORTHOSYMPLECTIC CONTACTOMORPHISMS 17

with the isomorphism (4.4). Moreover, AY|ry(x;,_,), can be essentially descibed
by equations , (4.3) and using arguments similar to those of the proof of
Lis essentially described by equations and , by arguments analogous
to those used in the proof of Lemma Hence, we distinguish the following
cases:

(i) The case n = 3.

By Corollary the restriction, A3[oep(2j2), is nontrivial for X € {3, 0}
It follows that, up to a coboundary, the non-zero restrictions of the cocycle
A3 on osp(2]2) are given by:

Q1 (Xp) + 720 1 (X)) if A= -1,
A3 losp(2p2) (XFy) = - A .
1190 (Xp) + 7200 (XF) if A=0,

where the coefficients 71,79 are constants. Now, applying Lemma [4.2] we
obtain
Ai(XF) = Z 5k1k2k3Dle§2D§3(F)a§'
k1+ko+k3<6
In each case, we solve equations and with respect to i, €k, koks-
We obtain
a) For A = —%, the coefficient ~; vanishes; so, by lemma A3 is a

coboundary. Hence H}.¢(05p(3]2),5(2/3); 3 1) =0
2

2

b) For A = 0, the coefficients v; # 0, 72 = 0 and, up to a coboundary, A3 is

equal v1 F’, see Theorem Hence dim(H},q(0sp(3[2),5(2(3); §3)) = 1.

(ii) We proceed by induction on n. Similarly to (i), the result holds for

n = 4. We now assume that it holds for some n > 4. Once again, by the same

arguments as in Lemmas and combined with the induction hypothesis,

we obtain that Hlg(osp(n|2),5(2n); F3) = 0 if A ¢ {—3, 0}. It remains to

consider only the cases A € {—3,0}. As in (i), we deduce the result for

n + 1. Finally, dim(H}¢(0sp(n|2),5(2|n);§5)) = 1, for n > 3 and span by
Aj(XF)=1F" 1

6. PROOF OF MAIN THEOREM (3.2))
The van Est cohomology ring for Lie group is defined via the follwing
isomorphism (cf. [13]):
H*(Diff 4 (S"),33) = H*(Vec(S'),50(2); 33),
where 50(2) C Vec(S?!) is subalgebra of Vec(S') and Lie(s0(2)) is the maximal



18 OKBA BASDOURI

compact subgroup of rotations of S'. According to Fuchs, we have d} = Dy.
In order to compute the cohomology space H!(PC(n|2);F%), it suffices to
determine the cohomology space H' (0sp(n|2),5(2|n); F%).

In Section 3, the author determines the space Hlq(0sp(n|2),s(2[n); §1).
The result is as follows:

% = dim(Hgig (0sp(n]2),5(2[n); 33))-
It follows that
(2 if n=2 and A\=0,
n=0 and X € {0, 1},
Dy=4q1 if { n=1and A€ {0, 1}
n>3 and A =0,

0 otherwise.

For n = 0, DY = 2, it is generated by the nontrivial cocycles: £J(®) = Log(®’)

and AY(®)dxr = %/,/d:n. It is due to Fuks (see [13]). For, n = 1, D} = 2, using

the paper of Duval et al. [12], the authors proved that £ (®) = £(®) is a
1 1

nontrivial 1-cocycle of supergroup PC(2|1) in F} and Al (®)a? = o af is
2
a nontrivial 1-cocycle of supergroup PC(2/1) in §i. Similarly, for n = 2, we
2

obtain D?\ = 2, which is generated by 53 and A(z). In the same way for n > 3,
we obtain DY = 1 it is generated &£.

Thus, a base of the cohomology ring Hl.o(PC(n | 2); F}) is given by the
cohomology classes of the 1-cocycles which are collected in Table 3, where the
above equality is satisfied for every i =1,...,N. |}

(n,A) l-cocycles: Z9(®)a;)
(0,1) A (®)dr = 2 da
15| A@af = Gy

(2.0) A3(®)ay = DEs

(n,0) | & (®) = Log(Es) = Log(Div))?,
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7. CONCLUSION AND OPEN PROBLEMS

We study the standard contact structure on the supercircle S, and the
associated supergroup of contactomorphisms.

7.1. CONCLUSION The principal result of this paper consists in comput-
ing the first cohomology groups of the orthosymplectic Lie group PC(n|2) with
values in the module §%. We prove that the nontrivial spaces H!(PC(n|2), §%)
arise only for specific values of \. More precisely, let

U = dim(H (PC(n|2),3%)).
We establish that
2 if n=2 and A=0,
n=0 and X € {0, 1},
Di=4q1 if{ n=1and A€ {0, i},
n>3 and A =0,

0 otherwise.

7.2. OPEN PROBLEMS AND RESEARCH DIRECTIONS

e In [I2], Duval Christin et al. compute the first cohomology of the Lie
supergroups K(n) on the (1,n)-dimensional real superspace with coef-
ficients in the superspace of weighted densities for n < 2. For n > 2,
characterize the space H!(K(n); §%).

e In [I7], V. Ovsienko, C. Roger calculated the space H?(Diff 4 (S1); §9).
This space will be interpreted as an extension of Virasoro group by
modules of tensor densities on S*.

e Determine the spaces H2(K(n);§%) and H?(PC(n|2);F}).
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