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22. Speak to me

Let’s speak once more about categorical ideas applied to Banach space
theory. Once again, because this paper can be considered the third of the The
Hitchhiker Guide to Categorical Banach Space Theory series [24, 25] and it
comes after all what has been said and done in the book Homological methods
in Banach space theory [13]. We will quite often refer to those works, even if
we have made every effort to make this paper readable and self contained 1.
In this regard, the reader is addressed to Section 24 On the run for most
unexplained terms and notation, even for those that could have been used in
the preceding sections.

Why are categorical ideas so intimidating for Banach spacers? Well, as
Justin Hsu puts it 2 “Category theory is sprawling”. Moreover, a high degree

1 In particular, and as far as possible, references to previous Banach/Quasi Banach space
result have been addressed to [13].

2 Entry “Teaching Category Theory to Computer Scientists” (but we could well
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of super-abstraction pervades everything. Has it to be so? Has all that jibber-
jabber some tangible meaning? Indeed, it has, but for reasons hard to swallow
for a Banach spacer: categorical people work nonchalantly in non-concrete cat-
egories (a category is termed concrete when its objects are sets; this does not
mean that its arrows are necessarily maps — for instance, consider the cate-
gory whose objects are the natural numbers and with a unique arrow n→ m
whenever n ≤ m. But we may momentarily accept the simplified intuition).
A nice discussion in https://math.stackexchange.com/questions/3345586/is-
there-a-name-for-categories-whose-objects-are-sets concludes with an enlight-
ening remark from Arthur: “Category theory doesn’t really care what its
objects are per se”. However, THEM, the Categorical people, must work with
highly abstract stuff in non-concrete categories, and that forces them to walk
the abstract way. And since – fair warning – we ourselves will eventually
need to work with non-concrete categories, to some extent we too must walk
that abstract path. The inherent danger here, namely falling into nonsense
nonsense, has never been described better than by Austin [3] 3 (see also [48]).
We have done our best to avoid that.

So, the setting becomes now: US are almost ready to accept that we need
some extra abstraction. How much? And, can we do that at a reasonable cost?
Let us calmly sit under a weirwood to gain a three-eyed-raven panoramic vi-
sion 4, until we realize that the argument works both ways: Does the theory of
Rochberg spaces, viewed as higher-order derived spaces from complex inter-
polation scales, contain anything interesting to THEM? No. Does the theory
of Extn spaces, viewed as higher-order derived spaces from Hom, contain any-
thing interesting to US? No.

But they do.

As MacLane says it with unparalleled clarity, “Category theory starts with
the observation that many properties of mathematical systems can be unified
and simplified by a presentation with diagrams and arrow” [67]. Therefore,
categorical thinking requires formulating ideas diagrammatically – yet another
complication, since we are not entirely convinced that Banach spacers are

write “to Banach spacers”) in SIGPLAN blog.sigplan.org/2023/04/04/teaching-

category-theory-to-computer-scientists.
3 Excerpt: “ . . . and conjectured that the total number of Woffles would be at least as

great as the number so far known to exist. They asked if this conjecture was the strongest
possible.”

4 You can learn whatever you need about weirwoods and three-eyed ravens by sitting
under a weirwood to read the five volumes of A Song of Ice and Fire by George R.R.
Martin, and by watching – as a three-eyed raven would – the TV series Game of Thrones.

https://blog.sigplan.org/2023/04/04/teaching-category-theory-to-computer-scientists
https://blog.sigplan.org/2023/04/04/teaching-category-theory-to-computer-scientists
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particularly fond of diagrams. Let us provide a perfectly classical example:
for Banach spacers the kernel of an operator τ : X → Y is ker τ = {x ∈ X :
τ(x) = 0}, while the categorical kernel of the arrow τ is another arrow κ such
that τκ = 0 and having the universal property with respect to this diagram;
namely, whenever ν is another arrow such that τν = 0, then ν factorizes
through κ; i.e., ν = κη for some arrow η. The core of categorical notions is
the universal part of the definition. The reader might enjoy checking that
the canonical inclusion ı : ker τ → X is the categorical kernel κ (and, more
or less vice versa, ker τ = Imκ). Another feature of category theory is that
any notion comes accompanied with its dual (i.e., reversing arrows) notion.
Thus, the cokernel notion is lurking behind the words: the cokernel of the
arrow τ is another arrow ς such that ςτ = 0 and having the universal property
with respect to this diagram; namely, whenever ν is another arrow such that
ντ = 0 then ν factorizes through ς; i.e., ν = ηκ for some arrow η. The reader
might enjoy (maybe not) finding the Banach space cokernel. In [24, Section
3 and Section 4] and [13, Chapter 2: The language of homology] one can find
the categorical translation of those and other basic mathematical ideas.

Our declared targets in this paper are the categories Ban of Banach spaces
and bounded linear maps, and the category QBan of quasi-Banach spaces
and bounded linear maps. Why bring QBan into the picture? Because,
as we shall see, one naturally needs to move to QBan when studying exact
sequences in Ban . Why bring even more abstract, non-concrete categories
into the picture? Because – as categorical people know– the right places in
which to develop categorical work are Abelian categories: categories where,
give or take an axiom, the morphism spaces Hom are Abelian groups, kernels
and cokernels exist, and everything behaves in a perfectly reasonable way
(an arrow is the cokernel of its kernel, etc). It takes little time to suspect,
and then to verify (see [24, 25, 23, 13]), that neither Ban nor QBan are
Abelian categories. Indeed, the ultimate reason behind the misbehaviour of
Ban and QBan is that Banach and quasi-Banach spaces intertwine a vector-
space structure with a metric structure – something that existing categorical
notions do not manage effortlessly. Still, categorical constructions can be
used in Banach space theory and often do work, even if we do not always
know exactly why, as if Ban were an Abelian category.

And with this we close the argumentation circle. Moving Banach space
ideas into categorical lands, or bringing categorical ideas into Banach lands,
pays off. Thus, US should care about why Ban is not an Abelian category and
how that might be amended, just as THEM should care about using Ban and
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QBan as laboratory categories where ideas and techniques can be tested in a
not-purely-abstract yet still controlled environment.

23. Breathe

Don’t be afraid to read. Let us see instead why categorical ideas are
necessary and how they enter, or at least should enter, in our common toolkit.
For all unexplained terms or notation, the reader is addressed to Section 24.

When one begins the study of a category the first type of objects to consider
are the projective and injective ones. To get the idea we need to set first the
notions of monic and epic arrow, heritage of the set theoretic notions of
injective and surjective map. An arrow m is monic if mf = mg =⇒ f = g,
for whatever two arrows f, g. An arrow e is epic if fe = ge =⇒ f = g, for
whatever two arrows f, g. Incredulous readers will have the time of their lives
checking that monic arrows in Ban are the injective operators, while epic
arrows in Ban are the dense range (not the surjective) operators! Funny?
Wait and see.

23.1. Projective and injective spaces. An object P in a category
is called projective when given an epic arrow Z → X and an arrow P → X
there is an arrow P //___ Z making the diagram

Z // X

P

OOffN N N N N N N

commute. An object I is called injective when given a monic arrow Y → Z
and an arrow Y → I there is an arrow Z //___ I making commutative the
whole diagram

Y

��

// Z .

xxq q q q q q q

I

First problem: Ban does not have projective or injective spaces [78], and
the reason is that an operator such as the canonical inclusion `1 → c0 is both
monic and epic, while it is impossible to lift the operator R → c0 sending
1 to (1/n)n and it is impossible as well to extend the functional `1 → R
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given by f(x) =
∑
x(n). Thus, R is neither projective nor injective. And

since the Hahn-Banach theorem implies that any operator R → E can be
extended to any superspace of R, the conclusion is at hand. But we need
projective/injective objects in a category to do . . . well, the things we do in
Section 23.2.

To circumvent this difficulty, common sense suggests relaxing monic and
epic maps to their concrete original notions (injective and surjective maps),
with a topological twist: having closed range. Thus, we will restrict ourselves
to working with embeddings (injective operators with closed range) and quo-
tient maps (surjective operators – which, of course, have closed range). This
is a clever move, because it automatically produces a rich theory of injective
and projective Banach spaces, but at the same time it leads us into the un-
explored territory of relative homology (see Section 25). Indeed, with these
new definitions, projective and injective spaces in Ban do exist. There are,
however, striking differences between them:

• Injective spaces are a huge mystery: L∞(µ) spaces are injective because
of the Hahn-Banach theorem, but there are others; see [4, Chapter 1: A
primer on injective spaces].

• Projective spaces are simple. All `1(Γ) spaces are projective since, after
all, the identity L(`1(Γ), X) = `∞(Γ, X) means that it is extremely
simple to construct operators `1(Γ)→ X: just provide a bounded family
{xγ : γ ∈ Γ} of elements of X and set eγ → xγ . At this point is when
things become interesting: the `1(Γ) are all projective Banach spaces
there are. Precisely

Proposition 23.1. A projective Banach space is isomorphic to
some `1(Γ).

Everything is contained in the following result of Köthe [46]. Recall that
a subspace ı : E → X of a Banach space is said to be complemented if there
is a projection (i.e., a retraction or left inverse) π : X → E. We have:

Proposition 23.2. A complemented subspace of `1(Γ) is isomorphic to
some `1(Γ′).

Let us explain why: Projective and injective spaces of Ban share a prop-
erty: there are enough of them, which means:

• Given a Banach space X, there is some index set Γ for which there is a
quotient map π : `1(Γ)→ X.
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• Given a Banach space X, there is some index set Γ for which there is
an embedding ı : X → `∞(Γ).

The injective case is simple: pick Γ = BX∗ , the unit ball of its dual space
X∗ = L(X,R) and set ı(x)(x∗) = 〈x∗, x〉. The projective case is trickier:
pick as Γ a “half” of the unit sphere of X (in order to make the forthcoming
maps homogeneous) and set π((λγ)γ) =

∑
λγxγ . Choose “the half” as you

please. To present these ideas properly, we recall from [13, Chapter 2] one of
the foundational rules of homological thinking: diagrams must be complete —
i.e., beginning with 0 and ending with 0. Acting this way, embeddings ı and
quotient maps π can be described more cleanly by a single object: an exact
sequence

0 −→ Y
ı−−→ Z

π−−→ X −→ 0 .

The sequence is said to be trivial, or to split, when the subspace ı : Y → Z
is complemented. The middle space Z in an exact sequence as above is called
sometimes a twisted sum of Y and X (in contrast with the direct sum Y ⊕X,
which is the vector product space Y × X endowed with the product norm,
which appears precisely when the exact sequence is trivial). The existence of
enough projectives or injectives can now be reformulated as:

• Every Banach space X admits an exact sequence

0 −→ kerπ −→ `1(Γ)
π−−→ X −→ 0

usually called a projective presentation of X.

• Every Banach space X admits an exact sequence

0 −→ X
ı−−→ `∞(Γ) −→ coker ı −→ 0

usually called an injective presentation of X.

Being clear that a projective presentation of an already projective space
must split, projective spaces coincide with the complemented subspaces of
`1(Γ). It is also true that injective presentations of injective spaces must split
and, therefore, injective spaces coincide with the complemented subspaces
of some `∞(Γ), but the obnoxious point here is that no known classifica-
tion is nowadays available for complemented subspaces of `∞(Γ) when Γ is
uncountable (the infinite-dimensional complemented subspaces of `∞(N) are
just isomorphic to `∞(N); see, e.g., [4]).
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Now, if you think we are already acting categorically, let me say we are not.
Not yet. The reason is that exact sequences of Banach spaces have entered the
game, and exact sequences of Banach spaces come with an intrinsic drawback:
there exist nontrivial exact sequences of the form

0 −→ R −→ R −→ `1 −→ 0

[81] whose twisted sum space R cannot be therefore a Banach space by the
Hahn-Banach theorem. If R is not a Banach space, what is it? It is a quasi-
Banach space which, intuitively speaking, is like a Banach space except that
its closed unit ball is a bounded set but not necessarily convex. A beautiful
result [13, Proposition 2.3.4] shows that, nevertheless, the middle space Z in
any exact sequence

0 −→ Y −→ Z −→ X −→ 0

in which both Y,X are quasi-Banach spaces must itself be a quasi-Banach
space. Moreover, quasi-Banach spaces admit a gradation: p-Banach spaces.
Thus, “between” the categories of Banach and quasi-Banach spaces we en-
counter the category pBan of p-Banach spaces. Unfortunately, it is false that
the middle space Z in an exact sequence

0 −→ Y −→ Z −→ X −→ 0

in which both Y,X are p-Banach spaces must itself be a p-Banach space [13,
Proposition 2.3.4]. In functional analytic terms, all of this can be summarized
as follows: being p-Banach space is not a 3-space property, 0 < p ≤ 1, while
being a quasi-Banach space is a 3-space property. See Problem 30.24. As
an inevitable consequence, any attempt to study exact sequences of Banach
spaces must involve quasi-Banach spaces.

Since we have entered into the world of exact sequences, we need to set
an identity for them. Two exact sequences 0 → Y → Z → X → 0 and
0 → Y → Z ′ → X → 0 are said to be equivalent if and only if there exists a
bounded linear operator T : Z → Z ′ making a commutative diagram

Z

T

��

$$IIIIIII

0 // Y

::uuuuuuu

$$HHHHHH X // 0 .

Z ′

::uuuuuu
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It is customary to denote by Ext(X,Y ) the vector space of exact sequences

0 −→ Y −→ Z −→ X −→ 0

modulo the equivalence relation. The previous observations that Ban and
pBan lack the 3-space property in QBan make necessary to introduce some
notation:

• ExtQ(X,Y ) is the vector space of all exact sequences 0 → Y → Z →
X → 0 of quasi-Banach spaces, modulo the standard equivalence rela-
tion.

• ExtB(X,Y ) is the vector space of all exact sequences 0 → Y → Z →
X → 0 (modulo the standard equivalence relation) in which the three
entries Y, Z,X are Banach spaces.

• Extp(X,Y ) is the vector space of all exact sequences 0 → Y → Z →
X → 0 (modulo the standard equivalence relation) in which the three
entries Y,Z,X are p-Banach spaces.

In some occasions (for instance, when X is superreflexive [60, 13] or an
L∞-space [64] then ExtQ(X,Y ) = Extp(X,Y ) = ExtB(X,Y ) and we will just
write Ext(X,Y ). Thus, in real (mathematical) life, it is probably a good idea
that whenever one is thinking about saying something about the category
Ban , think also how to say it about QBan and pBan . So, let us say
something about projective spaces in QBan or pBan .

The category pBan is very much like that of Banach spaces (case
p = 1) and, thus, it is no surprise that every p-Banach space is a quotient
of some `p(Γ) (same proof, same difficulties as in the case p = 1), and that a
complemented subspace of `p(Γ) is isomorphic to some `p(Γ

′), for 0 < p ≤ 1.
This last part is Ortyński’s theorem [74]. A complete detailed account, un-
covering a few dramatic surprises can be found in [19]. The inexorable conse-
quence of all this is that `p(Γ) are the only projective spaces in pBan [74] and,
consequently, since `p(Γ) is no longer projective in the category of q-Banach
spaces when q < p < 1, we get:

Proposition 23.3. The category QBan does not have infinite-dimen-
sional projective objects.

These bad news quickly turn into very bad news:

Proposition 23.4. The category QBan does not have nonzero injective
objects.
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In fact, what we will actually show is that the category pBan does not
have, for p < 1, nonzero injective objects. The proof, that can be followed in
detail in [13, 1.8.3 and 2.9.1], can be sketched as:

Proof. Let I be a possible injective space. Consider the exact sequence

0 −→ R −→ Lp −→ Lp/R −→ 0

for p < 1 and apply homology [13, Chapter 4] to get

L(Lp, I) // L(R, I) // Ext(Lp/R, I) // Ext(Lp, I) // · · ·

0 // I // Ext(Lp/R, I) // 0 // · · ·

where the first identity L∗p = L(Lp,R) = 0 is a classical result of Day (see
[13, 1.1.5]) while Ext(Lp,R) = 0 is a result of Kalton (see [13, Theorem 3.7.8].
Hence I = Ext(Lp/R, I). Here it is when the nontrivial part of the proof
comes: [13, Corollary of 1.8.3] shows that L(Lp, I) = 0 for 0 < p < 1. Now, if
I 6= 0 there is a non-zero operator R→ I that cannot be extended to Lp, and
I cannot be injective.

A résumé of all this is:

• the category Ban has enough injective or projective objects;

• the category pBan has enough projective objects but not injective
objects;

• the category QBan does not have projective or injective objects.

23.2. Projective and injective presentations. We now enter into
serious business. The core idea is that mathematical objects never come alone.
A Banach space X is not just a vector space plus a norm, but it rather
contains a lot of structure, relationships and connections, even if some of them
might be “invisible” depending on the approach one adopts. For instance,
consider the Hilbert space. A milestone theorem says that all Hilbert spaces
of the same dimension are isometric, which can be read as “there is only one
Hilbert space of a given dimension”. But that is not all. The Hilbert spaces
`2, L2(0, 1), L2(R) are isometric but they are not “the same”. A way to observe
the difference is to realize that “the structure” of `2 involves all the other `p
spaces, including the quasi-Banach spaces 0 < p < 1 while the structure of
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L2(0, 1) involves all the other spaces Lp(0, 1). And, freely quoting some lines
in [26]: by the virtues of classical Riesz interpolation theorem, when a linear
operator `∞ → `∞ also acts continuously from `1 to `1 it automatically acts
continuously from `p to `p. While it is not true that an operator sending L1

to L1 and L∞ to L∞ also sends `2 to `2 (whatever that could mean). And
there are much worse Hilbert spaces around.

Homology focuses on considering as part of the structure of X its pro-
jective presentations 0 → κ → P → X → 0 as well as its injective presen-
tations 0 → X → I → cκ → 0. As you see, we have started to denote
with κ (sometimes κ(X) when several spaces are involved) a generic kernel
of a projective presentation of X and with cκ (sometimes cκ(X) when sev-
eral spaces are involved) a generic cokernel of an injective presentation of X.
An issue to deal with here is that there are many non-equivalent (as exact
sequences) projective presentations of the same object: for instance, if X is
a separable Banach space, two exact sequences 0 → κ → `1 → X → 0 and
0→ `1(Γ)⊕κ→ `1(Γ)⊕`1 → X → 0 define, for uncountable Γ, non-equivalent
projective presentations of X. In which sense, all projective presentations are
“the same” ? A first answer comes from the diagonal principles [13, 2.11],
which establish that two projective presentations of X in Ban or pBan are
connected as follows: there are isomorphisms α, β making a commutative
diagram

0 // P′ ⊕ κ
α

��

// P′ ⊕ P

β

��

// X // 0

0 // P⊕ κ′ // P⊕ P′ // X // 0 .

Therefore, kernels of projective presentations are unique “up to a product
with a projective space”. A way to manage that is introducing a new cate-
gory to make all projective presentations isomorphic in that category. This
line was pursued in [73] (see also [39]). We will just keep here record of that
fact while threading another categorical track: can kernels of projective pre-
sentations be chosen functorially? After all, all you touch and all you see is
all your mathematical life will ever be. Is it possible to find a Banach func-
tor κ: Ban → Ban such that κ(X) “is” (the word that encompasses all the
problems) the kernel of a projective presentation of X? The answer is mostly
yes [13, Theorem 3.10.2], as we will explain it soon.

To understand what we are looking for, let us observe what a projective
presentation of X does: it provides a representation for every exact sequence
0→ Y → Z → X → 0 in the pushout form
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0 // kerπ

φ

��

// P

��

// X // 0

0 // Y // Z // X // 0 ,

so that exact sequences 0 → Y → Z → X → 0 correspond to operators φ.
This correspondence can be carried to a natural equivalence: set the equiva-
lence relation for operators κ(X)→ Y given by τ ∼ τ ′ if and only if τ −τ ′ can
be extended to an operator P → Y to obtain ExtB(X,Y ) = L(κ(X), Y )/ ∼
and Extp(X,Y ) = L(κ(X), Y )/ ∼. No analogous description exists in QBan .

23.3. Quasilinear maps. The reader can review what we already said
about this topic in Parts I and II [24, 25]. We will however sketch the expo-
sition in [13].

Definition 23.5. Let X and Y be quasinormed spaces. A map Φ : X →
Y is quasilinear if it is homogeneous and there is a constant Q such that

‖Φ(x+ y)− Φ(x)− Φ(y)‖ ≤ Q (‖x‖+ ‖y‖)

for every x, y ∈ X. The quasilinearity constant of Φ, denoted Q(Φ), is the
infimum of the numbers Q above.

The functional ‖(y, x)‖Φ = ‖y − Φ(x)‖ + ‖x‖ is a quasinorm on Y × X,
and if we denote by Y ⊕Φ X the corresponding quasinormed space then
0 → Y

ı−→ Y ⊕Φ X
π−−→ X → 0 with ı(y) = (y, 0) and π(y, x) = x is an

exact sequence in which ı is an into isometry and π a quotient map sending
the unit ball of Y ⊕Φ X onto the unit ball of X.

Definition 23.6. A homogeneous map Φ : X → Y is said to be p-
quasilinear if there is C > 0 such that for every n ∈ N and every x1, . . . , xn ∈ X
one has ∥∥∥∥∥Φ

(
n∑
i=1

xi

)
−

n∑
i=1

Φ(xi)

∥∥∥∥∥ ≤ C
(

n∑
i=1

‖xi‖p
)1/p

. (23.1)

The least possible constant C above shall be referred to as the p-quasi-
linearity constant of Φ and denoted by Q(p)(Φ). Each p-quasilinear map is
quasilinear and, indeed, p-quasilinearity can be seen as a stronger form of
quasilinearity involving an arbitrary number of variables instead of two. We
will denote Q(p) the space of p-quasilinear maps between two given spaces.
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The connection between the quality of the twisted sum and the properties of
Φ is given by the combination of [13, Proposition 3.3.7]and [13, Proposition
3.6.7]:

Proposition 23.7. For every exact sequence 0 → Y → Z → X → 0
there is a quasilinear map Φ : X → Y and a commutative diagram

0 // Y
ı // Y ⊕Φ X

��

π // X //

Φ

{{
J

QX_fm
t

// 0

0 // Y // Z // X // 0 .

(23.2)

Moreover, if X,Y are p-Banach spaces then Φ is p-quasilinear if and only if
Y ⊕Φ X is isomorphic to a p-Banach space.

We can thus obtain natural equivalences for the functors ExtQ, ExtB and
Extp as spaces of quasilinear maps. To do so we just need to translate the
equivalence relation of exact sequences to the nonlinear world [13, Lemma
3.3.2]: the exact sequence induced by the quasilinear map Φ is trivial (splits)
if and only if Φ is the sum of a bounded plus a linear map. Therefore,

Definition 23.8. Two quasilinear maps Ω,Φ will be called equivalent,
denoted Ω ≡ Φ, when their difference Ω − Φ can be written as the sum of a
bounded plus a linear map.

We will need the following spaces of functions:

• B, the space of homogeneous bounded maps;

• L, the space of linear maps;

• Q, the space of quasilinear maps;

• Q(p), the space of p-quasilinear maps, 0 < p ≤ 1;

• L the space of bounded operators.

One has, for 0 < r < p ≤ 1, the containments:

B
%%KKKK

L = B ∩ L

66mmmmmm

((QQQQQQ Q(p) // Q(r) // Q .

L

99ssss
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To overhaul from there the identity Ext(X,Y ) = Q(X,Y ) we need to also
consider the spaces:

• QL = Q/L, the space of quasilinear maps modulo linear perturbations;

• QB = Q/B, the space of quasilinear maps modulo homogeneous bounded
perturbations;

• Q = Q/(B + L).

There are analogous versions for p-quasilinear maps Q(p), Q
(p)
L , Q

(p)
B and Q(p).

Since, as the caterpillar advices 5, identity is a tricky business, those objects
are different. An element Ω ∈ Q(X,Y ) corresponds to a precise exact sequence
0 → Y → Y ⊕Ω X → X → 0. An element in QL(X,Y ) corresponds to the
class of an exact sequence 0 → Y → Z → X → 0 modulo the relation:
there is a linear isometry (instead of a mere isomorphism) T making the
diagram

0 // Y // Y ⊕Ω X

T
��

// X // 0

0 // Y // Z // X // 0

commute. The space QL(X,Y ) endowed with the quasilinearity constant is

a quasi-Banach space, and the corresponding p-version Q
(p)
L (X,Y ) acting be-

tween p-Banach spaces is a p-Banach space [13, Section 3.6 and Corollary
3.6.4]. The spaces Q(X,Y ) and Q(X,Y ) are complete but not necessarily
Hausdorff as well as QB(X,Y ). A non-obvious exhibition of its non-Hausdorff
character can be found in [13, Proposition 4.5.5].

All that work yields the desired natural equivalences [13, Section 4.4]:

• ExtQ = Q;

• Extp = Q(p);

• ExtB = Q(1).

23.4. The z-dual. The spaces QL are important now. Given a Banach

space X, the z-dual Xz of X is defined as Q
(1)
L (X,R) the z-dual. It can be

identified with the space of 1-quasilinear maps X → R vanishing on a prefixed

5 “Advice from a caterpillar”, from the musical Wonderland.
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Hamel basis H of X and it is a Banach space. Different choices of bases H

yield different but isometric z-duals. Consider the closed subspace

co(1)(X) = span
{
δx ∈ (Xz)∗ : x ∈ X

}
⊂ (Xz)∗.

There is a natural 1-quasilinear map f : X → co(1)(X) given by f(x) = δx
that vanishes on H and generates an exact sequence

0 −→ co(1)(X) −→ co(1)(X)⊕f X −→ X −→ 0 .

This sequence has an extraordinary property [13, Theorem 3.10.2]: given
an exact sequence 0 → A → B → X → 0 defined by a 1-quasilinear map
Ψ : X → A that vanishes on H there is an operator φΨ : co(1)(X) → A such
that φΨf = Ψ; which, in particular, yields a commutative diagram

0 // co(1)(X)

φΨ

��

// co(1)(X)⊕f X

��

// X // 0

0 // A // B // X // 0 .

What we have said means slightly more than what we have said: f behaves
like a projective presentation of X, even if we are unable to decide whether
co(1)(X) ⊕f X is isomorphic to a projective Banach space. A slightly more
delicate construction co(p)(·) (see [13]) can be performed for p-Banach spaces.
In all cases, the correspondence X → co(p)(X) is functorial in the following
sense: consider the category pBanH whose objects are pairs (X,H) formed
by a p-Banach space X and a Hamel basis H for X; and its morphisms
φ : (X,H)→ (Y,H′) are operators φ : X → Y sending H into H′. Then,

Proposition 23.9. co(p) : pBanH→ pBanH is a functor.

The forthcoming exposition for injective presentations is formally a dual-
verbatim repetition of the previous one. But conceptually it is not. Homology
also focuses on considering as part of the structure of Y the injective presen-
tations 0 → Y → I → cκ → 0 of Y , where I is an injective object. The issue
that there are many non-equivalent (as exact sequences) injective presenta-
tions of the same object can be treated as before: the diagonal principles
[13, 2.11] establish that two injective presentations of Y in Ban are connected:
there are isomorphisms β, γ making a commutative diagram
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0 // Y // I⊕ I′

β
��

// cκ⊕ I′

γ

��

// 0

0 // Y // I′ ⊕ I // cκ′ ⊕ I // 0 .

Therefore, cokernels of injective presentations are unique “up to a product
with an injective space”. Can cokernels of injective presentations be chosen
functorially? Well, here is when things become interesting, in a funny way.
On one hand, injective presentations provide a representation for every exact
sequence 0→ Y → Z → X → 0 in the pullback form

0 // Y // I // cκ(Y ) // 0

0 // Y // Z

OO

// X

OO

// 0 ,

so that exact sequences 0 → Y → Z → X → 0 correspond to operators
φ : X → cκ(Y ). This correspondence can be carried to a natural equivalence:
set the equivalence relation for operators X → cκ(Y ) given by τ ∼ τ ′ if and
only if τ − τ ′ can be lifted to an operator X → I to obtain ExtBan(X,Y ) =
L(X, cκ(Y ))/ ∼ (see [13, Section 2.6]). No analogous description exists in
either pBan or QBan .

On the other hand, the analogue of co(1)(·) does not exist. And if it exists
we do not know it. But the z-dual can take its place sometimes. Indeed, if
we consider a projective presentation of X,

0 −→ κ −→ P −→ X −→ 0 ,

since the dual P∗ of a projective space is injective we obtain the following
injective presentation for X∗:

0 −→ X∗ −→ P∗ −→ κ∗ −→ 0 .

Observe that the projective presentation above and the sequence generated by
f are semi-equivalent (in the sense of [13]), which means that one is pushout
from the other

0 // co(1)(X)

��

// co(1)(X)⊕f X

��

// X // 0

0 // κ //

OO

P //

OO

X // 0 ,



the hitchhiker guide iii 41

therefore, by dualization, we get

0 // X∗ //
(

co(1)(X)⊕f X
)∗

��

// Xz

��

// 0

0 // X∗ // P∗ //

OO

P∗/X //

OO

0 .

Therefore, it is quite tempting to explore to what extent this peculiar
type of injective presentations, observed by Auslander and studied by
Martsinkovsky in [69] in connection with the Auslander-Reiten formula, may
take the form (with all due precautions)

0 −→ X∗ −→ P∗ −→ Xz −→ 0 .

And once this is the case, the “innocuous-looking” (as Martsinkovsky describes
it) construction by Auslander of the so-called transpose of X

0 −→ X∗ −→ P∗1 −→ P∗2 −→ Tr(X) −→ 0

would then appear as if Tr(X) were the z-dual of the cokernel of X∗. We will
not pursue this direction here. We merely remark that, if so, in the same way
that the “projective” presentation using co(1) yields a neat description of the
kernel, the “injective” presentation above provides a neat representation of
the quotient space as the space of 1-quasilinear maps vanishing on H. Finally,

Proposition 23.10. The correspondence X → Xz generates a functor
BanH→ BanH.

Proof. Indeed, given τ : (X,H) → (Y,H′) and [ω] ∈ Q(1)
L (Y,R) then

[ωτ ] ∈ Q(1)
L (X,R).

To conclude this section, observe that the representations of exact se-
quences as either pushouts from projective presentation or pullbacks of injec-
tive presentation immediately yield a couple of characterization of injective
and projective spaces that will be exploited later:

Proposition 23.11. Let E be a Banach space:

(i) E is injective if and only if ExtB(·, E) = 0.

(ii) E is projective if and only if ExtB(E, ·) = 0.
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A p-Banach space E is projective if and only if Extp(E, ·) = 0.

The characterization of ExtB(·, E) as the derived functor of L(·, E) or,
if one prefers, the outcome of applying the functor L(·, E) to a projective
presentation of X, yields the exact sequence:

0 −→ L(X,E) −→ L(P, E) −→ L(κ,E) −→ ExtB(X,E) −→ 0 .

Dually, the characterization of ExtB(E, ·) as the derived functor of L(E, ·)
or, if one prefers, the outcome of applying the functor L(E, ·) to the injective
presentation of X yields the exact sequence

0 −→ L(E,X) −→ L(E, I) −→ L(E, cκ) −→ ExtB(E,X) −→ 0 .

Definition 23.12. A functor is called exact if it transforms exact se-
quences into exact sequences.

Observe that exact functors must be additive, since they must preserve the
zero object (that is, trivial sequences). The same applies to left-exact or right
exact functors (whose formal definition will appear later, though their meaning
can easily be anticipated). It is therefore clear that a Banach (resp. p-Banach)
space E is projective if and only if L(E, ·) is exact, and that it is injective if and
only if L(·, E) is exact. Once we have accepted that all (homological) things
we perform in Banach and quasi-Banach spaces are relative, it remains only
to choose the meaning of such relativization. We will focus on two interesting
ways of doing so: relativization of objects by considering spaces of a given
size, and relativization of morphisms using operator ideals.

23.5. Relative homology in size. The idea behind relativization in
size requires, first of all, fixing a measure for the size of a space. Cardinality is
usually not a good choice: after all, c0 and `∞ have the same cardinality, yet
the former is separable and the latter is not – and separability is important.
Thus, since separability matters, let us measure instead the cardinal of a
dense subset; this measure is usually called the density character of the space.
But again, the density character of R is the same as that of c0. A better
choice seems to be the dimension (cf. [13]): the smallest cardinality of a
set spanning a dense subspace. In this form, everything fits: the dimension
of Rn is n, separable spaces are precisely those having dimension ℵ0 and,
from that point on, dimension and cardinal coincide. We will write dimX to
mean the dimension of X and use the prefix separably to describe spaces of
dimension ℵ0.
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Observe now a crucial bifurcation: separably injective and separably pro-
jective spaces. The definitions seem canonical: A Banach, p-Banach or quasi-
Banach space SI is called separably injective (SI for short) when, given Y, Z
separable spaces in the same category, an into isomorphism Y → Z and an
operator Y → SI, there is an operator Z → SI making the diagram

Y

��

// Z

xxp p p p p p p

SI

commute. That is SI-valued operators can be extended from subspaces of
separable spaces to the whole space. Equivalently, when the functor L(·, SI)
is exact when acting in the separable spaces of the category. Or, yet another
equivalent formulation, when Ext(S, SI) = 0 whenever S is separable. A space
SP is called separably projective (SP for short) when operators from SP to
a quotient of a separable space can be lifted to the whole space making the
diagram

Z // X

SP

OOggN N N N N N N

commute. Equivalently, the functor L(SP, ·) is exact when acting on the
separable spaces of the category.

Separably injective spaces turned out to have a rich theory behind (dis-
played in [4] and [13]), together with a large supply of examples living in
nature –something that the theory of injective spaces notably lacks. More-
over, it is also natural to consider the notion of universal separable injectivity:
a space USI is said to be universally separably injective when USI-valued op-
erators from separable spaces can be extended anywhere (in the category).
To see how natural these notions are, observe that in the fundamental exact
sequence

0 −→ c0 −→ `∞ −→ `∞/c0 −→ 0

the space c0 is separably injective, `∞ is injective and `∞/c0 is universally
separably injective [4]. Oter examples of USI spaces include ultrapowers (via
good ultrafilters) of L∞,λ-spaces.

But –be careful 6– c0 is the only separable separably injective Banach space,

6 with that axe, Eugene
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by Zippin’s theorem (see [13, 1.7.3]). This implies that the category of separa-
ble Banach spaces has injective objects, but not enough of them. Furthermore,
no separable infinite dimensional injective space can exist, since c0 is not in-
jective. The reader is invited to check that there are no separably injective
spaces in QBan either.

If we turn our attention to separably projective Banach spaces, a break
of symmetry appears: there exists a unique separable SP space `1, but this
already means that the category of separable Banach spaces admits enough
projective spaces. Much worse than that is that we do not have answers to
the following

Problem 23.13. Do there exist separably projective Banach spaces other
than `1(Γ)?

This apparently simple question is deeper than it seems, because there
is no straightforward way to parse what happens with separably projective
spaces. Observe that we have left aside the third characterization: we will
say that a Banach space E is SPE if Ext(E,S) = 0 for every separable space
S. It is clear that SPE implies SP, but it is by no means clear whether SP
implies SPE: Why? Because, as we said above, any injective presentation
0 → X → `∞ → `∞/X → 0 of X involves non-separable spaces. A third
notion of separable projectivity can be introduced following the idea of uni-
versal separable injectivity: A Banach space E is universally separably pro-
jective (USP in short) if, given a quotient map Z → S with S separable,
every operator τ : E → S can be lifted to any Z. Obviously USP implies SP,
hence SPE.

Now, SP spaces must be L1-spaces by [13, Proposition 5.2.10]. The next
step could be proving that an SP space enjoys some of the classical properties
of `1(Γ) spaces: the Schur property (weakly null sequences are norm null), or
the Separable Complementation Property (SCP for short): every separable
subspace is contained in a separable complemented subspace. For instance,
`∞(Γ) does not have SCP, while reflexive Banach spaces do.

In any reasonable world –wish this were one– one should be able to prove
that SP spaces enjoy the Schur property; and this should follow from Kalton’s
theorem [13, Proposition 8.6.4]: If E is separable and ExtB(E,C[0, 1]) = 0
then E has the Schur property – assuming a nonseparable version of the
theorem were true. See [41, Proposition 9 and Proposition 10] for some related
results. But it seems unlikely that this world is reasonable. Anyway:
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Problem 23.14. Does ExtB(E,C[0, 1]) = 0 imply that E has the Schur
property?

Another guess (suggested by Félix Cabello) which might shed some light
on our vision obscured by the clouds, would be to show that the kernel of a
projective presentation of a separably projective space is projective. The SCP
could be a good fulcrum for that problem:

Proposition 23.15. The kernel of a projective presentation of a separa-
bly projective space has SCP.

Proof. Let 0 → κ → P → X → 0 be a projective presentation of X and
S ⊂ κ a separable subspace. Since S is a separable subspace of P ' `1(Γ)
there is a separable complemented subspace S′ ' `1 of `1(Γ) containing S.
Let π : P → S′ the projection and consider S′′ the closure of π[κ]. Since X
is separably projective, the operator π|κ : κ → S′′ extends to an operator
π′ : P → S′′. The operator π′|κ : κ → S′′ is a projection since π′(π(k)) =
π(π(k)) = π(k) for every k ∈ κ.

The reader is addressed to [19] for old and new results concerning the SCP.

24. On the run

As its name clearly indicates, this section attempts to put the reader on the
right track by providing the Banach, categorical, and homological elements
that may be needed.

After [24, 25] and [13], it is probably too late to explain what a category, a
functor or a natural transformation are. Or what a Banach space is, for that
matter. But perhaps not a quasi-Banach space. Just in case: A quasinorm
on a real or complex vector space X is a map ‖ · ‖ : X → R+ that satisfies

• ‖x‖ = 0 =⇒ x = 0,

• ‖λx‖ = |λ|‖x‖,
• ‖x+ y‖ ≤ ∆(‖x‖+ ‖y‖),

for all x, y ∈ X, all scalars λ and some constant ∆ ≥ 1. If ∆ = 1, then
‖ · ‖ is a norm. A quasinormed space is a vector space equipped with a
quasinorm; when the space is moreover complete is called a quasi-Banach
space. If the quasinorm is a norm then it will be called a Banach space.
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An operator is a linear continuous map. A linear map u : X → Y acting
between quasinormed spaces is continuous if and only if it is bounded, with
the meaning ‖u‖ = sup‖x‖≤1 ‖u(x)‖ < ∞. The space of all operators from
X to Y is denoted by L(X,Y ). The space L(X,K) is the dual space of X,
usually denoted by X∗, and is always a Banach space. A p-norm, 0 < p ≤ 1,
is a quasinorm satisfying ‖x + y‖p ≤ ‖x‖p + ‖y‖p. Obviously p-norms are
q-norms for 0 < q < p. The Aoki-Rolewicz Theorem establishes that each
quasinorm is equivalent to some p-norm.

Short exact sequences of quasi-Banach or p-Banach spaces have already
appeared: they are diagrams

0 −→ Y
ı−−→ Z

π−−→ X −→ 0

formed by objects in the category (i.e., quasi-Banach or p-Banach spaces) and
bounded linear operators, with the property that the kernel of each arrow
is the image of the preceding one. The sequence is said to be trivial, or to
split, when the subspace ı : Y → Z is complemented. Once exact sequences
have been isolated, the categories Ban and QBan are exact categories [12].
Pullback and pushout constructions (arbitrary in pBan and finite in QBan )
exist in those categories; details can be found in [13] and [24, 25]. Still, if
at any moment some additional fact is required, we will make a short, sharp,
shock statement.

To grasp the idea behind homological derivation, think of functors as func-
tions: just as the derivative of a function measures how far it is from being
constant, the derivative of a functor measures how far it is from being ex-
act. How does homological derivation achieves this? The reader may learn
everything from, say, [58]; or from the shortened but still sufficiently detailed
account in [13, 4.6.2]; or may simply keep reading.

The first thing to tidy up is that functors can be either covariant or con-
travariant. And the derivation process can be carried out using either injective
or projective presentations. Derivation of a covariant functor via projective
elements is usually called left derivation, while derivation using injective ob-
jects is called right derivation. However, when the functor is contravariant,
derivation via projective elements is called right derivation since it is right
derivation of the associated covariant opposite functor; and derivation using
injective objects is called left derivation. And this is a mess. Following the
path we initiated at [31], we attempt to a more intuitive description that
highlights only how the derivation is obtained. Thus, we will simply use the
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terms projective derivation and injective derivation, regardless of whether the
functor is covariant or contravariant.

Now, there is a striking difference between classical and homological deriva-
tion: homological derivation of a functor F produces not just one derived func-
tor, but rather a whole sequence of derived functors F (n). And it is usually
false that the first derived functor of the first derived functor of F coincides
with the second derived functor of F . See Section 26.

Consider the standard Hom functors: the covariant Hom(A, ·) and the
contravariant Hom(·, A). In functor categories these are called the Yoneda
functors YA and YA, respectively. In the Banach/quasi-Banach context the
covariant functor L(A, ·) will be denoted LA; and the contravariant functor
L(·, A) will be denoted LA. The classical foundational result (see [58], [13,
Chapter 4] or [24, 25]) is that in a category of modules projective derivation
of Hom(·, Y ) at X agrees with injective derivation of Hom(X, ·) at Y . More
precisely, there are natural isomorphisms

Hom(X, ·)(n)(Y ) = Hom(·, Y )(n)(X) .

This space is usually denoted Extn(X,Y ), and admits several useful represen-
tations:

• The Yoneda representation [58, 16] that does not require injective or
projective objects: elements of Extn(X,Y ) are equivalence classes of
exact sequences

0 −→ Y −→ Zn −→ · · · −→ Z1 −→ X −→ 0

with respect to the equivalence relation: given E,E′ ∈ Extn(X,Y ) we
will write E→ E′ to mean the existence of a commutative diagram

0 // Y // Zn

��

// · · · // Z1

��

// X // 0

0 // Y // Z ′n
// · · · // Z ′1

// X // 0 ,

while E← E′ means the existence of a commutative diagram

0 // Y // Zn // · · · // Z1
// X // 0

0 // Y // Z ′n

OO

// · · · // Z ′1
//

OO

X // 0 .
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Then E ≡ E′ if and only if there exists F such that either E → F ← E′

or E← F → E′

• When there are enough projectives then [50, 16]

Extn(X,Y ) = Hom(κn(X), Y )/ ∼

where T ∼ S if and only if T − S can be extended to a morphism
Pn → Y .

• When there are enough injectives then [50, 16]

Extn(X,Y ) = Hom(X, cκn(Y ))/ ∼

where T ∼ S if and only if T − S can be lifted to a morphism X → In.

Let’s move ahead and provide a description of how derivation goes. First
of all, let us fix the notation we will use for a cochain complex

0 −−−−→ C0
δ0

−−−−−→ C1
δ1

−−−−−→ C2
δ2

−−−−−→ · · ·

and its cohomology groups:

Hn(X) =
ker δn

Imδn−1

with the usually overlooked case H0(X) = ker δ0. Also, for a chain complex

· · · −−−−→ C2
δ2−−−−−→ C1

δ1−−−−−→ C2
δ0−−−−−→ 0

(watch out that now ∂0 = 0) and its homology groups:

Hn(X) =
ker ∂n

Im∂n+1

with no singular case except, when one gets interested in, coker δ1.

♥ Injective covariant derivation (usually called Right derivation). It re-
quires starting with an injective resolution

0

��>>>>>>>>
// I0

δ0
//

$0
!!BBBBBBBB I1

δ1
//

$1
!!BBBBBBBB I2

δ2
// · · ·

X

0
>>~~~~~~~

cκ0

1

==||||||||
cκ1

2

==||||||||

(24.1)
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apply F , obtain

0 //

��;;;;;;; F(I0)
F(δ0) //

F($0) ""EEEEEEEE
F(I1)

F(δ1) //

F($1) ""EEEEEEEE
F(I2)

F(δ2) // · · · ,

F(X)

F(0)

=={{{{{{{{
F(cκ0)

F(1)

<<yyyyyyyy
F(cκ1)

F(2)

<<yyyyyyyy

to then define

R(n)F(X) = Hn(X) =
kerF(δn)

ImF(δn−1)
.

The 0th case is also interesting and will be more interesting soon:
R(0)F(X) = H0(X) = kerF(δ0) generates a natural transformation ρF :
F → R(0)F , which becomes a natural equivalence when F is left exact, in
which case F is the (right) 0-derived of F . In this and forthcoming cases we
have attempted that the notation ρF and ρF match the notation in [69] as
much as possible.

Moreover, given a short exact sequence 0 → Y → Z → X → 0 there is a
long exact sequence formed by all right derived functors (see [13])

0 // F(X) // F(Z) // F(Y ) // F (1)(X) // F (1)(Z) // F (1)(Y )

ss

cccccddddddeeeeeeffffffgggg
F (2)(X) // F (2)(Z) // F (2)(Y ) // F (3)(X) // F (3)(Z) // F (3)(Y )

ss

bbccccccddddddeeeeeeffffffgg· · ·

In particular, injective derivation of LE in Ban yields

L
(n)
E (X) = Hn(X) = kerLE(δn)/ImLE(δn−1)

= L(E, cκn−1/ ∼n−1= ExtnB(E,X) ,

where φ ∼n−1 ψ ⇐⇒ ∃τ : E → In−1 : $n−1τ = φ− ψ. And, of course,

Ext1
B(E,X) = ExtB(E,X) .
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The long cohomology sequence would in this case be

0 // L(E, Y ) // L(E,Z) // L(E,X)

sshhhhhhhhhhhhhhhhhhhhh

Ext1
B(E, Y ) // Ext1

B(E,Z) // Ext1
B(E,X)

sshhhhhhhhhhhhhhhhhhh

Ext2
B(E, Y ) // Ext2

B(E,Z) // Ext2
B(E,X) // · · · .

♦ Projective covariant derivation (usually called Left derivation) requires
to pick a projective resolution

· · · // P2
∂2 //

π2

  AAAAAAAA P1
∂1 //

π1

  AAAAAAAA P0
∂0 //

π0

  AAAAAAAA
// 0

κ1

ı1

>>}}}}}}}}
κ0

ı0

>>}}}}}}}}
X

??��������

(24.2)

of X, apply F to get

· · · // F(P2)
F(∂2) //

""DDDDDDDD
F(P1)

F(∂1) //

""DDDDDDDD
F(P0)

F(∂0) //

F(π0) ""DDDDDDDD
// 0

F(κ1)

<<zzzzzzzz
F(κ0)

<<zzzzzzzz
F(X)

AA��������

and define

L(n)F(X) = Hn(X) =
kerF(∂n)

ImF(∂n+1)
.

About the 0th case, we have a natural transformation ρF : L(0)F → F , which
becomes a natural equivalence when F is right exact. I.e., when F is right-
exact then F = L(0)F .

♠ Projective contravariant derivation (usually called Right) consists in
applying F to a projective resolution (24.2) to get

0

!!CCCCCCCCC
F(∂0) // F(P0)

F(∂1) // F(P1)
F(∂2) // F(P2) · · ·

F(X)

F(π0)

::uuuuuuuuu
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beware now that, as a cochain complex, F(∂1) is “the corresponding” ∂0 –and,
in general, F(∂n) is the new ∂n−1 – and therefore

R(n)F(X) = Hn(X) =
ker ∂n

Im∂n−1

=
kerF(∂n+1)

ImF(∂n)
.

In addition, we have a natural transformation ρF : F → R(0)F . When F
is moreover right exact then ρF is a natural equivalence, namely, F = R(0)F .

This derivation above provides, when F is right exact and given a short
exact sequence 0 → Y → Z → X → 0, a long exact sequence formed by all
derived functors (see [13])

0→ F(Y )→ F(Z)→ F(X)→ F (1)(Y )→ F (1)(Z)→ F (1)(X)→ · · · .

In particular, projective derivation of LE in Ban yields

LE
(n)

(X) = Hn(X) = kerLE(∂n)/ImLE(∂n−1)

= L(κn−1, E)/ ∼n−1= ExtnB(X,E) ,

where φ ∼n−1 ψ ⇐⇒ ∃τ : Pn−1 → Y : τ |κn−1 = φ − ψ. The long homology
sequence would then be

0 // L(X,E) // L(Z,E) // L(Y,E)

tthhhhhhhhhhhhhhhhhhhh

Ext1(X,E) // Ext1(Z,E) // Ext1(Y,E)

tthhhhhhhhhhhhhhhhhh

Ext2(X,E) // Ext2(Z,E) // Ext2(Y,E) // · · · .

♣ Injective contravariant derivation (usually called Left) requires starting
with an injective resolution

0

��>>>>>>>>
// I0

δ0
//

$0
!!BBBBBBBB I1

δ1
//

$1
!!BBBBBBBB I2

δ2
// · · ·

X

0
>>~~~~~~~

cκ0

1

==||||||||
cκ1

2

==||||||||

(24.3)
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and apply F to get

· · · // F(I2)
F(δ1) //

!!DDDDDDDD
F(I1)

F(δ0) //

!!DDDDDDDD
F(I0)

$$IIIIIIIII

F(0) // F(X) // 0

F(cκ1)

==zzzzzzzz
F(cκ0)

F($0)

==zzzzzzzz
cokerF(δ0)

OO�
�
�

to then define L(0)F(X) = H0(X) = cokerF(δ0) and

L(n+1)F(X) = Hn+1(X) =
kerF(δn)

ImF(δn+1)
.

Again, there is a natural transformation ρF : L(0)F → F , that becomes a
natural equivalence when F is moreover left exact, shortly described as: F is
the (left) 0-derived of F .

Now, the Yoneda description of Extn –in any of the three categories Ban ,
QBan or pBan , for n ≥ 1 can be carried out in quasilinear terms “analo-
gously” to the case n = 1 explained in Section 23.3 as follows. Let us treat
the case of QBan : elements of ExtnQ(X0, Xn) correspond to concatenations
Ωn · · ·Ω1 of n quasilinear maps Ωj : Xj−1 → Xj taken modulo a certain equiv-
alence relation. This relation is natural and easy to describe for n = 1 (Ω1 is
the sum of a bounded plus a linear map) and for n = 2. In that case we have
a commutative diagram (from now on we will omit the 0′s to keep diagrams
cleaner)

X2

��

X2

��
X2 ⊕Ω2 X1 //

��

� //

��

X0

X1

Ω2

::

E
9

,
�

�
�

y

// X1 ⊕Ω1 X0 // X0

Ω1

ff
nligdb_]ZXUSP

(24.4)

which can be comfortably described as follws: Ω2 can be extended toX1⊕Ω1X0

or, equivalently, Ω1 can be lifted to X2 ⊕Ω2 X1. See for instance [73] or [15,
Lemma 3.1]. There is no available (manageable) description of the equivalence
relation for n ≥ 3 in quasilinear terms.
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25. Time

This is a section for Banach spacers, tired of lying in the abstract sunshine
and willing to run after something sound to take home. So, let us now face
the abstract derivation process and see what we can get from it.

25.1. Operator ideals and homology. The idea behind this rela-
tivization is to replace the operator ideal L of all operators (the usual Hom)
by another operator ideal A. As Bühler says [12, Section 2.2]: “There are of
course many other [monoidal structures, see Section 27.2] and the correspond-
ing . . . Hom-functors are treated in the literature under the name of operator
ideals”. An operator ideal is an assignment (X,Y ) → A(X,Y ) ⊂ L(X,Y )
with the properties:

(i) the ideal F of finite rank operators is contained in A;

(ii) A + A ⊂ A;

(iii) LAL ⊂ A.

The basic operator ideals one should be familiar with (see [77]) are:

1. L : all linear bounded operators;

2. F : finite rank operators, which are those having its image lying in a
finite dimensional subspace;

3. K : compact operators, those for which the image of the unit ball is a
relatively compact set;

4. W : weakly compact operators, those for which the image of the unit
ball is a relatively compact set in the weak topology (the p-variation
of this notion is the ideal Wp of weakly p-compact operators, those
transforming bounded sequences into sequences admitting a weakly p-
converging subsequence);

5. X : separable operators, those having separable range;

6. U : unconditionally converging operators, those that are not an isomor-
phism on any copy of c0 –equivalently, transforming weakly 1-summable
sequences into norm null sequences (the p-variation if this notion is
the ideal Cp of p-converging operators, those transforming weakly p-
summable sequences into norm null sequences);

7. S : strictly singular operators, those that are not an isomorphism on
any infinite dimensional subspace;
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8. B : completely continuous operators, those transforming weakly con-
vergent sequences into convergent sequences;

9. CS : strictly cosingular operators, those for which no composition QT
with a quotient map Q is surjective

10. N : nuclear operators, those factorizing through a diagonal map `∞ → `1
–equivalently, an operator τ is nuclear if and only if τ =

∑
σnx

∗
n ⊗ yn

with σ = (σn) ∈ `1 and sup ‖x∗n‖, ‖yn‖ <∞;

11. Πp : absolutely p-summing operators, those transforming weakly p-
summable sequences into absolutely p-summable sequence –equivalently
those factorizing through some canonical inclusion C(K)→ Lp(K);

12. G : approximable operators, those that are limits, in the operator norm,
of a sequence of finite-rank operators.

Returning to our business:

Definition 25.1. Given a Banach space E and an operator ideal A, we
will say that E is

(a) A-injective if A(−, E) is exact;

(b) A-projective if A(E,−) is exact.

In the classical Banach space language, being K (resp. W) -injective re-
ceives the name “having the compact (resp. weakly compact) extension prop-
erty”. Recall that an infinite dimensional Banach space X is said to be an
Lp-space, p = 1,∞, if there is C > 0 such that every finite dimensional
subspace of X is contained in a finite dimensional subspace of X that is C-
isomorphic to the corresponding `np -space. L∞-spaces can be considered the
local version of C(K)-spaces and L1-spaces the local version of L1(µ)-spaces.
A Banach space is called an ultrasummand if it is complemented in its bidual.
L1-spaces can be characterized (see [13]) as follows: a Banach space X is an
L1-space if and only if ExtB(X,U) = 0 for every ultrasummand U .

We have:

Proposition 25.2. Let E be a Banach space.

(i) E is K-injective if and only if it is an L∞-space [7, Proposition 1.33].

(ii) E is K-projective if and only if it is an L1-space [34].
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(iii) E is W-injective if and only if it is an L∞-space with the Schur property
[7, Proposition 1.35].

(iv) Every Banach space is N-injective and N-projective as well as F-injective
and F-projective.

There is no current characterization of W-projective spaces.

25.2. Derivation is the same, in a relative way. Consider this
section an expanded version of [25, Section 14.1]. After all, we have time to
kill today and we may as well tackle the idea of picking an operator ideal A
and proceed with the relative derivation of the functors AA and AA, all of
which should lead to a kind of ExtA functor.

Initial steps in this direction were taken in [34, 20, 33]. The first of those
papers, [34], sets reasonable conditions on an operator ideal A to simplify
derivation – conditions such as being injective (if ab ∈ A and a is injective
with closed range then b ∈ A) and surjective (if ab ∈ A and b is surjective
then a ∈ A) – see [77]–. The ideals F,K,W,U,X are both injective and
surjective (once again, see [77]). The paper does not delve into the results of
relative derivation; instead, it focuses on an unexpected fact: to ensure, as it
occurs with the operator ideal L, that projective and injective derivation give
the same outcome, one additional property on the ideal A is needed: to be
balanced.

Definition 25.3. An operator ideal A will be called balanced when given
a commutative diagram

0 // κ

φ

��

// P

��

// X // 0

0 // Y // Z

��

// X

��

//

ψ

��

0

0 // Y // I // cκ // 0

the operator φ can be chosen in A if and only if the operator ψ can be
chosen in A.

To explain the meaning of what we are doing, recall that projective deriva-
tion of LX at Y yields

L(κ(X), Y )/L(P, Y )
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a space which, thanks to the many things we know about exact sequences and
pushouts agrees with Ext(X,Y ), while injective derivation of LY at X yields

L(X, cκ(Y ))/L(X, I)

a space which, thanks to the many things we know about exact sequences and
pullbacks agrees with Ext(X,Y ). Replacing L by another ideal A yields that
projective derivation of UX at Y produces

ExtU(X,Y ) = U(κ(X), Y )/U(P, Y )

while injective derivation of UY at X yields

ExtU(X,Y ) = U(X, cκ(Y ))/U(X, I).

If the ideal U is balanced then ExtU(X,Y ) = ExtU(X,Y ).

The role of injectivity/surjectivity is perfectly displayed when considering
the ideal N, which is neither injective nor surjective [77, 8.4.5 and 8.5.5]. Since
nuclear operators factor through `∞ and `1 [77, 6.3.3]), they can be extended
and lifted anywhere, which might tempt the reader into thinking that both
injective and projective derivation of N should vanish. However, applying
N(·, E) to a projective presentation 0 → κ1 → P → X → 0 of X yields the
exact sequence

0 −→ Nsurj(X,E) −→ N(P, E) −→ N(κ,E) −→ 0 ,

where Ninj is the smallest injective ideal containing N; while applying N(E, ·)
to an injective presentation 0→ Y → I→ ρ→ 0 yields the exact sequence

0 −→ Ninj(E, Y ) −→ N(E, I) −→ N(E, ρ) −→ 0 ,

where Nsurj is the smallest surjective ideal containing N.

However, [34] shows that only K among the ideals listed is balanced. That
is why [20] focuses on the relative derivation of the (functors associated to)
to the ideal K of compact operators. The ideal K is injective, surjective and
balanced, and therefore forms the ideal bridgehead protecting our landing on
operator ideal derivation. The abstract outcome of the derivation process
is already known: K(1)(X,Y ) = ExtK(X,Y ) and therefore, the meaning of
K(1)(X,Y ) = 0 is clear: given a projective presentation 0 → κ(X) → P →
X → 0 → of X, all compact operators κ(X) → Y admit compact extensions
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to P; equivalently, given an injective presentation 0→ Y → I→ cκ(Y )→ 0→
of Y , all compact operators X → cκ(Y ) admit a compact lifting to I. The
unexpected appears when [20, Proposition 4.4] shows that if E,X are Banach
spaces with E an ultrasummand having the BAP then they are equivalent:

1. ExtK(X,E) = 0;

2. ExtB(X,E) = 0;

3. ExtB(X,E) = 0 is Hausdorff in its natural vector space topology com-
patible with the homology sequence.

The equivalence between (1) and (2) reveals the surprising fact that, under
the additional conditions imposed, being able to extend all compact operators
to compact oprators already guarantees to be able to extend all operators. The
equivalence between (2) and (3) connects the vanishing of either the derivative
of L or K with the Hausdorff character of ExtB spaces. We will return to this
topic in Section 30.2.

Finally, [33] sets caution aside and deals with the injective/projective
derivations of the other natural non-balanced operator ideals above.

26. The great kerfuffle in the sky

If homological derivation depends, when made by the book, on either injec-
tive or projective presentations, what if the category does not have enough in-
jective or projective objects? The question is important to us since QBan has
neither projective nor injective objects as shownwe proved in Section 23.1.
However, for the same reason that no researcher (especially L. Schwartz)
would have ever said: since differentiable functions must be continuous, dis-
continuous functions cannot have derivatives; we cannot stick to functors on
categories without projective/injective objects cannot be derived. A. Buchs-
baum made that point clear in the series of papers [8, 9, 10] written, for all
we know, independently of Grothendieck’s Tohoku paper [53] 7.

Pick a category without projective or injective spaces and a functor to
derive in it. We choose here QBan as the category and the contravariant
functor LX to be derived at A. What we will do in absence of a projective
presentation for X is to consider all exact sequences 0 → M → Z → A → 0.

7 See also pp. 18-20 in [54] or the entry math.stackexchange.com/questions/4192906/

was-grothendieck-familiar-with-buchsbaums-exact-categories-while-writing-

tohoku in StackExchange

https://math.stackexchange.com/questions/4192906/was-grothendieck-familiar-with-buchsbaums-exact-categories-while-writing-tohoku
https://math.stackexchange.com/questions/4192906/was-grothendieck-familiar-with-buchsbaums-exact-categories-while-writing-tohoku
https://math.stackexchange.com/questions/4192906/was-grothendieck-familiar-with-buchsbaums-exact-categories-while-writing-tohoku
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Since exact sequences of quasi-Banach spaces are generated by quasilinear
maps, let us call ω both the sequence and the quasilinear map. We introduce
the following order: given another exact sequence ω′ = 0 → M ′ → Z ′ →
A → 0 we say ω ≥ ω′ if ω′ is a pushout of ω; namely, there is an operator
g : M →M ′ such that gω = ω′. A map f spontaneously appears making the
diagram

0 //M

g

��

ıω // Z //

f
��

A // 0

0 //M ′
ıω′ // Z ′ // A // 0

commute. When we apply LX to this diagram we get a commutative diagram

L(Z ′, X)

f∗

��

// L(M ′, X)

g∗

��

// cokerLX(ıω′)

uω′,ω
���
�
�

// 0

L(Z,X) // L(M,X) // cokerLX(ıω) // 0 ,

where the cokernels are taken the category of vector spaces (or Abelian groups)
or, as in our case, in the category of topological vector spaces (non-necessarily
Hausdorff) and uω′,ω is the induced map. Actually, this map is independent of
both f, g as soon as the equality gω = ω′ is replaced by standard equivalence
of exact sequences (or quasilinear maps) gω ≡ ω′. Since the order is filtering
(in the increasing sense ω), we have a net cokerLX(ıω), uω′,ω} and Buchsbaum
defines the sequence of satellites –that will play the role of the sequence of
derived functors– in the form

S1(LX)(A) = lim
→
{cokerLX(ıω)}

namely ⊕
cokerLX(ıω) /H ,

where H = span
[
zω−uω′,ωzω′ : zω ∈ cokerLX(ıω); zω′ ∈ cokerLX(ıω′)

]
, since

this is how direct limits are usually obtained in vector space categories. After
this, in a very bold move, Buchsbaum defines

Sn+1(LX) = S1
(
Sn(LX)

)
,

which obviously requires taking for granted that the definition of S1 applies to
any contravariant additive functor acting between two categories A→ B with
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B admitting limits. In particular, to S1(LX). The work that needs to be done
for covariant functors such as LX acting between two categories A→ B such
that B has colimits is completely transparent. What makes BuchsbaumÆs
move bold is the definition of the second satellite derivative as the satellite
derivative of the satellite derivative. This is something that fails spectacularly
for usual derivation: observe that the existence of enough projectives plus the
fact that a derived functor F (1) must vanish on projectives mean that the
(usual) derived functor of ExtB(X,A) must be 0 8, which makes impossible
for Ext2 to be the derived functor of Ext since there are examples of Banach
spaces X,Y for which Ext2

B(X,Y ) 6= 0. One, however, has (:

Proposition 26.1.

• S1(LX)(A) = ExtQ(A,X) in QBan ;

• S1(LX)(A) = ExtB(A,X) in Ban ;

• S1
(

ExtQ(·, X)
)

(A) = Ext2
Q(A,X);

• S1
(

ExtnB(·, X)
)

(A) = Extn+1
B (A,X);

• S1
(

Extnp(·, X)
)

(A) = Extn+1
p (A,X).

Proof. In our case, the presence of quasilinear maps is essential, as is the
fact that cokerLX(ıω) corresponds to operators M → X modulo extension
to Z as we know well, and the only difference with the Banach or p-Banach
case is that here we do not have an “initial” (i.e., final in the inductive limit)
element –namely, the projective presentation of A– from which every other
sequence could be obtained as a pushout. But this absence changes nothing
in order to get

lim
→
{cokerLX(ıω)} = Q(A,X) .

The arrow lim
→
{cokerLX(ıω)} → Q(A,X) is the one induced by g → gω. The

reverse arrow Q(A,X) → lim
→
{cokerLX(ıω)} → appears once we notice that

the sequence generated by any Ω ∈ Q(A,X) is itself one of the exact sequences
(whose cokernel after applying LX) sooner or later shows up in the filtering
family.

The proof for Ext proceeds in the same spirit, with a twist: now coker
Ext(·, X)(ıω) correspond to quasilinear maps M → X modulo extension to Z,

8 We acknowledge Nazaret Trejo for this observation.
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and these are precisely the elements of Ext2(·, X) as illustrated by diagram
(24.4). Everything else works as before.

The proof for ExtnB is similar but contains one extra ingredient. Let us
visualize the case n = 2: If we call ωM : X → M the quasilinear map that
defines the sequence 0 → M

ıω−−→ Z → A → 0 then coker Ext2(·, X)(ıω)
corresponds to concatenations ΦΨ of quasilinear maps M → X modulo the
of ΦΨ extension to Z through ıω. In Ban or pBan the sequence ω is a
pushout of a projective presentation of A so we can well assume that ω is 0→
M

ıω−−→ P→ A→ 0 with P projective. In this setting, see [16, Lemma 2.1 (b)],
ΩΨω ≡ 0 if and only if ΩΨ ≡ 0 and, thus, coker Ext2(·, X)(ıω) = Ext3(A,X)
with the identification ΩΨ → ΩΨω. In the general case, the identification
becomes Ωn · · ·Ω1 → Ωn · · ·Ω1ω.

It is by no means clear to us whether even S1
(

Ext2
Q(·, X)

)
(A) =

Ext3
Q(A,X) because now coker Ext2(·, X)(ıω) corresponds to concatenations

ΦΨ of quasilinear maps M → X modulo extension to Z. But this does
not (necessarily) match he equivalence relation in Ext3 for concatenations
Ω3Ω2Ω1.

27. Monoids

Like the song, the architecture of this section is just a sustained topic on
top of which we layer a few still open lines of research. The topic is that the
existence of a single “multiplication operation” in a category already suffices
to build a reasonable cohomology theory, hence a reasonable substitute for
homological derivation.

27.1. Coboundaries and cocycles. We begin with the classical com-
plex in cohomology of groups:

0 −→ Y
d1

−−−−→ F(X,Y )
d2

−−−−→ F(X2, Y )
d3

−−−−→ F(X3, Y ) −→ · · · , (27.1)

where F(A,B) denotes the set of all mappings from A to B: thus, Y =
F(X0, Y ) since X0 = {e} and

(dnf)(x1, . . . , xn) = f(x2, . . . , xn) +
∑

1≤i≤n−1

(−1)if(x1, . . . , xi + xi+1, . . . , xn)

+ (−1)nf(x1, . . . , xn−1)
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so that d1 = 0. We will from now on omit the superscript in d. The elements
of F(Xn, Y ) are called cochains:

• an n- cocycle is a cochain f : Xn → Y such that df = 0;

• an n- coboundary is a cochain f : Xn → Y such that f = dg for some
cochain g : Xn−1 → Y .

The associated cohomology groups Hn are

Hn(X,Y ) =
ker
(
dn+1 : F (Xn, Y )→ F (Xn+1, Y )

)
Im
(
dn : F (Xn−1, Y )→ F (Xn, Y )

) =
n-cocycles

n-coboundaries
.

In our Banach/quasi-Banach context groups are vector spaces and the
elements of F(A,B) are (bounded) homogeneous maps. Let’s focus on n = 1, 2.

• A 1-coboundary is 0.

• A 1-cocycle is a map homogeneous f : X → Y such that

df(x, y) = f(x+ y)− f(x)− f(y) = 0 ,

i.e., a linear map.

• A 2-coboundary is a homogeneous function f : X2 → Y such that
f = d2g for some g : X → Y ; i.e.,

f(x1, x2) = g(x1) + g(x2)− g(x1 + x2) .

• A 2-cocycle is a function f : X2 → Y satisfying

df(x1, x2, x3) = f(x2, x3)−f(x1+x2, x3)+f(x1, x2+x3)−f(x1, x2) = 0 .

It is easy to check that if Ω : X → Y is a homogeneous map, in particular
a quasilinear map, then its Cauchy differences

[+,Ω](x, y) = Ω(x+ y)− Ω(x)− Ω(y)

are cocycles; i.e., d[+,Ω] = 0 (the notation comes from the usual commutator
convention: [a, b] = ab − ba). When the norm enters the game and all maps
are required to be bounded, the sequence (27.1) takes the form

0 −→ Y
d1

−−−→ B(X,Y )
d2

−−−→ (B ∩ F)(X2, Y )
d3

−−−→ (B ∩ F)(X3, Y ) −→ · · · .
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Observe the existence of two natural maps. The first of them is the identity
L(X,Y )→ H1(X,Y ) = ker d2. The second, Q(X,Y )→ H2(X,Y ), is induced
by the correspondence Q(X,Y ) → ker d3 given by Ω → [+,Ω]. Indeed, Ω
is trivial (that is, Ω = B + L if and only if its associated 2-cocycle is a 2-
coboundary: clearly, if [+,Ω] = [+, B] then Ω − B is linear. It is true that
the correspondence is surjective (i.e., every 2-cocycle f is f = [+,Ω] for some
quasilinear map), but not as easy to prove as it sounds. The next level becomes
a headache: there is a well-behaved correspondence Ext2(X,Y )→ H3(X,Y ),
such is the content of [15, Lemma 3.3], but the surjectivity of this map is
not guaranteed. What occurs in higher levels is a living hell (a fascinating
mystery, in the words of Cabello 9). There exists a natural transformation
Extn → Hn+1, a consequence from the fact that H• is a δ-functor and Ext•

is a universal δ-functor. The real question is whether this transformation is
injective for n > 2. A passing glance to [13, 3.13.2] should cause no permanent
harm.

27.2. Monoidal categories. The reason to bring this material here
is that, at a price, cohomology has been reconstructed using essentially a sin-
gle operation (sums) —plus homogeneity (when working with vector spaces),
plus boundedness (when working with Banach spaces). And, as everybody
who knows it knows, cohomology can be performed in categories in which
there is an operation � : X ×X → X. Objects endowed with a suitable op-
eration as above (it could be the group operation, the sum operation, etc) are
called monoids and thus categories C possessing a compatible (functorial) op-
eration C×C→ C (such as direct product, tensor product, etc) satisfying the
appropriate axioms are called monoidal categories. The series [76, 67, 75, 5]
provides a certain perspective on this construction.

Passing to Banach spaces, the standard symmetric and associative
monoidal structure in Ban is the one induced by the projective tensor product
[12, Section 2.2] and its Hom spaces are precisely the spaces of bounded linear
operators endowed with the operator norm. We bring here the quote of Bühler
[12, Section 2.2] again: “There are of course many other monoidal structures
and the corresponding . . . Hom-functors are treated in the literature under
the name of operator ideals”. Pursuing this line would mean to delve into the
question:

9 to whom the author acknowledges for allowing him to poke around his notes Cohomology
for dummies
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Problem 27.1. LetU be an operator ideal. Does UX admit a left adjoint?

See Section 29 and Section 30. Two sluggishly formulated additional ques-
tions could be:

Problem 27.2. Is Ban a monoidal category in such a way that the re-
sulting cohomology sequence is the cocycle-coboundary sequence described
above?

The monoidal structure provided by the projective tensor product does
not seem to be enough to solve this problem.

Problem 27.3. Is QBan a monoidal category?

And, if so, (read back the first sentence of this section).

28. US and THEM

US, of course, are the Banach spacers and THEM the categorical people.
But, as Jules Winnfield 10 would say, “Or, it could mean something different”.
US could be the category we are working in, and THEM the “right” category
we ought to be working with. As mentioned before, the canonical correct
environment is that of Abelian categories. What if the category C we are
actually working in is not Abelian? There are two reasonable paths to follow:

• One may isolate some of the properties that our category does enjoy
and, since we need something More to obtain the desired results, call,
say, Cymbaline categories to categories with those properties and then
translate (or obtain, or reconstruct) the necessary machinery from the
Abelian setting to the Cymbaline one.

• Alernatively, one may search for a larger Abelian category C♥ into which
C embeds as a full subcategory. The category C♥ is then called a
Heart of C 11. The reader is invited to peruse [25, Section 19] for an
entertaining monologue on the meaning of heart category and on the
possibilities for constructing a heart for Banach spaces.

Since Ban is not Abelian, both strategies are available. Following the first
approach, Ban is an exact category, in the sense that there is a clear meaning

10 The character played by Samuel L. Jackson in Pulp Fiction.
11 to be true, an Abelianization of C, keeping the name “heart” for a more specific Abelian-

ization attributed to Deligne; see [6, Ex. 1.3.22].
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for the term short exact sequence. The same holds for QBan . In general, an
exact category is one endowed with a distinguished class of morphisms, called
admissible,from which one forms a well-natured collection of so-called short
exact sequences. Descending to a definition (see [25, Section 19]), although
there are various ways to do that, we adhere to Quillen’s approach [79, 80];
see [11] for a very detailed account and systematic study of exact categories.
Indeed, the notion of exact category has proved remarkably successful and a
substantial amount of work has been devoted to translating results from the
Abelian to the exact setting.

28.1. Functor categories. Functor categories are what their name
say upfront: a category AC whose objects are functors C → A and whose
morphisms are natural transformations between them. Given two functors
F,G we denote by J F,G I the Hom object of natural transformations be-
tween them. When F,G are Banach functors then J F,G I is a Banach space
(see [24, 3.5]). The topic of functor categories is, indeed, fearsome because of
its level of abstraction. Yet many of the arguments in [24] reveal that these
are the real categories, which is what makes them worth studying. Moreover,
the glaring truth is that things often become simpler in functor categories
. . . provided one can breathe there. A good example is the proof we briefly
tiptoed into in [24, Proposition 5.4], asserting that left (resp. right) adjoints
preserve direct (resp. inverse) limits. As we remarked there, “the proof is very
simple with a bit of extra abstraction”.

To understand how simplicity in the ideas and complexity of execution
mingle, consider the topic treated with some care in [24] concerning how to
represent objects of a category C as functors of AC. When C is a small cat-
egory, the Yoneda representation functor Y : C→ SetC, which can be either
Y(B) = YB = Hom(B, ·) when you prefer using covariant functors, or Y(B) =
YB = Hom(·, B) if you prefer to work with contravariant functors is one of
the nicest. Since Hom(·, B) is contravariant, sometimes one pretends work-
ing in SetC

op
instead of SetC to make it covariant. The main advantage of

using the contravariant Yoneda representation is that J YA,YB I= C(A,B),
respecting the natural order, while J YA,YB I= C(B,A). We shall therefore
use the contravariant Yoneda whenever the identity J YA,YB I= C(A,B) is
required and the covariant version when it is not. It is likely that the next
result catches the reader unprepared [52, p. 21]:
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Proposition 28.1. Every element of SetC is a direct limit of Yoneda
functors.

The proof, in the language and notation of [25, Section 10], goes as follows:
given F ∈ SetC, let F be the sometimes called comma category, whose objects
are pairs (Y(C), f), being f : Y(C) → F an arrow; and whose arrows are the
obvious ones (see [25]). If

� : F→ SetC
op

is the forgetful functor,

F = lim
→
�(Y(C), f) = lim

→
Y(C) .

This echoes the proof [25, Proposition 10.2], showing that every Banach
space is a direct limit of finite dimensional projective spaces. In the present
context, as we will show in Proposition 28.5, the projective objects of SetC

are precisely the functors Y(C).

As Gabriel (Peter, not Pierre) says, a left-adjoint for Y is something to
observe 12, something we shall soon do in Section 28.2. A general result (see
[52, Proposition 1.3]) is the following:

Proposition 28.2. Let C be a category with direct limits. A functor
G : SetD → C is a left adjoint if and only if it preserves limits.

Proof. Since two categories C and D are involved, we will distinguish
their Yoneda functors by writting YC and YD. So, to give an insight of what
is happening, let us draw a map:

SetD
G // C

YC

��
D

YD

OO

SetC .

The right adjoint we are looking for, R, is not the obvious composition
(who, after all, would land in the wrong category), but the functor

R(c)(d) = YC(c)
(
G
(
YD
)

(d)
)

= Hom
(
G
(
YD
)

(d), c
)
.

12 Solsbury Hill
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We have to check the identity

Hom (G(f), C) = J f,D(c) I .

Observe that, in general, the correspondence associated to the arrow η is
the natural transformation η defined by

ηd(λ) = ηG(λ) , λ ∈ f(d) =J Y(d), f I .

and d an object of D. When f = YD(d0), the natural transformation η takes
the form

G(YD(d))
G(λ)−−−−→ G(YD(d0))

η−−−→ c .

Thus, for f = YD(d0) every

ε ∈ J YD(d0),D(c) I = D(c)(d0) = Hom(G
(
YD(d0)

)
, c)

clearly determines an η ∈ Hom(G
(
YD(d0)

)
, c) such that η = ε.

We complete the proof: left adjoints preserve direct limits, and that is
the easy half. If, on the other hand, G preserves direct limits, since every
element of SetD is the direct limit of Yoneda functors, it is enough to verify
the adjunction on Yoneda functors; which is what we just did.

Observe that the functor G→ GY induces an equivalence between the full
subcategory formed by the functors that commute with direct limits and the
functor category DC.

28.2. Banach heart mother. Regarding the second path toward
“Abelianizing” a category –namely, to find a heart for it– we now show that
exact categories fully embed into Abelian functor categories:

Theorem 28.3. Given a small exact category A, the contravariant
Yoneda representation A → Hom(·, A) embeds A into the Abelian category
AbAop

of left-exact functors Aop → Ab.

Bühler provides in [11, Appendix A] an extraordinarily detailed account
of this result, its would-be proofs and its actual proof. Let us present the
yummy parts of its Banach space analogue. As before, let

Y : Ban→ AbBanop
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be the Yoneda functor Y(A) = LA. Consider the subcategory U consisting of
its left-exact functors. In the standard terminology, functors of AbBanop are
called pre-sheaves, while left exact ones are called sheaves. Let us, following
the notation of Bühler [11], denote by ∗ : U → AbBanop the canonical “inclu-
sion” functor. This is one of the moments where all the complexity, jargon and
machinery of category theory become indispensable. For although ∗ might
looks very much like an inclusion, it is not necessarily an exact functor. The
reason is that it does not necessarily transform epic arrows into epic arrows.
This is hard to digest when one is used to work with set-shaped categories
in which epic means surjective (if an arrow A → B is surjective between,
say the vector spaces A,B, it remains surjective between the sets A,B) or,
as it is the case of Ban or QBan , when epic means “having dense range”.
But an epic arrow f in U means that given two natural transformations η, η′

between sheaves such that ηf = η′f then η = η′. BY contrast, to be epic in
AbBanop one requires the same property but for all natural transformations
η, η′ between all presheaves, not only for sheaves. See the comments at the
end of the following proof if in need.

Theorem 28.4. The categories U and AbBanop are Abelian. The functor

Y : Ban −→ U

is exact although the functor ∗Y : Ban→ AbBanop is not (necessarily) exact.

Proof. To prove the exactness of U one has to show that given an exact
sequence 0→ Y

ı−→ Z
π−→ X → 0 the induced sequence

0 −→ LY
ηı−−−→ LZ

ηπ−−−→ LX −→ 0

is exact in U. Since all other parts of the proof are routine, the key point is
to verify that the arrow LZ

ηπ−−−→ LX is epic. To that end, let

LZ
ηπ−−−→ LX

ε−−→ GU −→ 0

be the cokernel of ηπ in U. We aim to show that GU = 0.

Working temporarily in the full functor category. Let us pretend we make
the proof in the functor category Ban → AbBanop and denote by G the
cokernel in this larger category. Fix a Banach space A. Evaluating at A gives
an exact sequence

L(A,Z)
ηπ(A)−−−−−→ L(A,X)

ε(A)−−−−→ G(A) −→ 0 .
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Pick x ∈ G(A). By surjectivity, there is f ∈ L(A,X) such that ε(A)(f) = x.
Next, form the pullback of f along π and apply G to obtain

Z
π // X G(Z)

G(f ′)

��

G(X)
G(π)oo

G(f)

��

//___

PB

f ′

OO

π′
// A

f

OO

G(PB) G(A) .
G(π′)

oo

Since J LX , G I= G(X), we may regard ε as an element of G(X) satisfy-
ing G(f)(ε) = x. Therefore,

G(π′)(x) = G(π′)G(f)(ε) = G(fπ′)(ε) = G(πf ′)(ε) = 0 .

Since π is surjective, π′ is surjective, and this would be almost the end:
because if G were left-exact G(π′) would be injective, x = 0 and we are done.
But G is not. Only GU is left-exact.

The real difficulty when returning to U. But working in U introduces other
problems: contrarily to what occurs in the functor category AbBanop where
exactness of a sequence means the exactness of its evaluations, the exactness
of 0 → LY

ηı−−→ LZ
ηπ−−→ LX → 0 in U does not imply the exactness of its

evaluations 0 → L(A, Y )
ηı(A)−−−−→ L(A,Z)

ηπ(A)−−−−−→ L(A,X) → 0 in Ban 13.
Said bluntly, evaluation is not an exact functor on U and that is why we
cannot conclude from the above computation that x = 0. Working in U thus
requires a more delicate argument, which comes next.

There is a way to understand the meaning of epic arrows in U but it
requires a different approach to left-exact functors –as sheaves via coverings–
a viewpoint that we mostly defer to Part IV of The Hitchhiker Guide. In
our setting, a covering for the Banach space X is simply a quotient map
π : C → X. Of course, considering all coverings would be useless: the identity
X → X is itself a covering. So let us refine coverings: a covering π′ : C ′ → X

13 This topic is discussed in math.stackexchange.com/questions/1083994/yoneda-

embedding-into-left-exact-functors and, as Qiaochu Yuan neatly says “You’ve implic-
itly assumed that evaluation at A is exact, which need not be the case”. After that, Zhen
Lin’s punch line says “You mean, limits and colimits in [the functor category] can be com-
puted pointwise. But anything can happen in a subcategory”.

https://math.stackexchange.com/questions/1083994/ yoneda-embedding-into-left-exact-functors
https://math.stackexchange.com/questions/1083994/ yoneda-embedding-into-left-exact-functors
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is said to be a refinement of π : C → X if π′ factorizes through π; i.e., π′ = πφ
as in the diagram

C
π // X

C ′ .

π′

OO

φ

``AAAAAAA

We feel more comfortable now since the identity is the less refined covering
there is. Through pullbacks the refinement induces a filtering order on cover-
ings, and the point of all this is that the exactness of a sequence of sheaves
–as well as the computation of other limits in the category– can be tested by
evaluation on suitable cofinal families of (spaces C yielding the) coverings. In
our case, this means that the previous argument goes through after replacing
the arbitrary Banach space A by a covering C. Once this replacement is made,
the proof proceeds exactly as before: since GU is now left exact on this cofinal
system of coverings, injectivity of GU(π′) folows and therefore we conclude
that GU = 0.

What has been going on here? 14. In fact, that a combination of what
Freyd elegantly says [49], “the proof that U is Abelian is not formal” and
Quillen sentence [80] (see [11, p. 55] for details) “The details will be omitted,
as they are not really important for the sequel” justify that we skipped most
details. What we actually needed and take for granted is that cokernels exist
both in U and in AbBanop , although they might be different. The following
issues deserve consideration, though:

• Exactness of Y versus non-exactness of ∗Y. Since Y : Ban→ U is exact,
given an exact sequence 0→ Y

ı−→ Z
π−→ X → 0 the induced sequence

0→ LY
ηı−−→ LZ

ηπ−−→ LX → 0 is exact in U but not in AbBanop .

• Pointwise exactness in the presheaf category. The exactness of a sequence
in AbBanop means the exactness of its evaluations. Consequently, since
we know that LA is just left-exact and usually not exact, the sequence
0 → LY

ηı−−→ LZ
ηπ−−→ LX → 0 cannot be exact in AbBanop . In other

(categorical) words, the functor ∗ is not exact.

• Non-splitting and lack of projectivity. The exactness and non-splitting
of 0→ LY

ηı−−→ LZ
ηπ−−→ LX → 0 in U implies that LX is not projective

in U, in sharp contrast with what happens in the full presheaf functor
category:

14 Theorem 28.4 can be summarized, in the words of Freyd [49], as Relative homological
algebra made absolute.
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Proposition 28.5. For every Banach space X the functor LX is projec-
tive in AbBanop .

Proof. Let F
u−→ G → 0 be exact, hence F (X)

u(X)−−−→ G(X) → 0 is
also exact. Let η : LX → G. Since J LX , G I= G(X), we assume again
that η ∈ G(X) and therefore η = u(X)(f) for some f ∈ F (X) = J LX , F I.
Therefore uf = η and f is the desired lifting attesting that LX is
projective.

• Why projectivity does not descend to U. The result is once again bedaz-
zling because one easily could think that since U is a full subcategory of
AbBanop , a projective element of AbBanop will be a projective element
of U. But it is not: a diagram in U

Z
ε // X

LX

OO

with ε epic is not a diagram in AbBanop with ε epic. In fact, Weibel
remarks in [87, Remark p. 29] “cokernels in U are different from cokernels
in AbBanop .

• A remark of José Navarro. We thank José Navarro for the following
enlightening remark (among others): Given an exact sequence 0→ Y

ı−→
Z

π−→ X → 0, the functor LX is the cokernel in U of LY
ηı−→ LZ . We

already know that it is not the cokernel in AbBanop and it is simple
that it is in the “category of Yoneda functors Y(C)”. So, what is needed
for a functor F to “accept” LX as the cokernel is that every arrow
α : LZ → F that vanishes when composed with ηı factorizes as α = βηπ
through a unique arrow β : LX → F . But that turns out as saying that
0 → F(X) → F(Z) → F(X) is exact. This additionally means that U
is the largest subcategory of AbBanop reflecting the exactness of Ban .

• Non-exactness of ∗ and sheafification. Regarding the non-exactness of
∗, what actually occurs is that ∗ is the right-adjoint of a functor usually
called sheafification

U
∗ //

AbC.
sheaf

oo_ _ _ _ _ _

Here “sheaf” is the sheafification functor; the reader will understand
that we will just denote it by ∗. Thus we have the adjunction ∗ | ∗,
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which automatically implies that ∗ is left-exact and ∗ is right
exact. It can be proved that sheafification is an exact process (see [11,
Lemma A.18]).

28.3. Meddle. As we have seen, ascending to functor categories pro-
vides additional regularity. In this section we present Auslander’s theory of
coherent functors [2]; see [56] for an extraordinarily limpid exposition .

Definition 28.6. A contravariant (resp. covariant) functor F is said to
be coherent if it is the cokernel in an exact sequence

LZ −→ LX −→ F −→ 0

(resp. LZ → LY → F → 0).

The projective character of LA and LA immediately yields

Proposition 28.7. To be coherent is a 3-space property; i.e., given an
exact sequence

0 −→ F −→ G −→ H −→ 0

in which F and H are coherent then G is coherent.

Slightly more demanding is the proof that given a morphism η : F → G
between coherent functors in an Abelian category both ker η and coker η are
coherent functors, see [11, Theorem 1.1. (a)]. Two obvious examples come to
mind:

• The functors LA and LA are coherent.

• The functors Ext(·, A) and Ext(A, ·) are coherent.

The obvious choices L0 → LA == LA → 0 (resp. L0 → LA == LA → 0)
prove the first assertion. The second follows because Ext is the derived
functor of L.

Coherent functors in an Abelian category A form a full Abelian subcat-
egory of AbAop

usually denoted mod(A). But, alas! Ban is only an exact
category, so mod(Ban) is not Abelian. Coherent functors can however be
defined on exact categories with only a bit of additional fuss: one must re-
strict to admissible arrows. In particular, we need that the transformations
LZ → LX come induced by admissible arrows (something that the identity
J LZ ,LX I= Hom(Z,X) does not guarantee) automatically). This extra
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condition allows us to safely manage the exact sequences LZ → LX → F → 0.
None of this worries us too much in practice: in our context, all that is re-
quired is that the operator Z → X have closed range. Let us readily verify
that ExtB functors are still coherent:

• If we start with an injective presentation 0→ A→ I→ cκ→ 0 of A we
get that ExtB(·, A) is coherent because

LI −→ Lcκ −→ Ext(·, A) −→ 0 .

• If we start with a projective presentation 0→ κ→ P→ A→ 0 of A we
get that ExtB(A, ·) is coherent because

LP −→ Lκ −→ ExtB(A, ·) −→ 0 .

This leads naturally to the notion of effaceable functor: in the contravari-
ant case, a coherent functor is said to be effaceable when the transformation
LZ → LX is induced by an epic map f : Z → X. In the covariant case, the
transformation LZ → LY must come from a monic map f : Y → Z. Attentive
readers will concur with us in the:

Obvious claim. The functors ExtB(·, A), ExtB(A, ·) and Extp(A, ·) are
effaceable.

Observe moreover that the exact sequence LZ
Y(f)−−−→ LX → F → 0 leads

to the commutative diagram

LZ
Y(f) // LX

##HHHHHHHHH
// F //

��

0 .

Lcoker f

Therefore, taking F = LA yields A = coker f . Hence, if f is epic then
F = L0 = 0. The covariant case is analogous, replacing coker f with ker f .
Consequently:

Another simple claim. The functors LA and LA are not effaceable

Which can now be followed by a far less obvious claim.
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Problem 28.8. Are the functors ExtQ(·, A) and ExtQ(A, ·) effaceable?

Beware that the notion of effaceability we are using is not Grothendieck’s
original one [53, p. 141]: A functor F is G-effaceable (resp. G-coeffaceable) if
for all C there is a monic u : C → C ′ (resp. an epic u : C ′ → C) such that
F (u) = 0. The first notion should apply in the covariant case and the second
in the contravariant case; for instance, ExtB(A, ·) will be G-effaceable just
taking an embedding u : C → I while ExtB(·, A) will be G-coeffaceable just
taking a quotient u : P→ C.

Is ExtQ(A, ·) G-effaceable now that we cannot afford an injective embed-
ding? Well, if amalgams exist for objects in the target category, as it happens
in AbQBan then G-effaceable becomes weakly effaceable (cf. [57, Definition
3.19]) with the meaning: for all C and all x ∈ F (C) there is a monic u : C → C ′

(resp. an epic u : C ′ → C) such that F (u)(x) = 0. Let us show that we have:

A partial but technically acceptable answer. The functors ExtQ(·, A) and
ExtQ(A, ·) are weakly effaceable.

Funnily, the proof relies on two hard-core results of quasi-Banach space
theory:

• The Aoki-Rolewicz theorem [13, 1.1.1]: every quasi-Banach space is a
p-Banach space for some p ≤ 1.

• Kalton’s theorem [13, 3.11], which in particular implies: a twisted sum
of a p-Banach and a q-Banach space is a 1

2 min{p, q}-Banach space.

The proof for ExtQ(·, A) is now simple since, once C has been fixed, every
element of ExtQ(C,A) lives in some category pBan, where projective objects
exist. Let us make the proof for F = ExtQ(A, ·): all action involving the
second quantifier (namely, ∀a ∈ ExtQ(A,C)) takes place in pBan for some
p < 1. Therefore if –by a slight abuse of notation– a denotes the exact sequence
0 → C → a → A → 0 and C ′ is the pushout (in the appropriate category
pBan; see [13, Chapter 2]) of the family of embeddings {C → a} then the
canonical embedding u : C → C ′ satisfies the condition of weak effaceability.

At this point, categorical readers would be thinking about the previous
down-to-earth quasi-Banach argument: “God only knows it’s not what we
would choose to do” 15. Ok then, let us present a categorical proof (see [57,

15 See the title of this Section 28.
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Proposition 3.20]) that, additionally, sets the connection between the two
notions of effaceability:

Proposition 28.9. A functor of AbQBanop is effaceable if and only if it
is weakly effaceable and coherent.

Proof. Let LZ
Y(f)−−−→ LX

ε−−→ F → 0 represent the effaceable functor F ;

namely, f is surjective. Pick C. Evaluation at C yields L(C,Z)
Y(f)−−−−→

L(C,X)
εC−−−→ F (C) → 0. Since εC is surjective, given x ∈ F (C) there is

g ∈ L(C,X) such that εC(g) = x. Form the pullback diagram

Z
f // X

C ′

g′

OO

u
// C

g

OO

and recall that since f is surjective so is u and this is the map we were searching
for. Let us check that F (u)(x) = 0. Observe the commutative diagram

L(C,Z)

u∗

��

Y(f) // L(C,X)
εC //

u∗

��

F (C) //

F (u)
��

0

L(C ′, Z)
Y(f) // L(C ′, X)

εC′ // F (C ′) // 0

that yields

F (u)(x) = F (u)εC(g) = εC′u
∗(g)

= εC′(gu) = εC′(fg
′) = εC′Y(f)(g′) = 0 .

The other implication is simpler.

We still have a modified version of the far less obvious claim in
Problem 28.8:

Problem 28.10. Are the functors ExtQ(·, A) and ExtQ(A, ·) coherent?

We are now ready for Auslander’s formula. If we denote mod(C) the cat-
egory of coherent functors and by eff(C) its full subcategory of the effaceable
functors then

C = mod(C)/eff(C)
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with the meaning that an Abelian category can be represented as the quotient
category of coherent functors modulo effaceable functors. Let us follow the
succinct proof of [65], both for its conceptual elegance and for the interesting
technical issues it displays. Consider the following chart

C
Y // U

∗ //
AbC

sheaf=∗
oo_ _ _ _ _ _ _ _

C
Y //

mod(C)
L

oo_ _ _ _ _ _ eff(C)oo

in which dotted arrows are left adjoints to be defined next. The left adjoint ∗

of ∗ may at this point give us cold feet, but the left-adjoint L of the Yoneda
functor when taking values in the category mod(C) of coherent functors does

not. Indeed, given a coherent functor F presented as LZ
Y(f)−−−→ LX

ε−−→ F → 0
its natural left-adjoint candidate is

L(F ) = coker f.

In fact, if we start with the presentation Z
f−−→ X

π−−→ coker f → 0 and
observe the diagram introduced after the Obvious Claim

LZ
Y(f) // LX

Y(π) ##HHHHHHHHH
ε // F //

v

��

0

Lcoker f

then we obtain
L(coker f, Y ) = J F,Y(Y ) I .

Quotient categories and Auslander’s formula. The next step in the proof of
Auslander’s formula involves the meaning of quotient category, which tech-
nically requires work it through the localization process [25]. Since we are
determined to stay in an operative mood, let us declare that the quotient of
category C by a reasonable subcategory B is a category, obviously called C/B,
together with a functor Q : C → C/B subject to the conditions Q(B) = 0
for every object B of B; and with the universal property with respect to that
diagram: every similar functor G : C → D such that G(B) = 0 for every
object B of B factorizes uniquely through Q. The meaning of similar is that,
depending on the categories we are working with, it could be necessary to
impose some conditions to the functors; say, additivity.
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The categorical argument. Following the always untwisted categorical
ways, consider the quotient category mod(C)/eff(C) with quotient functor
Q : mod(C)→ mod(C)/eff(C), whatever they are. Observe that the functor
L : mod(C)→ C behaves as nicely as one could hope: it vanishes on all efface-
able functors (those for which coker f = 0). Actually, L(F ) = 0 if and only
if F is effaceable. Thus L factorizes through Q in the form L = L′Q. This
forces L′ to be an equivalence: indeed, if Q(F ) is any object in the quotient
category, L′Q(F ) = 0 implies L(F ) = 0, hence F is effaceable and Q(F ) = 0.
The abstract proof can be found in [52], in which case we must use that L

preserves limits, as any left-adjoint functor must.

A more concrete identification of the quotient. The previous argument re-
quires to know in advance that the quotient category exists. To know which
is which and who is who we attempt a more concrete route showing that
Ban (resp. pBan , QBan ) is the quotient category in our setting, and that
L is the quotient functor: pick G : mod(C)→ D a functor that respects limits
and vanishes on effaceable functors. The obvious factorization of G = L′L
appears taking L′ = GY. Let us check it works, i.e., that G = GYL. From the

presentation LZ
Y(f)−−−→ LX

ε−−→ F → 0 we get an arrow ν making the diagram

G
(
LZ
)

// G
(
LX
)

&&MMMMMMMMMM
// G(F ) //

ν

��

0

G
(
Lcoker f

)
commutative. On the other hand, applying Y to Z

f−−→ X
π−→ coker f → 0

we get LX → Lcoker f →M → 0. Since M is effaceable and G respects limits,
applying G yields G

(
LZ
)
→ G

(
LX
)
→ G

(
Lcoker f

)
→ 0, so G

(
Lcoker f

)
is the

cokernel, which produces an arrow G
(
Lcoker f

)
→ G(F ) making the diagram

commutative, hence an equivalence.

Extension to exact categories. The only caveat is that Auslander’s ap-
proach is formulated for Abelian categories, while Ban or QBan are merely
exact categories. Henrard, Kvamme and van Roosmalen [57] have thought
about that and transplanted Auslander’s theorem to the fertile soil of ex-
act categories [57, Theorem 3.11], adapting the notion of coherent functor to
“coherent functor obtained from admissible arrows” and quotient category to
“quotient exact category” asking the quotient functor to be exact, which is
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what we did above. In conclusion, they show that if E is an exact category
then E = mod(E)/eff(E). A good Banach résumé for all that work could be:

Theorem 28.11.

• Ban = mod(Ban)/eff(Ban);

• pBan = mod(pBan)/eff(pBan);

• QBan = mod(QBan)/eff(QBan).

29. Any colour you like

In [58, Corollary 10.2]) we encounter the identity

J R(1)Hom(A, ·), F I = (L(1)F )(A)

for right exact covariant functors. In our Banach space context this yields

F (1)(A) = J ExtQ(A, ·), F I

which makes tingling in our head the idea of defining a new, more adventurous
derived functor F ′. For clarity, let us change in this section the notation: in
the same way that we denoted Hom(A, ·) by LA and Hom(·, A) by LA, we
will denote the functors Ext(A, ·) by ExtA and Ext(·, A) by ExtA. One may
then contemplate defining a new derived functor via F ′(A) = J ExtA, F I in
analogy with F (A) = J LA, F I. However, caution is needed: the identity
above works for right exact functors, precisely those whose first derived functor
should vanish. Trying to extend that to non exact functors is delusional: for
instance, if one picks F = LB the identity

L′B(A) = Ext(B,A)
?
= J ExtA,LB I (29.1)

seems false, while if F = ExtB the identity

Ext′B(A) = 0
?
= J ExtA,ExtB I

is false because of [58, Proposition 10.3]):

Proposition 29.1. J ExtA,ExtB I = L(B,A).
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Proof. It is plain that every operator α : A→ B induces a natural trans-
formation α : Ext(B, ·)→ Ext(A, ·) in the form: for given X,

αX(Ω) = Ωα.

Pick, as before, a projective presentation ΣB of B and apply homology to LA
and LB. Assuming the existence of a natural transformation η : Ext(B, ·) →
Ext(A, ·) we get the commutative diagram:

· · · // L(B,B)
Σ∗B // Ext(B, κ(B))

ηκ(B)

��

ı∗ // Ext(B,P) //

ηP
��

· · ·

· · · // L(A,B)
Σ∗B

// Ext(A, κ(B)) ı∗
// Ext(A,P) // · · · .

Since ı∗ΣB = 0, it turns out that ηκ(B)(ΣB) ∈ ker ı∗ = L(A,B). This
is the way in which an operator α ∈ L(A,B) such that ΣBα = Σ∗B(α) =
ηκ(B)(ΣB) appears. Once it has been obtained that η acts as left composition
with α on projective elements, it is simple to check the same happens on all
elements.

Observe that the identity in Proposition 29.1 is just identity (29.1) with the
roles of L and Ext reversed, namely LB(A) = J ExtA,L

′
B I . This suggests

investigating to what extent relative derivation of other operator ideals would
yield analogues of Proposition 29.1.

Problem 29.2. Let U be a suitable operator ideal. Is it possible that

U(A,B) = J ExtU(B, ·),ExtU(A, ·) I .

For instance, it is easy to check that

U(A,B) ⊂ J ExtU(B, ·),ExtU(A, ·) I .

Indeed, each operator α ∈ U(A,B) induces α̂ ∈J ExtU(B, ·),ExtU(A, ·) I
as follows: Let ΣB be a projective presentation

0 −→ κ(B)
ı−−→ P −→ B −→ 0

of B so that each element Ω ∈ ExtU(B,X) has the form Ω = φΣB for some
φ ∈ U(κ,X). We define α̂X : ExtU(B,X)→ ExtU(A,X) as

α̂X(Ω) = α̂X(φΣB) = φΣBα .
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To check that φΣBα ∈ ExtU(A,X), observe that ΣBα = ψΣA for some ψ ∈
L(κ(A), κ(B)). Therefore φΣBα = φψΣA and φψ ∈ U by the ideal property.
Therefore, if L(A,B) = U(A,B) we obtain a correspondence

J Ext(B, ·),Ext(A, ·) I ג // J ExtU(B, ·),ExtU(A, ·) I

L(A,B) U(A,B) .

OO�
�
�

Identifying natural transformations in J ExtU(B, ·),ExtU(A, ·) I does not
seem simple. Indeed, the proof of Proposition 29.1 presented above does not
carry over to ExtU in Ban because the projective presentation ΣB is not an
element of ExtU(B, κ(B)) unless the identity of κ(B) belongs to U.

Reproducing Proposition 29.1 in pBan seems reasonable; establishing its
validity in QBan appears substantially harder. A related and noteworthy
result in pBan was obtained in [38, Lemma 4.2] and goes as follows: Let
0 < p < q ≤ 1 and consider two subspaces A,B of Lp = Lp(0, 1). Consider
the functors Ext(Lp/A, ·) and Ext(Lp/B, ·) acting on QBan and with values
on the category of Vector spaces.

Proposition 29.3. L(B,A) = J Ext(Lp/A, ·),Ext(Lp/B, ·) I .

Proof. If X is a q-Banach space, p < q, then L(Lp, X) = 0 [13, 1.1.5].
Therefore, applying homology to 0 → A → Lp → Lp/A → 0 yields the
identity Ext(Lp/A,X) = L(A,X). Consequently, a natural transformation
between Ext(Lp/A, ·) and Ext(Lp/B, ·) generates a natural transformation
between LA and LB. Since J LA,LB I = L(B,A), we are done.

Let us now recover some ideas of [69, 70]. To frame them properly, recall
from Section 24 (see also [83, Proposition 6.3, (c) or (d)]) that covariant
right-exact functors (resp. left-exact) coincide with their 0th-left (resp. right)
derived; while a contravariant left-exact (resp. right-exact) functors coincide
with their 0th- left (resp. right) derivative. This is not necessarily true for
non-additive functors. Here, as always, we have an issue with the names
because we adopted the terms projective and injective derivations instead of
the continuously shifting left, right in the literature. So, the translation of
the above, with some additional detail and fixing of notation is:

• Let F be a covariant functor, and let Fp be its projective (i.e., left)
derivation and F i its injective (i.e., right) derivations. There are natural
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transformations ρF : Fp → F and ρF : F → F i. If F is right-exact then
ρF is a natural equivalence. If F is left-exact then ρF is a natural
equivalence.

• Let F be a contravariant functor, and let Fp be its projective (i.e., right)
derivation and F i its injective (i.e., left) derivations. There are natural
transformations ρF : F i → F and ρF : F → Fp. If F is right-exact
then ρF is a natural equivalence. If F is left-exact then ρF is a natural
equivalence.

In the general case, when F is simply an additive covariant or contravari-
ant functor, neither ρF nor ρF need be natural equivalences. Martsinkovsky
and Russell [70, 71, 72] consider their projective and injective stabilizations
introduced by Auslander [2] as follows:

If F is covariant:

• The projective stabilization of F is

F = coker
(
ρF : Fp → F

)
.

• The injective stabilization of F is

F = ker
(
ρF : F → F ı

)
.

If F is contravariant:

• The projective stabilization of F is

F = coker
(
ρF : F ı → F

)
.

• The injective stabilization of F is

F = ker
(
ρF : F → Fp

)
.

As the authors of [70] point out, the mnemonics for this are: projective
stabilization are cokernels of counits and injective stabilization are kernels
of units. With a touch of pentimento Martsinkovsky later renames in [69]
injective stabilization as sub-stabilization and projective stabilization as quot-
stabilization.
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Additional stabilizations. In [31] the following two missing notions were
introduced for a contravariant functor:

• The coinjective stabilization of F is

Fco = coker
(
ρF : F → F

)
.

• The coprojective stabilization of F is

Fco = ker
(
ρF : F ı → F

)
.

Analogously, for the covariant case we set:

• The coprojective stabilization of F is

Fco = ker
(
ρF : Fp → F

)
.

• The coinjective stabilization of F is

Fco = coker
(
ρF : F → F ı

)
.

These notions are perhaps worth consideration while working with non
additive functors. Pick for instance the case of a covariant functor F we
obtain the following four term exact sequences:

0 −→ Fco −→ Fp
ρF−−→ F −→ F −→ 0 ,

0 −→ F −→ F ρF−−→ F ı −→ Fco −→ 0 .

Further (and longer) exact sequences involving the projective and injec-
tive stabilizations, that deserve careful consideration and study, have been
obtained in [69].

30. Banach damage

If Rick Wakeman was able to return to the center of the earth 16, we can
return to the place the journey started: Banach/quasi-Banach space theory.
We revisit next a few relevant topics, perhaps anticipating further studies.

16 Rick Wakeman’s albums, Journey to the center of the earth; and Return to the center
of the earth.
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30.1. Ext2 in Banach spaces. The reader is addressed to either [24, 25]
or to [16] for standard interpretations of Extn spaces in Ban . And of course
to [50]. Here we want to focus on Ext2. Recall from the end of Section 24
that elements of Ext2(X,Y ) can be described as a concatenation ΩΦ of two
1-quasilinear maps Φ : X → E and Ω : E → Y for some Banach space E,
subject to the equivalence relation: ΩΦ ≡ 0 if and only if Ω can be extended
or Ψ can be lifted; i.e., the concatenation “splits” in the sense that there is a
commutative diagram (24.4); namely,

Y

��

Y

��
Y ⊕Ω E //

��

� //

��

X

E

Ω

==

B
=

8
3

)

�
�

�
�

�
|

// E ⊕Φ X // X .

Φ

dd
r

le_YR
LI

The extra punch of this description is that it allows us to work with exact
sequences, or with elements of Ext2, described by quasilinear maps enjoying
additional properties. Here is one particularly important case due to Kalton
[62, 61]:

Definition 30.1. Let X be a Banach space endowed with a Banach
L∞-module structure. A quasilinear map Ω on X is called an L∞-centralizer
if

‖ξΩ(x)− Ω(ξx)‖ ≤ C‖ξ‖∞‖x‖2

for some constant C > 0, all ξ ∈ L∞ and all x ∈ X.

Essentially all quasilinear maps between Hilbert spaces currently known
are centralizers (those generated by complex interpolation, say; see next sec-
tions). A breakthrough appeared with the following result of [15]:

Proposition 30.2. There exist two centralizers Ω,Ψ on `2 such that
ΩΨ 6= 0 in Ext2(`2, `2).
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In particular, Ext2(`2, `2) 6= 0. In this context, the following result from
[18] is remarkable:

Proposition 30.3. If Ω ∈ Ext(`2, `2) is a centralizer then ΩΩ ≡ 0 in
Ext2(`2, `2).

This suggests

Problem 30.4. Does the identity ΩΩ ≡ 0 remain true for arbitrary quasi-
linear maps?

The determination of those pairs of Banach (or quasi-Banach) spaces X,Y
for which Ext2(X,Y ) = 0 is a widely open problem, and almost everything of
what is known can be found in [16] and [41]. Let us here consider a particularly
interesting case of study, the following long time open problem:

Problem 30.5. Is Ext2(c0, `1) = 0?

We need to remark that showing Ext(c0, `1) 6= 0 is already a tough work
[13, Proposition 5.2.20], and still nowadays the result is not entirely un-
derstood (see startled comments and further approaches to the problem in
[21, 29]). Proving Ext2(c0, `1) 6= 0 requires, by the standard reduction tech-
nique, showing that Ext(c0, `∞/`1) 6= 0. Here is when something wicked this
way comes: consider a separable space with a similar L∞ structure to that
of `∞, say C[0, 1] and let us see what happens when switching from `∞ to
C[0, 1]. For the same reason that Ext(c0, `∞) = 0 while Ext(c0, C[0, 1]) 6= 0
(see [13]), it is thinkable that Ext(c0, `∞/`1) could be 0 even if:

Proposition 30.6. Ext(c0, C[0, 1]/`1) 6= 0.

Proof. Consider any nontrivial exact sequence 0→ C[0, 1]→ D → c0 → 0
that we will call Ω and form the commutative pushout diagram (the choice of
the embedding  is irrelevant):

`1



��

`1

C[0, 1]

π

��

// D //

��

c0

C[0, 1]/`1 // D/`1 // c0 .
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The lower sequence πΩ cannot be trivial since, otherwise, we would get a
pushout diagram

0 // `1



��

// Z

��

// c0 // 0

0 // C[0, 1] // D // c0 // 0

whose lower sequence must split since a beautiful result of Kalton [13] es-
tablishes that every operator `1 → C[0, 1] can be extended to any separable
superspace.

30.2. Intermission: extension of compact operators, one by
one. The extension/lifting of compact operators is an important topic in
Banach space theory since Lindenstrauss’ germinal memoir [66]. Basic ques-
tions such as: given an exact sequence 0→ Y → Z → X → 0 of Banach spaces
and a compact operator τ : Y → E , does τ admit a (compact) extension to an
operator Z → E? are still open. In this section we focus on the most impor-
tant class of exact sequences: twisted Hilbert sequences and twisted Hilbert
paces, namely, Banach spaces that are twisted sums of two Hilbert spaces.
Or else, the middle spaces Z in exact sequences 0 → H → Z → H ′ → 0 in
which H and H ′ are Hilbert spaces. For the sake of simplicity we will restrict
ourselves to the separable Hilbert space `2. There exist twisted Hilbert spaces
not isomorphic to Hilbert spaces, as it was first proved by Enflo, Lindenstrauss
and Pisier [47]. Let us call ELP either this sequence or the quasilinear map
that generates it. We do not know whether ELP is equivalent to a centralizer.
The notorious Kalton-Peck example [63] that came next provides an exact
sequence 0→ `2 → Z2 → `2 → 0 generated by the `∞-centralizer

KPx = x log
|x|
‖x‖

(see [13, 3.12.5]). The quotient map of the Kalton-Peck sequence is a strictly
singular operator, which gives an idea of how far is Z2 from being a Hilbert
space. In fact, Z2 does not contain complemented copies of Hilbert spaces
[63]. The Kalton-Peck space Z2 is one of the central objects in Banach space
theory and the reader is addressed to [13, Chapter 10] for a quick display of
its basic properties. The following shocking result appeared in [27]:
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Proposition 30.7. Let α, γ ∈ L(`2, `2). If the diagram

0 // `2

α

��

// Z2
//

��

`2

γ

��

// 0

0 // `2 // Z2
// `2 // 0

is commutative then α− γ ∈ K(`2, `2).

Another still more specific situation is considered in [22]: Recall that an
operator on `2 is called diagonal if it is defined by a sequence σ ∈ `∞ in the
form σ(x) = (σnxn). It turns out that a diagonal operator σ : `2 → `2 can
be extended to an operator Z2 → `2 if and only if (σ∗n log n) ∈ `∞, where σ∗

is the decreasing rearrangement of σ. The paper [22] contains other relevant
results from the categorical point of view: the authors define the operator
ideal (on Hilbert spaces) E of extensible operators as those τ ∈ L(`2, `2) such
that for every twisted Hilbert sequence 0→ `2 → Z → `2 → 0 the operator τ
can be extended to an operator Z → `2. One could have defined the ideal Li
of liftable operators as those τ ∈ L(`2, `2) such that for every twisted Hilbert
sequence as above the operator τ can be lifted to an operator `2 → Z. The first
surprise comes when [22, Corollay 2.2] shows that E = Li. The second, when
specific and general results somehow mix in [22, Proposition 3.4]: A diagonal
operator σ on `2 can be extended to Z2 if and only if it can be extended
through all twisted Hilbert spaces generated by centralizers. A combination
of both approaches yields:

Proposition 30.8. Let α, γ ∈ L(`2, `2) be such that the diagram

0 // `2

α

��

// Z2
//

��

`2

γ

��

// 0

0 // `2 // Z2
// `2 // 0

is commutative. Then

• The compact operator α − γ can be extended to Z2 if and only if the
diagram

0 // `2

γ

��

// Z2
//

��

`2

γ

��

// 0

0 // `2 // Z2
// `2 // 0

is commutative.
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• The compact operator α−γ can be lifted to Z2 if and only if the diagram

0 // `2

α

��

// Z2
//

��

`2

α

��

// 0

0 // `2 // Z2
// `2 // 0

is commutative.

Proof. Let us call KP the Kalton-Peck sequence. Recall that the commu-
tativity of a diagram

0 // `2

u

��

// Z2
//

��

`2

v

��

// 0

0 // `2 // Z2
// `2 // 0

can be reformulated as uKP − KPv ≡ 0. Moreover, and due to the standard
properties of the pullback and pushout, if τ ∈ L(`2, `2) is an operator, τKP ≡ 0
if and only if τ extends to an operator Z2 → `2 and KPτ ≡ 0 if and only if τ
lifts to an operator `2 → Z2. Now, the first part is

(α− γ)KP ≡ αKP− KPγ + KPγ − γKP ≡ KPγ − γKP

and therefore (α− γ)KP ≡ 0 if and only if γKP− KPγ ≡ 0. Analogously,

KP(α− γ) ≡ KPα− αKP + αKP− KPγ ≡ KPα− αKP.

Therefore KP(α− γ) ≡ 0 if and only if αKP− KPα ≡ 0.

When α is a diagonal operator then αKP ≡ KPα as a consequence of the
Commutator Theorem 30.19; see also [37]. Therefore:

Proposition 30.9. Let α, γ be diagonal operators making the diagram

0 // `2

α

��

// Z2
//

��

`2

γ

��

// 0

0 // `2 // Z2
// `2 // 0

commute. Then α− γ ∈ E.
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It is mystifying why some results, such as Proposition 30.7, seem to work
only for the Kalton-Peck sequence (although recently Côrrea, Dantas and
Rodŕıguez-Vidanes [43, Section 7] obtained intriguing and promising results
for other Kalton-Peck-like spaces), other apply generally and other, such as
[22, Proposition 3.4], percolate from specific to general. Let us formulate a
problem likely capturing ingredients of all these behaviours:

Problem 30.10. Given a twisted Hilbert space 0 → `2 → Z → `2 → 0
identify those compact operators on `2 that can be extended/lifted to Z.

Another intriguing conundrum is the extension of compact operators on
quasi-Banach spaces for the simple reason that, like John Snow 17 we know
nothing about compact operators on quasi-Banach spaces.

30.3. Tensor and bilinear derivation. Ignorance is bliss! For very
good reasons, the functors eligible to be derived are either covariant left exact,
hence additive, (suitable for right or injective derivation); or contravariant left
exact (suitable for projective derivation). What about trying non additive
(in patricular, non-left exact) functors? Let us make a couple of test cases:
the covariant functor of tensorization in Banach spaces and the contravariant
functor of taking bilinear forms.

Tensorization. The projective tensor product is an important covariant
Banach functor. Its categorical nature is: it defines the object transforming
bilinear maps into linear maps. Let us introduce topology: Given two Banach
spaces X,Y , X⊗̂πY is the Banach space that transforms bounded bilinear
forms b : X⊕Y → E on the product into bounded linear forms ` : X⊗̂πY → E
making commutative the diagram

X ⊕ Y ⊗ //

b ##FFFFFFFFF X⊗̂πY

`
{{xxxxxxxxx

E

where ⊗(x, y) = x⊗y. Its intrinsic description is: X⊗̂πY is the completion of
X⊗Y with respect to the π-norm, usually called the projective tensor product

‖z‖π = inf
∑
‖xn‖‖yn‖ : z =

∑
xn ⊗ yn .

17 The character from A song of Ice and Fire (Game of thrones, for tv fans) from George
R.R. Martin.
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The connection with operator ideals is clear:

• The natural tensor product as vector spaces yields X∗ ⊗ Y = F(X,Y ).
The natural operator norm induces on X∗⊗Y a tensor norm denoted ε,
usually called the injective tensor norm ε. Hence, G(X,Y ) = X∗⊗̂εY ,
the completion of X∗ ⊗ Y with respect to ε.

• The projective tensor norm π yields however X∗⊗̂πY = N(X,Y ).

Given a Banach space A we will denote by ⊗̂A the covariant functor in
that associates to each Banach space X the corresponding tensor product
X⊗̂πA and to each operator T : X → Y the (canonical extension of the)
tensor product operator T ⊗ idA (to the completions). In algebraic categories
such as modules, the tensor product is a covariant right exact functor. But in
Banach spaces the picture is subtler:

• Algebraic tensor product (no completion). As normed spaces, i.e., taking
X ⊗π Y without completion, everything is purely algebraic; and since
vector spaces are just free R-modules tensorization is an exact functor.
Its derivative is therefore 0. In general, the derived functor of ⊗A is
denoted TorA. Given a projective presentation 0→ κ0

ı0−→ P0 → X → 0
one gets Tor(A,X) = ker(idA ⊗ ı0) (see, e.g., [58, Section III.8]).

• Banach tensor product (completed). In Banach spaces, the complete
tensorization endowed with the π-topology only preserves surjectivity,
namely

Lemma 30.11. The tensor T ⊗ S of two surjective maps T : U → E
and S : V → F is surjective.

Proof. Pick z ∈ E⊗̂πF with ‖z‖ < 1 so that
∑
‖ei‖‖fi‖ < 1 for some

finite representation z =
∑
ei ⊗ fi. By the surjectivity of T and S,

and assuming BE ⊂ σTT (BU ) and BF ⊂ σSS(BV ), z =
∑
Tai ⊗ Sbi

for ‖ai‖ ≤ σT and ‖bi‖ ≤ σS ; hence z = (T ⊗ S) (
∑
ai ⊗ bi) and

π (
∑
ai ⊗ bi) ≤ σTσS .

However, if 0→ Y
ı−→ Z

Q−→ X is an exact sequence and A is a Banach
space then the sequence

0 −→ A⊗̂πY
idA⊗ı−−−−−→ A⊗̂πZ

idA⊗Q−−−−−→ A⊗̂πX −→ 0

is not necessarily exact at either its middle or its left term.
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This means that the still uncharted study of the functor Tor in Banach
spaces has to tackle two difficulties: a) the exactness of the tensorized sequence
in the middle term (see a counterexample in [86, 3.3.2]); and b) the injectivity
of the tensorized injection. Recall that a Banach space A is said to have the
Approximation Property if every compact operator is the limit of a sequence
of finite rank operators. It turns out [44, 5.8, Corollary 4] that A has the
Approximation Property if and only if ⊗̂A preserves injectives. With this, we
have almost exhausted what we know about Tor in Banach spaces. 18 More
about Tor in subsection 30.5.

Adjointness and the tensor-bilinear forms duality. The functors ⊗̂A and LA
are moreover closely related through adjointness. Adjointness is, in the words
of [13, 4.6.1], one of the landmarks of category theory; a phenomenon that
pervades modern mathematics but virtually imperceptible outside category
theory. Two covariant functors F : A → B and G : B → A are said to be
adjoints, noted F | G, if for every two objects A in A and B in B there is a
natural equivalence

HomB(FX,Y ) = HomA(X,GY ) .

The functor F is called the left-adjoint and the functor G is called the right-
adjoint. Banach examples, examples and advanced examples can be found
in [13, 4.6.1], [24, 5.1 – 5.3] and [25, 11.1 – 11.6]. Two fundamental facts to
keep record of are (see [24, 25]): Left adjoints preserve direct limits and right
adjoints preserve inverse limits. The very definition of the projective tensor
product of Banach spaces yields the identity

L(X⊗̂πA, Y ) = L(X,L(A, Y )) ,

namely,
⊗̂A |LA .

Fuks theorem (to which we will return in Section 30.5) asserts that the only
two adjoint covariant Banach functors, i.e., functors Ban→Ban , are ⊗̂A and
LA. In other words, if F ,G are two covariant Banach functors then there is a
Banach space A for which F is naturally equivalent to ⊗̂A and G is naturally
equivalent to LA.

Problem 30.12. Identify the left derived functors Torn(A, ·) of ⊗̂A.

18 We thank Félix Cabello and Ricardo Garćıa for several fruitful conversations showing
that this does not exhaust what they know about Tor in Banach spaces.
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And we cannot leave unmentioned the counterpart of Problem 24.4:

Problem 30.13. Determine whether Torn(`2, `2) = 0 for all (some) n.

Derivation of the bilinear form functor. On the other hand, bilinear forms
are the elements of the dual of the projective tensor product, so deriving such
functor could help. Thus, consider the derivation of the functor X → B(X)
that assigns to a Banach space the space of bounded scalar bilinear forms on
X. In [30] we obtained a curious formula

Ext2(`2, `2) = B(κ0(`2))/ ∼ ,

where ∼ is the equivalence relation B ∼ B′ ⇐⇒ B−B′ extends to a bounded
bilinear form on the corresponding projective space P0. A diagram could help
as a visualizer of the identity above:

0 // `2 // PB

��

// κ(`2)

��

<
2

)
�

�
�

�

��

// `1

��

// `2 // 0

0 // `2 // A

��

// B

��

// C

��

// `2 // 0

0 // `2 // `∞ // κ(`2)∗ // PO // `2 // 0 .

This formula was extended in [31, Proposition 6.1] to:

Ext
2(n+1)
B (X,X∗) = B(κn(X))/ ∼ , (30.1)

with the analogous corresponding meaning for the equivalence relation:
B ∼ B′ ⇐⇒ B − B′ extends to a bounded bilinear form on the projective
space Pn appearing in 0 → κn(X) → Pn → κn−1(X) → 0. Observe that
in the general formula we have used the notation of this paper, that begins
with n = 0. It seems impossible for a homologically trained eye to over-
look the resemblance with derivation; more precisely, the isomorphisms above

are whispering “Ext
2(n+1)
B (X,X∗) could be the nth derivative of B”. Well,

reality is much more complex than that: the reader is invited to find out
in [31] the correct derivatives of the functor B: the projective derivation in
[31, Theorem 5.1] and the injective derivation in [31, Section 7]. Beyond that,
derivation of non-left or non-right exact functors uncovers an es sential role for
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the Martsinkovsky-Russell stabilizations [70]. However, what nobody could
see it coming was that those stabilizations (described in Section 29) would
produce in the Banach space world the categorical context for already impor-
tant constructions. Let us give a try: recall from [32] that a scalar bilinear
form on a Banach space is said to be extendable if it can be extended to
a scalar bilinear form on any superspace. Let BE(X) denote the space of
extendable bilinear forms on X. One has [31, Proposition 8.3]:

• Injective stabilization: B(X) = 0.

• Projective stabilization B(X) = B(X)/BE(X).

• Co-injective stabilization B(X)co = Q
(1)
B (X,X∗). This is going to be

(see Section 30.4) the space of exact sequences modulo bounded equiv-
alence.

Back to Ext2 problems. The bilinear approach (equation (30.1)) trans-
forms the Ext2(`2, `2) 6= 0 problem into the existence of bilinear forms on the
kernel κ(`2) of a projective presentation of `2 which cannot be extended to
bilinear forms on `1. We do not have an explicit description for such non-
extendible bilinear forms. An explicit description could provide information
about the possible existence of such bilinear forms on κn(`2); in other words,
further steps towards a solution to:

Problem 30.14. Is Extn(`2, `2) 6= 0?

Or, with a different twist:

Problem 30.15. Do there exist symmetric bilinear forms on the kernel
κ(`2) of a projective presentation of `2 than cannot be extended to symmetric
bilinear forms on `1?

An attack to the vanishing of Ext2(c0, `1) from the bilinear side is en-
lightening too. By equation (30.1), Ext2(c0, `1) 6= 0 if and only if, given a
projective presentation 0 → κ → `1 → c0 → 0 there is a scalar bilinear form
on κ that cannot be extended to a bilinear form on `1. How could we produce
such bilinear form B? Assume that B has associated operator τ : κ → κ∗;
i.e., B(x, y) = 〈τx, y〉 and observe the commutative diagram
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κ // `∞ //

~~

<
7

2

)

�

�

�
�

�

`∞/κ

κ

τ

��

 // `1

OO

���
�
�

// c0

OO

κ∗ `∞
∗oo `1oo

(κ)∗ `∗∞oo

OO

(`∞/κ)∗ .oo

OO

If B is extendable, i.e., if τ can be extended to the dotted curved arrow,
then τ must be 2-summing since every operator from an L∞ space to an
L1 space must be 2-summing [45, Theorem 3.7]. We know the existence of
non-2-summing operators κ → κ∗: indeed, we know the existence of non-
2-summing operators κ → `2 because Ext(c0, `2) 6= 0 and every operator
`1 → `2 is 2-summing [45, Theorem 3.1]; pick one, say φ, and form the bilinear
form B(x, y) = 〈φx, φy〉. If this B were extendable then, according to [32,
Theorem 2.2], there would be two 2-summing operators u, v : κ → `2 such
that B(x, y) = 〈ux, vy〉 and then φ would be 2-summing because, given a
weakly 2-summable sequence (xn), we would have∑

‖φxn‖2 =
∑
〈φxn, φxn〉

=
∑
〈uxn, vxn〉

≤
(∑

‖uxn‖2
)1/2 (∑

‖vxn‖2
)1/2

<∞ .

Thus, we are sure that there are operators τ that do not extend to curved
dotted arrows but, why not to a straight dotted arrow T : `1 → `∞? The funny
thing here is that if such T exists then we would have two further extensions:
One, T : `∞ → `∞ by the injectivity of `∞; Two, a lifting T : `1 → (`∞)∗ of
∗T by the projectivity of `1. Is this enough? Alternatively:

Problem 30.16. Does there exist a non 2-summing operator τ̂ : `1 → `∞
such that ∗τ̂  is 2-summing?
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30.4. Nets and Rochberg spaces. Pullback and pushout diagrams
have been thoroughly studied in [13, Chapter 2]. Combining both yields the
classical commutative diagram at the core of the Snake lemma,

0 // ·

��

// · //

��

·

��

// 0

0 // · // · // · // 0 ,

studied in [1] and, of course, at [13]. A more complex commutative diagram
–in which all rows and columns are exact– will be considered now:

0

��

0

��

0

��
0 // · //

��

· //

��

·

��

// 0

0 // · //

��

· //

��

·

��

// 0

0 // · //

��

· //

��

·

��

// 0 .

0 0 0

Its study has has been started in [17], where it was called a net. Natural
instances of nets arise from taking projective or injective presentations of the
spaces of an exact sequence

κ(Y ) //

��

κ(Z) //

��

κ(X)

��
PY //

��

PZ //

��

PX

��
Y // Z // X ,

Y //

��

Z //

��

X

��
IY //

��

IZ //

��

IX

��
cκ(Y ) // cκ(Z) // cκ(X) .

Another example is provided by the bidual net

Y //

��

Z //

��

X

��
Y ∗∗ //

��

Z∗∗ //

��

X∗∗

��
Y ∗∗/Y // Z∗∗/Z // X∗∗/X

(30.2)
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which, by the way, provides the most natural proof there is (see [88]) for the
identity

(Z∗∗/Z)/Y ∗∗/Y = (Z/Y )∗∗/(Z/Y ).

It could perfectly happen that the middle horizontal sequence in a net may
split while neither the upper or the lower sequences do: pick Y = c0, and
Z = `∞ in (30.2).

When seen through quasilinear lens, what we would see is

0

��

0

��
0 // · //

��

· //

��

·

��

Φ

�� 0
3

=
N_p

�
�

�
// 0

· //

��

· //

��

·

��
0 // · //

Ω

88

MJ
?

/
� �

�
t q

��

· // ·

Ψ

WW
�

�
�

p_N
=

3
0

Υ

ff

q t
�

�

�
/

?
JM

��

// 0

0 0

(30.3)

which suggests some connection between the geometry of the net and the
possible vanishing of the elements ΩΨ and/or ΦΥ in their respective Ext2

spaces. Once again, the bidual net (30.2) is lethal): consider

c0 //

��

`∞ //

��

`∞/c0

��

Ω

}}
H

LPTW[_cgjn
r

v
z

`∞ //

��

`∗∗∞ //

��

(`∞/c0)∗∗

��
`∞/c0

//

Ω

99

G
;

-
�

�
�

w
t

`∗∗∞/`∞ // (`∞/c0)∗∗/(`∞/c0) .

Ψ

bb
v

rnjgc_[WTP
L

H

Ψ

dd

w
�

�

�
-

;
G

(30.4)

Here the middle sequence splits, but ΩΨ cannot be 0 because `∞/c0 is not
injective whereas `∗∗∞/`∞ is.
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A richer theory appears when such diagrams are transplanted from the
world of exact sequences modulo standard equivalence (i.e, working with

Q(1)/(B + L ) to the less well-known world of Q
(1)
B = Q(1)/B. This means

that an object is now 0 → Y → Y ⊕ω X → X → 0 where ω can be replaced
by a bounded perturbation ω+B with B : X → Y homogeneous and bounded,
but not by a linear perturbation. In other words, if L : X → Y is a linear
unbounded map then 0→ Y → Y ⊕LX → X → 0 is no longer trivial since L
is not a bounded perturbation of 0. Two quasi linear maps Ω,Ψ will be called
boundedly equivalent when their difference Ω−Ψ is bounded. Compare with
definition 23.8.

This shift leads naturally to the notion of bounded net: a commutative
diagram (without zeros)

A //

ıΨ
��

A⊕Ω C //

��

C

ıΥ
��

A⊕Ψ H //

πΨ

��

E ⊕Ξ G //

��

C ⊕Υ J

πΥ

��
H // H ⊕Φ J // J ,

(30.5)

in which ıΨΩ and ΞıΥ are boundedly equivalent, as well as πΨΞ and
ΦπΥ. Bounded nets were introduced in [17] with the purpose of obtaining an
interpolation-free proof – the first proof that ΩΩ = 0 for every centralizer
[18] was obtained via complex interpolation theory– for Proposition 30.3. Let
us provide a sketch of both proofs since each of them contains potentially
relevant categorical elements.

The plot for the diagrammatic proof is to show that, starting with a cen-
tralizer Ω defined on `2, one can construct a nontrivial bounded net

`2 //

��

`2 ⊕Ω `2 //

��

`2

��
`2 ⊕Ω `2 //

��

� //

��

`2 ⊕Ω `2

��
`2 // `2 ⊕Ω `2 // `2 ,

(30.6)

that is, a bounded net whose middle horizontal exact sequence does not split.
Passing from such bounded net to ΩΩ ≡ 0 requires a few partial ad-hoc
answers to the question:
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Problem 30.17. Assume one has a bounded net in which the middle
horizontal sequence splits. Does either the upper or the lower exact sequences
split too?

The ad-hoc answers take the following form:

Lemma 30.18. Assume one has a bounded net like (30.3).

(i) If Ω is a bounded pullback of Φ then ΩΨ ≡ 0.

(ii) If Ψ is bounded pushout of Υ then ΦΥ ≡ 0.

The meaning of the lemma is easy to explain: If a net like (30.3) admits
an operator τ

0

��

0

��
0 // · //

��

· // ·

τ

��������������������

��

Φ

�� 0
3

=
N_p

�
�

�
// 0

·

��

·

��
0 // · //

Ω

88

MJ
?

/
� �

�
t q

��

· // ·

Υ

WW
�

�
�

p_N
=

3
0

Υ

ff

q t
�

�

�
/

?
JM

��

// 0

0 0

(30.7)

such that Ωτ is boundedly equivalent to Φ then ΩΨ ≡ 0. If the operator τ
makes τΥ boundedly equivalent to Ψ it is then ΦΥ who vanishes. The net
(30.4) shows that none of the implications above holds in the world of plain
equivalence: certainly Ω is a bounded pullback of Ω, and Ψ is a bounded
pushout of Ψ but ΩΨ 6= 0.

Rochberg spaces. We introduce here the Rochberg spaces because they are
relevant at this point. On the one hand, they provide a tool to obtain the com-
plex interpolation proof for the identity ΩΩ ≡ 0 of Proposition 30.3. On the
other hand, they offer a unifying framework connecting twisted Hilbert spaces
with the higher-order derived spaces arising from complex interpolation. A
sound approach to Rochberg spaces can be obtained from [14, 36, 42, 28].
Everything we need at this moment is to accept that Rochberg spaces are
simultaneous generalizations of twisted (Hilbert) spaces and of the derived
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spaces generated by complex interpolation theory. Let us give a brief ex-
planation for this: given a complex interpolation schema (X0, X1) then the
interpolation space Xz at z is the first Rochberg space R1(z). The interpola-
tion process generates (we do not care now how) a quasilinear map Ωz. The
twisted sum Xz ⊕Ωz Xz is the second Rochberg space R2(z). In particular, if
one thinks at the interpolation scale (`∞, `1) of `p-spaces, then `2 = (`∞, `1)1/2

and thus Hilbert spaces are the perfect example of Rochberg spaces or order
1 and the Kalton-Peck Z2 space is the perfect example of a Rochberg space
of order 2. In general, consider a complex interpolation scale (Xz) of Banach
spaces: if its associated Rochberg space R2(z) of order 2 at z comes defined
by an exact sequence 0→ R1(z)→ R2(z)→ R1(z)→ 0, its associated higher
order Rochberg spaces are defined by exact sequences (we omit from now on
the variable z)

0 −→ Rn
ın,n+m−−−−−→ Rn+m

πn+m,m−−−−−−→ Rm −→ 0

that interlace in commutative diagrams

Rk

ık,n

��

Rk

ık,n+m

��
Rn

ın,n+m //

πn,n−k

��

Rn+m
πn+m,m //

πn+m,n+m−k

��

Rm

Rn−k ın−k,n−k+m

// Rn−k+m πn−k+m,m

// Rm ,

Rn ın,n+k

// Rn+k
πn+k,k //

ın+k,n+m

��

Rk

ık,m

��
Rn ın,n+m

// Rn+m
πn+m,m //

πn+m,m−k

��

Rm

πm,m−k

��
Rm−k Rm−k .

In particular, choosing a scale that interpolated at z = 1/2 yieldsX1/2 = `2
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as interpolation space, we get the commutative diagram

`2

��

`2

��
R2

//

��

R3
//

��

`2

`2 // R2
// `2

which shows that if Ω is the quasilinear map (actually centralizer) associated to
0→ `2 → R2 → `2 → 0 then ΩΩ ≡ 0. The rest of the proof is just summoning
Kalton’s beautiful theory of centralizers [62] (that can be seen explained in the
references about Rochberg spaces given above): every centralizer is boundedly
equivalent to a centralizer generated by complex interpolation.

One might wonder whether the Rochberg spaces themselves can be ar-
ranged into a net of the form

Ra
//

��

Ra+b

��

// Rb

��
Rn

//

��

Rn+m
//

��

Rm

��
Rn−a // Rn+m−a−b // Rm−b .

The answer is no, at least no in a natural way involving the canonical maps
ıi,j and πi,j from earlier diagrams. This is important because it shows that the
construction depicted in diagram (30.6) is “something else”. More precisely,
if in the bounded net there constructed we set R1 = `2 and R2 = Z2 then we
would get

`2 //

��

Z2
//

��

`2

��
Z2

//

��

� //

��

Z2

��
`2 // Z2

// `2

and the space � is not, by far, R4. The results in [14, Section 7], more
precisely, Proposition 7.3, yield the existence of nets (probably not bounded



the hitchhiker guide iii 99

nets) such as

R1
//

��

R3

��

// R2

��
R2

//

��

R1 ⊕R4
//

��

R3

��
R1

// R2
// R1 .

Let us describe one further question mark emerging from the twisted sum
+ complex interpolation nature of Rochberg spaces. Consider an interpolation
pair (X0, X1) and the Rochberg derived spaces obtained from it. Keep in mind
that R1 = Xz is the interpolation space (X0, X1)z. Since R2 is a twisted sum
R1⊕ΩR1 and an operator A⊕ΩB → A⊕ΩB defined on a twisted sum can be

described with a 2× 2 matrix

(
α β
δ γ

)
whose entries are in turn operators,

an operator U on R2 that can be inserted in a commutative diagram

0 // R1

u

��

// R2
//

U
��

R1

u

��

// 0

0 // R1
// R2

// R1
// 0

must be upper-triangular, that is U =

(
u d
0 u

)
. Who could the operator d

be? We must invoke at this point the celebrated Commutator Theorem [82]:

Theorem 30.19. (Commutator Theorem) If u is an operator acting

on a complex interpolation scale (Xz) then

(
u 0
0 u

)
is a bounded operator

on R2.

The meaning of “u acts on the complex interpolation scale (Xz)” is that
the same u : Xz → Xz is a bounded operator for all z.

Now assume that for each z we have an operator uz : Xz → Xz and assume
that the operators (uz) are not independent one of the other, rather they form
an analytic family, which operatively means that the function z → uz, once
properly defined, is an analytic (Banach space valued) function and therefore
we can differentiate with respect to z. When, moreover, each uz defines an
action of a fixed group, say G, on each of the interpolation spaces Xz of
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the scale, the discussion in [29, Section 7] shows that we get a family of
commutative diagrams

0 // Xz

uz

��

// Xz ⊕Ωz Xz

Uz
��

// Xz
//

uz

��

0

0 // Xz
// Xz ⊕Ωz Xz

// Xz
// 0 ,

in which the middle operator Uz =

(
uz dz
0 uz

)
has as upper right entry the

operator derivative of the analytic family (uz), namely

dz0 =
d

dz
uz|z0 .

This is the bee’s knees: the upper-right entry is the derivative of the di-
agonal entry. In particular, there is no surprise here, when one realizes
that the Commutator Theorem actually says that when uz = u for all z
(“u acts on the complex interpolation scale (Xz)z”) then dz = 0 and therefore

Uz =

(
uz 0
0 uz

)
.

A remarkable fact is that our explorations of the coinjective stabilization
of the bilinear functor B point in the same direction through the identity

B
co

(X) = Q
(1)
B (X,X∗). Indeed, if we describe the natural equivalence n :

Q
(1)
B (X,X∗) → B

co
(X) it turns out that given Ω ∈ Q

(1)
B (X,X∗) —i.e., 1-

quasilinear maps X → X∗ modulo bounded equivalence then n(Ω) ∈ B
co

(X)
can be determined (see [31]) by an operator X∗ ⊕Ω X → X∗ ⊕Ω X making a
commutative diagram

0 // X∗

u

��

// X∗ ⊕Ω X //

n(Ω)

��

X

v

��

// 0

0 // X∗ // X∗ ⊕Ω X // X // 0 .

The operator n(Ω) has to have the form

n(Ω) =

(
u d(Ω)

0 v

)
and it is impossible not to wonder to what extent the upper right corner entry
d(Ω) can be considered the “derivative” of Ω?
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There is another analogy with the case of analytic actions described first
that points at the “derivative” character of n(Ω). Let us make a complete dis-
play of the preceding diagram to get, after choosing a projective presentation
0 → κ(X) → κ(X) ⊕Λ X → X → 0 of X up to bounded equivalence, and
setting (κ(X)⊕Λ X)∗ = X∗ ⊕Λ∗ κ(X)∗, up to bounded equivalence,

0 // κ(X)

u

��

// κ(X)⊕Λ X //

��

X // 0

0 // X∗ // X∗ ⊕Ω X //

n(Ω)
��

X // 0

0 // X∗ // X∗ ⊕Ω X //

��

X

v
��

// 0

0 // X∗ // (κ(X)⊕Λ X)∗ // κ(X)∗ // 0 ,

namely, uΛ and Λ∗v are boundedly equivalent to Ω. Then:

• In the case of analytic actions it can be checked [29] that −dz is the
bounded operator at finite distance from the commutator [uz,Ωz].

• In this case, −d(Ω) is the linear map at finite distance from the
commutator-like uΓ− Γ∗v.

30.5. Quillen’s theorem. Returning to our homological derivation
problems, observe that Tor and Ext seem to maintain concealed connections,
which is interesting for us since we know quite a bit about Ext and almost
nothing about Tor. Recall Fuks theorem [51, Section 6], see also [24, 25],
asserting that if two Banach functors F,G are F |G then there is a Banach
space A such that F is naturally equivalent to ⊗̂A and G is naturally equiva-
lent to LA. In other words, that ⊗̂A |LA is the only existing adjunction for
Banach functors. The proof is based on four facts

1. Tensors products exist.

2. Every Banach space X is a direct limit X = lim→ `
n
1 of projective objects

(see an explicit proof in [25, Proposition 10.2]). Check Proposition 28.1
again.

3. Projective objects are direct limits.

4. LR = id.
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Can Fuks theorem be reproduced in pBan ? Assertions (2),(3) and (4)
hold more or less without difficulties in pBan . The sticking point is (1): it
is not clear if tensor products exist in either QBan or pBan : Hansen [55]
approaches the topic for quasi-Banach spaces with separating dual, Turpin
[85] shows that the natural candidate to tensor product of p-Banach spaces
is only a (p/2)-Banach space and an example of Kalton [59] exhibits two p-
Banach spaces with 0 as tensor product. Proposition 28.1 provides an analog
for (2) in functor categories, where (1) was discussed in [24].

Be as it may, the adjunction ⊗̂A |LA suggests some new possible ap-
proaches to the derivation problem. By rescuing a few ideas from [40, 8.2], we
apply the adjunction above to A = co(1)(X) and obtain

⊗̂co(1)(X) |Lco(1)(X) .

Since Lco(1)(X) = Q
(1)
L (X, ·), but being aware that Q

(1)
L = Q(1)/L is not yet

Q(1) = Q(1)/(B + L) = Ext, it is not hard to believe that a careful translation
of the necessary equivalence relations could provide a positive answer to:

Problem 30.20. Is Tor(X, ·) | ExtB(X, ·)?

In support of this line of thinking it comes Quillen’s adjunction theorem
for derived functors [79], which says that under certain conditions, if F |G
then also the left-derived of F is adjoint to the right-derived of G, i.e.,

L(1)F |R(1)G

and recall that Tor(X, ·) = L(1)⊗̂X and Ext(X, ·) = R(1)LX . The problem
here is that those certain conditions are far from the simple checkable stuff
Banach spacers are accustomed to. The streamlined formulation obtained by
Maltsiniotis [68] of the hypotheses is: F and G must be functors acting be-
tween two Quillen model categories, F (resp. G) must send weak equivalences
between cofibrant objects (resp. between fibrant objects) into weak equiva-
lences. Fuks theorem says that the existence of a Quillen theorem holding in
Ban exactly means an affirmative answer to problem 30.20.

On the other hand, adjunction and duality are not so different (actu-
ally, several texts consider adjunction of contravariant functors a form
of duality). If we are going to give some credit to that, asking whether
Tor(X, ·) | ExtB(X, ·) is not hugely different from asking whether Tor(X, ·)



the hitchhiker guide iii 103

and ExtB(X, ·) are duals to each other. Of course the problem here is to as-
sign a reasonable meaning to dual. With that purpose in mind, have a look at
[24, Section 6] and let us revisit [40, Section 7]: Fuks defined the dual functor
DF of a functor F in the form:

DF =J F , ⊗̂ I .

With such definition we have:

Proposition 30.21. D⊗̂A = LA and DLA = ⊗̂A.

The proof?

D⊗̂A(B) =J ⊗̂A, ⊗̂B I= L(A,B) = LA(B) ,

DLA(B) =J LA, ⊗̂B I= ⊗̂B(A) = ⊗̂A(B) .

In [40, Proposition 7.3] the result is upgraded to the next level: to maintain

the similarity, let us write Q
(1)
X to mean the covariant functor Q(1)(X, ·).

Proposition 30.22. DQ
(1)
X = ⊗̂co(1)(X) and D⊗̂co(1)(X) = Q

(1)
X

Just for the sake of clarity, recall that when Ω ∈ Q(1)(X,Y ) is a 1-
quasilinear map then φΩ denotes the operator φΩ : co(1)(X) → Y induced
by Ω. We can make explicit the identifications:

• We assign to each element p ∈ co(1)(X)⊗̂πA the natural transformation
ηp ∈J Q(1)(X, ·), ⊗̂A I that associates to a space Y the operator ηpY :

Q(1)(X,Y ) −→ Y ⊗̂πA:

ηpY (Ω) =
(
φΩ⊗̂1A)(p)

)
.

• We assign to each natural transformation η ∈J Q
(1)
X , ⊗̂A I the element

ηco(1)(X)(ΩX) ∈ co(1)(X)⊗̂πA .

It seems natural again to believe that the introduction of the required

equivalence relations will transform the duality between Q
(1)
X and ⊗̂co(1)(X)

in a duality between ExtB(X, ·) and Tor(X, ·) (and, subsequently, between

Ext
(n)
B (X, ·) and Torn(X, ·)). In support of this believing we can lay down

[56, Corollary 4.4]: in the category of finitely generated modules the functors



104 j.m.f. castillo

Ext(n)(X, ·) and Torn(X, ·) are duals to each other. The meaning of “dual”
in that result stems from [56, Proposition 4.1]: If C denotes the category
of coherent functors acting on finitely generated A-modules, then there is a
unique functor ∗ : C→ C which is exact, contravariant, satisfies ∗∗ = id and
is such that ∗(YX) = ⊗̂X .

30.6. The 3-space property. A property P of Banach (resp. quasi-
Banach) spaces is said to be a 3-space property if whenever one has an exact
sequence 0 → Y → Z → X → 0 of Banach (resp. quasi-Banach) spaces in
which Y,X have P then also Z has P . It does not seem necessary to explain
how much the author is fond of 3-space problems [35]. From the categorical
point of view, there is something very elusive about 3-space problems. The
first red flag waving is that while the property of being a quasi-Banach space
is an “absolute” 3-space property, namely, given an exact sequence 0→ Y →
Z → X → 0 of topological vector spaces in which both Y,X are quasi-Banach
spaces then Z must also be a quasi-Banach space. The reason is that

quasi-Banach = metrizable + complete + locally bounded

and those three are 3-space properties (details can be found at [13, 2.3].
However,

Banach = quasi-Banach + locally convex,

and local convexity is not a 3-space property [13, 3.2 and 3.4]. Thus, “being a
Banach space” is not a 3-space property in the domain of quasi-Banach spaces.
This result is structural and, as we said before, any attempt to understand
twisted sums of Banach spaces has to include quasi-Banach spaces. Therefore,
it seems likely that attempts to construct a heart for the category of Banach
spaces should include quasi-Banach spaces.

Problem 30.23. Identify a Heart of QBan .

But a second red flag flamboyantly emerges when exact categories are
considered [11, 57]; and it appears under the notion of Serre subcategory [84]
(see also [57, Definition 2.8. A1], [11, Lemma 10.20]): cheating a bit, a full
subcategory S of (an Abelian) category A is a Serre category when (skipping
details and in our language), being an object of S is a 3-space property in
A. Thus, unfortunately, Ban is not a Serre subcategory of QBan . And this
means problems:
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Problem 30.24. Identify the smallest Serre category containing Ban 19.

Problem 30.25. Identify the quotient category QBan / Ban .

31. Eclipse

There is no doubt that the farther one goes on the categorical road, the
darker it looks. However, paraphrasing Joe Walsh 20, the darker you play, the
searcher you get. It is true that even now categorical Banach space theory
remains a rather dark place to stay: categorical results do not find easy accom-
modation within classical Banach space theory and classical results in Banach
space theory do have hard times moving to the categorical stratosphere. But,
to quote the magnificent Alan Moore 21. Once there was only black: We are
winning.
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enczi, R. Garćıa, On the Ext2-problem for Hilbert spaces, J. Funct.
Anal. 280 (2021), Paper No. 108863, 36 pp.

[16] F. Cabello Sánchez, J.M.F. Castillo, R. Garćıa, Homological di-
mensions of Banach spaces, Mat. Sb. 212 (2021) 91 – 112.

[17] F. Cabello Sánchez, J.M.F. Castillo, R. Garćıa, Bounded nets of
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