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Abstract: We derive a Binet-type formula for operator-valued sequences satisfying linear recurrence
relations, extending the classical scalar case to the setting of bounded operators on Hilbert spaces.
In this framework, we analyze the operator moment problem as an application, establishing new
connections between recursive operator sequences and moment sequences.
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1. INTRODUCTION

Let r be an integer such that » > 2. Consider {vy,}n>0 a sequence of
complex numbers given by

Yn+l = @0Yn + A1 V-1 + -+ Gr—1Yn—r+1 forallm >r —1, (L1)

Yo = &, Y1 = g, ceey Yr—1 = Qp_1,

where ag, a,...,a,—1 (with a,—1 # 0) and «ag, o, ..., a,_1 are given complex
numbers.

Sequences satisfying , known as r-generalized Fibonacci sequences,
appear in various fields of mathematics and computer science and have been
studied using different methods (see [12, [14], 15, [§]).

The polynomial function P € C[X] given by

PX)=X"—apX" ' = —a, 29X —a,_; (1.2)
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is called the characteristic polynomial of the sequence (1.1)). Let Aq,..., A5 be
its roots with respective multiplicities my,..., ms.
The classical Binet formula for the solution of (|1.1)) is:

S m;—1
Yo = Z Z Bignd | A, n >0, (1.3)
i=1 \ j=0

where the coefficients 3; ; are uniquely determined by the initial conditions
{oj}o<j<r—1 and satisfy the r x r system (see [9} 11}, [5]):

s m;—1 ‘
Z Zﬁi,jkj M= oy, k=0,1,...,r—1.
i=1 \ j=0

In the case when the sequence (v,) is substituted by a given operator-
valued sequence 7 = (1},)nez, of bounded operators on a Hilbert space H,
we say that T is a r-generalized operator-valued Fibonacci sequence. That is
T = (Tn)nez.,. satisfies a linear recurrence relation of the form

Tor1=aoTn +a1Tp-1+ -+ aThy for all n > r, (1.4)

where ao, ..., a, € R are fixed coefficients and Ty, ..., T._1 are given bounded
operators on H.

The study of such sequences is motivated by the natural progression from
scalar to matrix and operator-valued recurrences, which arise in diverse areas,
including: Functional analysis (operator dynamics [6], semigroup theory [4]),
Dynamical systems (evolution equations [10], stability analysis [20]), Numeri-
cal analysis (iterative methods for operator equations [2I]), Computer science
(algorithmic complexity [2], quantum computing [7]), among others.

These sequences are analyzed using techniques from spectral theory, ma-
trix analysis, and noncommutative algebra, making them relevant to both
theoretical and applied mathematics.

Throughout this paper, we use the standard notations: C for complex
numbers, R for real numbers, N = {1,2,...} for positive integers, and Z; =
{0,1,2,...} for non-negative integers. For K = C or R, K[X] denotes the
algebra of polynomials with coefficients in K. Z(P) denotes the set of zeros of
a polynomial P € K[X]. We also denote H and K separable complex Hilbert
spaces and B(H, K) the space of all bounded linear operators from H to K.
For T € B(H,K), N(T), R(T), T*, and o(T) denote the kernel, the range,
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the adjoint and the spectrum of T respectively. The space B(H) := B(H, H)
is a unital C*-algebra, with identity I and null operator 0y.

We denote the inner product and the norm on H by (-,-) and | - ||,
respectively (or simply (-,-) and || - || when unambiguous). The unit sphere
in H is the set of normalized vectors in H, which is given by Sy = {z € H :
Jall = 13-

An operator T' € B(H) is self-adjoint if T = T*, positive if (Txz,z) > 0
for all x € H, and an orthogonal projection if ' = T* and T? = T. We write
T > 0 for a positive operator T

The real vector space of all self-adjoint bounded operators is denoted by
B, (#H), and the cone of all positive operators by By (H). The space of all
sequences T = (T,)nez, with T,, € Bj,(H) for all n is denoted By, (H)%+.

An operator-valued charge (OVC) is a mapping E : B(R) — B(H) (B(R)
denote the Borel o-algebra on R) which satisfies the condition that for all
x,y € H, the function E, ,(-) := (E(-)z,y) is a complex Borel measure on R.
Furthermore:

e F is an operator-valued measure (OVM) if E,(-) := (E(-)z,z) is a pos-
itive measure for all x € H;

e F is a semi-spectral measure if it is an OVM and E(R) = Iy;

e [ is a spectral measure if it is semi-spectral and E(B(R)) is a subset of
the set of all orthogonal projections defined on H.

The following result describes the relationship between OVMs and spectral
measures.

THEOREM 1.1. (NAIMARK’S DILATION THEOREM [13, THEOREM 4])
Let E : B(R) — B4 (H) be an operator-valued measure. Then there exist a
Hilbert space K, a bounded linear operator V : H — K, and a spectral mea-
sure F : B(R) — B, (K) such that

E() = V*E()V.

Moreover, if E is a semi-spectral measure, then H C K and E(-) = PyF(-) on
‘H, where Py is the orthogonal projection of K onto H.

A recent criterion to determine when a semi-spectral measure is spectral
has been obtained by P. Pietrzycki and J. Stochel in [I6, Theorem 4.2] and
[17]. According to Naimark’s Theorem, the integration theory for OVMs can
be represented as an extension of spectral measures.



184 A. ECH-CHARYFY, A. GHANMI, K. IDRISSI A. SALHI

Consider an operator-valued charge (OVC) E, we define the support of E
as the smallest closed subset A of R such that E(R\ B) = 0y for every Borel
set B D A. (For a related definition, see [I8, p. 69] or [I, Definition 16], in
which the author designates the support of E as the co-spectrum of FE.

An OVC with finite support is said to be finitely atomic. This is a very
interesting class of operator-valued charges. It will be represented in the
following form:

E = Zsk5>\k, (1.5)
k=1

where supp(E) = {1, A2,..., A} C R, and S1,S59,...,S, € B(H). It is clear
that a finitely atomic measure of the form (1.5) is an OVM if and only if
S1,599,...,8, € B_;,.(H)
Let £ be an OVC supported on a closed subset K of R. For n € Z,,
the integral of the monomial ¢" with respect to dE(t), denoted / t"dE(t) €
K

B(H), is defined by:

</ t"dE(t)z, y> :/ t"(dE(t)x,y)n for all x,y € H,
K n JK

provided all integrals on the right-hand side converge. This is called the n'*
operator moment of E.

In the case where E is finitely atomic, given by , the n!* operator
moment is:

n:/ﬁw@:z)wh
K k=1

In the literature, for a sequence 7 = (T,)nez, € Bp(H)%*, the term
“operator moment sequence on K” typically refers to the existence of integral
representations in the operator moment form (|1.6) below, as in the following
definition.

DEFINITION 1.2. A sequence 7 = (T,)nez, € Bip(H)%+ is called an oper-
ator K—moment sequence, where K C R is closed, if there exists an operator-
valued measure E supported on K, such that

m:Awm@. (1.6)

In this case, F is a representing operator-valued measure for the operator
moment sequence 7 .
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In what follows, we present a Binet-type formulation for linear recurrence
relations in the algebra of bounded operators on a complex Hilbert space
‘H, and apply it to solve the truncated operator moment problem on a finite
subset of R.

PROBLEM 1.3. (OPERATOR MOMENT PROBLEM) Let 7 = (T,)nez, €
B (H)%+ and let K be a closed subset of R. Find necessary and sufficient
conditions to ensure that 7 is an operator K—moment sequence.

We refer to [3] for a comprehensive discussion of the operator moment
problem.

PROBLEM 1.4. (BINET’S FORMULA FOR OPERATOR-VALUED RECUR-
RENCES) Let H be a Hilbert space and B(#) the algebra of bounded linear
operators on H.

Consider a sequence (T},)n>0 C B(#) satisfying a linear recurrence relation
of order r:

TnJrr = ArflTnJrrfl + -+ AOTna

where A; € B(H).
Does there exist an explicit Binet-type formula expressing 7;, in terms of
the spectral properties of the operator coefficients {A4;}?

In the first section, we provide an overview of essential concepts and prop-
erties that form the foundation of our theory. This includes a detailed dis-
cussion of operator-valued sequences, their definitions, and the frameworks
required to understand the implications of Binet-type formulas.

In the second section, we extend the classical Binet formula to accom-
modate operator-valued sequences defined by linear recurrence relations.
Through this generalization, we construct an explicit representation that not
only mimics the traditional Binet formula for scalar sequences but also
adapts it to the context of bounded operators on Hilbert spaces.

Finally, in the third section, we leverage the generalized Binet formula to
characterize specific operator moment sequences. By applying this formula,
we explore various properties of the sequences, ultimately contributing to
the understanding of the operator moment problem. This section highlights
examples and applications, showcasing the relevance of our findings in relation
to both theoretical and practical scenarios within the field.
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2. MAIN RESULTS

2.1. BINET FORMULA FOR A LINEAR RECURSIVE OPERATOR-VALUED SE-
QUENCE WITH SCALAR COEFFICIENTS. We begin by considering the algebra
endomorphism 7 on B(#H)%+ defined by

T (Tnez,) = (Tn+1)nez, -

For each k € Z, its k" iterate is

™ (T)nezy) = Ttk )nez,

T
Given a polynomial P(X) = Z ar X" € R[X], we define P(7) by
k=0

P (e = (Yt
k=0

neEZy

We now introduce an alternative method for defining recursive operator-
valued sequences, see [3].

DEFINITION 2.1. A sequence T = (Tp,)nez, € B(H)?+ is called a linear
recursive sequence (LRS) if there exists a non-zero polynomial P € R[X] such
that P(7)(T) = (0x)nez,. Such a polynomial P is called a characteristic
polynomial associated with 7.

By convention, the zero polynomial is a characteristic polynomial of every
operator sequence.
Let 7 be a linear recursive sequence and define the algebra homomorphism

Ur:RX] — BH)™, P+ P(1)(T).

The kernel P(T) := ker ¥ C R[X] consists of all characteristic polynomials
of 7. Since R[X] is a principal ideal domain, P(7) is generated by a unique
monic polynomial Pr of minimal degree. We call:

e Py the minimal characteristic polynomial of T;

e the equation Pr(7)(7) = (03 )nez, the minimal linear recurrence rela-
tion of T;

o 7 := deg(Pr) the order of the recursive sequence.
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Now, let 2,y € H, and consider the scalar sequence (Tx,y) := ((Thx,y))nen-
This sequence is also a linear recursive sequence, and its minimal characteristic
polynomial P, . satisfies

Pr is a multiple of Pir, . (2.1)
Hence, we obtain
PrRIX] = () PreyRIX]. (2.2)
z,yeH

Remark 2.2. The set {P<7—m7y> BT ’H} is finite.
ProrosiTiON 2.3. With the above notation, we have:
Pr =lcm {P<7—w7y> DX,y € 7-[} ,
where lcm denotes the least common multiple.

PROPOSITION 2.4. Let Z(P) denote the set of complex roots of a polyno-
mial P. Then:

L. Z(PT) = U Z(P(Tm,y));
z,yeH

2. Pr has only simple roots if and only if Pir, ., has only simple roots, for
every x,y € H.

For more information, see [3].
Now we can state the Binet Formula for operator-valued sequences.

THEOREM 2.5. (OPERATOR-VALUED BINET FORMULA) Let T =
(Th)nez,. C B(#H)%+ be a linear recursive sequence of bounded operators on
a Hilbert space H, and let P € P(T) be a characteristic polynomial of T .

Suppose that P has distinct roots A1, ..., A\s with respective multiplicities
mi,...,ms. Then there exist unique bounded operators

{Si;€B(H) :1<i<s,0<j<m;—1}
such that for alln > 0,
s m;—1

Tn == Z Z; Smnj )\?
j=

=1
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Proof. Let T = (Ty,)nez, be a linear recursive sequence of bounded op-
erators, and let P € P(T) be its characteristic polynomial. For any vectors
x,y € H, the scalar sequence ((T,,x,¥)),~, also satisfies the linear recurrence
relation determined by P. B

By the classical scalar Binet formula (extended to multiple roots), there
exist unique complex numbers f; j(z,y) for 1 <i < sand 0 < j < m; —1 such
that

m;—1
(Thz,y) Z Z Bij(z,y)n’ | A}, for all n > 0.
i=1 7=0

For each fixed pair (4, 7), the mapping

(xv y) — /Bi,j(l” y)

is a sesquilinear form on H x H. Its continuity follows from the boundedness of
the operators T}, and from the explicit dependence of the §; ;(z,y) on (T, y)
via an invertible Vandermonde-type system determined by the roots A; and
their multiplicities. Hence, each 3; ; is bounded.

By the Riesz representation theorem, there exists a unique bounded oper-
ator S; ; € B(#H) such that

Bij(@,y) = (Sijw.y),  forall o,y € H.
Substituting back, we get
m;—1
<Tnx y <Z Z Szgn x,y>,
=1 =

and since this holds for all x,y, we conclude

m;—1

Z Z S”nj AL, for all n > 0.

=1 7=0
|

Remark 2.6. Let (zy,)m and (ym)m be sequences in H such that z,, — =
and y,, — y in H. Then, by continuity of the operators T},, we have

<Tnx7 y> = lim <Tn$ma ym>
m—00
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Using the Binet formula for scalars on (T2, Ym), we get

S m;—1
<Tnxm7ym> = Z Z ﬂi,j(xmu ym)n] )\?
i=1 \ j=0
Taking the limit as m — oo,
s m;—1
(Thx,y) = Z Z hm B” (T, Ym)1 | A}

i=1 \ j=0
By the uniqueness of the scalar Binet representation, it follows that

lim B i (%m, ym) = Bij(x,y).

m—o0

Hence, each sesquilinear form f; ; is continuous.

2.2. OPERATOR-VALUED BINET FORMULA AND REPRESENTING MEA-
SURE As a consequence of the Binet formula for a linear recurrence sequence
(LRS) T = (Th)nez,, we establish in Theorem the existence of a repre-
senting finitely atomic operator-valued charge as a solution for the moment
problem associated to 7 = (15 )nez, . Additionally, we prove in Theorem
that this charge is an operator-valued measure if the associated sequence is
positive type.

THEOREM 2.7. Let T = (T,)nez, € Bp(H)? be a linear recursive se-
quence (LRS) of self-adjoint operators. Then the following statements are
equivalent:

(1) The minimal polynomial Py has only simple roots.

(2) The sequence T admits a finitely atomic representing charge.

In particular, if Z(Pr) = {\1, A2, ..., A}, then there exist unique self-adjoint
operators S1,S9,...,S, € Bp(H) such that

,
T, = Z SEAL, for every n € N,

That is, the finitely atomic representing charge has the form

E =Y Siix,.
k=1
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r

Proof. (1)=(2) Assume that Pr(X) = H(X — Ag). Then, according
k=1
to the kernel lemma with 70 = id, we have:

ker Pr(7) = ker(7 — \id) @ ker(7 — Aoid) & - - - @ ker (7 — A;id). (2.3)

Since T = (Ty)nez, € ker Pr(7), it follows from ({2.3)) that there exist unique
sequences T = (Tfr(Lk))nGZ+ € ker(7 — A\gid) for k =1,...,r, such that:
T=TWg - 0T" — T,=TV+...4T7"  forallneZ,.

n

Now, for each k = 1,...,r, we have:

TW eker(r — Mid) = T =MD forallnez,,

n

— TV = 7 forallneN.

Define S := T, € Bj,(H). Then:
T, = A'S1+ A58 + -+ A'S,, for every n € Z..
(2) = (1) Assume that there exist operators Sy, ..., S, € Bp(#) such that

T =A!S1+ 25524+ A'S, for alln € Z, .

Let P(X):= [J(X = A) =) _ axX". Then:
k=1 k=0

P(T)(T) = (Z aan+k> =) a Y Arths;
k=0 j=1

neN k=0 j= neN

=3 (Z akAg?) A}'S;
=1 \k=0

since P(\j) =0 for all j =1,...,r. Thus, P € P(T), and hence Py divides
P. Therefore, the minimal polynomial Py has only simple roots. |

= | Y _P(\)A}S; = (0%)nen;
j=1

neN neN

Remark 2.8. The implication (1) =(2) is a direct corollary of Theorem 2.5
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In the sequel, let 7 = (T,)nez, € Bp(H)Z+ be an LRS with minimal
polynomial Pr of degree r. For every non-zero x € H and n € Z,, we asso-
ciate the local infinite and finite-type Hankel matrices, which are respectively
defined as follows:

H(x) = (<E+jx’x>H)i,jEZ+ and Hy,(x) = (<Ti+jac,x>y)0g7j§n.

n
By identifying the polynomial P(X) = Z a X" with the column vector
k=0
P =t (ag,...,an,0,0,...), we derive the following trivial lemma.

LEMMA 2.9. Using the above notation, we have P € P(T) <= H(z)P =
0 for every z € H. In particular, H(x)Pr = 0 for every z € H.

We also have the following conditions for positivity:

H(x) >0 <= Hu(x)>0 for every n € Z4
— 'PH(z)P>0 for every P € R[X].

We derive the following crucial proposition.

PrOPOSITION 2.10. Let T be a LRS of order r and x € H be a non-zero
vector. The following statements are equivalent.

1. H(z) > 0;

2. Hp_1(z) > 0.

Proof. The direct implication is clear. To show the converse, let x # 0, be
such that H,_1(z) > 0. For every P € R[X], we use the Euclidean division
algorithm to write P as P = QPr + R with deg(R) <r — 1. It follows that

'PH(z)P =' RH,_1(z)R > 0.
Finally, H(z) > 0. 1

LEMMA 2.11. Under the above notations, for all polynomials A, B,C €
R[X], the following statements hold:

1. For every non-zero x € H, we have ‘A H(x) BC = 'AB H () C.
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2. If H(z) > 0 (in the sense of positive semidefinite Hermitian operators),
and there exists an integer n € N such that A™ € P(T), then A € P(T).

Proof. For A, B,C € R[X], we write A(X) =) _a;X’, B(X) => b X/,
i J

and C(X) = chXk. We have:
k

1. '"AH(2)BC = Y, . aibjer(Tirjin,z) = "ABH (2)C,

2. If H(a:);ﬁ =0 = H(z)A = 0. Indeed, the property is true for n = 1.
For n > 2, using (1), we have t@H(fv)@ = ’Z@H(x);ﬁ = 0.
Then, the positivity of H(z) gives us H (a:)@ = 0. We conclude that
H(z)A" =0 = H(z)A"1 =0 = H(z)A"2 =0 = --- = H(z)A = 0.
So from Lemma A" € P(T), then A€ P(T). 1

LEMMA 2.12. Under the previous notations, if H(x) > 0 for every non-
zero x € ‘H, then the minimal polynomial Py has simple (i.e., distinct) roots.

s

_ o)\ — )
Proof. Let Pr(X) = I_II(X i)™, and define n max m; (note
=

that s <r).

Define Q(X) = [J(X — A;). Then,
=1

Q"X) =[x —x)" = (H(X - Az’)”‘””) Pr(X).

i=1 i=1
Hence, Q™ € Pr. From Lemma [2.9] it follows that
H(2)Q" = 0.

By Lemma we then deduce that @ € P(T).

Since Pr is the minimal polynomial of 7, it must divide Q). But @Q already
divides Py, and both are monic polynomials. Therefore, Pr = @), and thus
all the roots of Py are simple. |

THEOREM 2.13. Let T = (T,)nez, € Bip(H)Z+ be a linear recurrence
sequence (LRS) with minimal polynomial Py of degree r. Then the following
statements are equivalent:
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(1) T is an operator moment sequence on Z(Pr);
(2) for every non-zero x € H, we have H,_1(z) > 0;

(3) for every non-zero x € ‘H, we have (T x,x) is an scalar moment sequence
on Z(Pr).

More precisely, if
Z(Pr)={M1,22, ..., A\ }.

Consequently, the representing operator-valued measure associated with T
admits the expression

E=Y) Sidy,  whereSy,..., S, € B(H),.
k=1
Proof. Clearly, (1) = (2). It remains to show that (2)=-(1).
Suppose H,_;(z) > 0 for every non-zero z € H. By Lemma the set
Z(Pr)={ A\, A2,..., A}

consists of simple roots.
According to Theorem there exists a finitely atomic operator-valued
charge

E =Y Siix,
k=1
such that
T, = ATS1+A5S82+ -+ A0Sy, for all n € Z.

For ¢« = 1,...,r, we now prove that S; > 0. Indeed, using the Lagrange
interpolation polynomial

TX -\
Li(X) = 2
Jj=1
J#1
we obtain R R
tLiHT_l(LU)Li = <S¢$,$>H > 0

for every non-zero x € H. This shows that S; € B(H) .
(2) < (3) follows from Proposition and the solvability of the scalar
moment problem, which completes the proof. |



194 A. ECH-CHARYFY, A. GHANMI, K. IDRISSI A. SALHI

2.3. TWO PARTICULAR CASES: Recursive sequences of order r = 1 or
r=2.

EXAMPLE 2.14. r =1: Let T = (T))nez, € Bp(H)%+, such that T),41 =
AT, for every n € Z,. Then, T is an operator moment sequence if and only
if Tp > 0.

In this case, the associated representing OVM is given by: E = Tyd,.

Using [19, Proposition 4.1] together with Theorem we derive the
following result.
COROLLARY 2.15. r = 2: Let T = (T,)nez, € Bn(H)%+ be an LRS
satisfying
Thta = ()\1 + /\Q)Tn_H — M T, with A\ < Ao.
Then the following statements are equivalent:

1. 7 is an operator moment sequence;
2. (Tow,z) > 0 and (Thz,7)? — (A1 + M) (Thz, ) + A\ A2 < 0;

(Tox,x) (Thz,z) )
(Thz, ) <T21‘,33>> 2 0;

4. Ty > 0, To > 0 and for every © € H, we have
<T1$,.7J>2 S <T2$,$><TOH},.T>-

3. for every x € H, <

Moreover, the associated representing OVM is given by

1 1
E=——/(T1 — \Tp)é
)\1—)\2( ! 2 0) >\1+>\2—)\1

Remark 2.16. To see that E is an OVM, it suffices to show that
MTo < T1 < AoTp. Indeed, from 3 in Corollary we get for every x € H,

(Thz,z) — M (Toz, ) ((Thz, z) — Ao (Toz, z))
= (Tyz,z)? — (Tox,z)(Tox,z) < 0.

(Tl — )\1T0)(5)\2 .
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