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Abstract : We derive a Binet-type formula for operator-valued sequences satisfying linear recurrence
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1. Introduction

Let r be an integer such that r ≥ 2. Consider {γn}n≥0 a sequence of
complex numbers given by{

γn+1 = a0γn + a1γn−1 + · · ·+ ar−1γn−r+1 for all n ≥ r − 1,

γ0 = α0, γ1 = α1, . . . , γr−1 = αr−1,
(1.1)

where a0, a1, . . . , ar−1 (with ar−1 6= 0) and α0, α1, . . . , αr−1 are given complex
numbers.

Sequences satisfying (1.1), known as r-generalized Fibonacci sequences,
appear in various fields of mathematics and computer science and have been
studied using different methods (see [12, 14, 15, 8]).

The polynomial function P ∈ C[X] given by

P (X) = Xr − a0X
r−1 − · · · − ar−2X − ar−1 (1.2)
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is called the characteristic polynomial of the sequence (1.1). Let λ1, . . . , λs be
its roots with respective multiplicities m1, . . . ,ms.

The classical Binet formula for the solution of (1.1) is:

γn =

s∑
i=1

mi−1∑
j=0

βi,jn
j

λni , n ≥ 0, (1.3)

where the coefficients βi,j are uniquely determined by the initial conditions
{αj}0≤j≤r−1 and satisfy the r × r system (see [9, 11, 5]):

s∑
i=1

mi−1∑
j=0

βi,jk
j

λki = αk, k = 0, 1, . . . , r − 1.

In the case when the sequence (γn) is substituted by a given operator-
valued sequence T = (Tn)n∈Z+ of bounded operators on a Hilbert space H,
we say that T is a r-generalized operator-valued Fibonacci sequence. That is
T = (Tn)n∈Z+ satisfies a linear recurrence relation of the form

Tn+1 = a0Tn + a1Tn−1 + · · ·+ arTn−r for all n ≥ r, (1.4)

where a0, . . . , ar ∈ R are fixed coefficients and T0, . . . , Tr−1 are given bounded
operators on H.

The study of such sequences is motivated by the natural progression from
scalar to matrix and operator-valued recurrences, which arise in diverse areas,
including: Functional analysis (operator dynamics [6], semigroup theory [4]),
Dynamical systems (evolution equations [10], stability analysis [20]), Numeri-
cal analysis (iterative methods for operator equations [21]), Computer science
(algorithmic complexity [2], quantum computing [7]), among others.

These sequences are analyzed using techniques from spectral theory, ma-
trix analysis, and noncommutative algebra, making them relevant to both
theoretical and applied mathematics.

Throughout this paper, we use the standard notations: C for complex
numbers, R for real numbers, N = {1, 2, . . .} for positive integers, and Z+ =
{0, 1, 2, . . .} for non-negative integers. For K = C or R, K[X] denotes the
algebra of polynomials with coefficients in K. Z(P ) denotes the set of zeros of
a polynomial P ∈ K[X]. We also denote H and K separable complex Hilbert
spaces and B(H,K) the space of all bounded linear operators from H to K.
For T ∈ B(H,K), N (T ), R(T ), T ∗, and σ(T ) denote the kernel, the range,
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the adjoint and the spectrum of T respectively. The space B(H) := B(H,H)
is a unital C∗-algebra, with identity IH and null operator 0H.

We denote the inner product and the norm on H by 〈·, ·〉H and ‖ · ‖H,
respectively (or simply 〈·, ·〉 and ‖ · ‖ when unambiguous). The unit sphere
in H is the set of normalized vectors in H, which is given by SH = {x ∈ H :
‖x‖ = 1}.

An operator T ∈ B(H) is self-adjoint if T = T ∗, positive if 〈Tx, x〉 ≥ 0
for all x ∈ H, and an orthogonal projection if T = T ∗ and T 2 = T . We write
T ≥ 0 for a positive operator T .

The real vector space of all self-adjoint bounded operators is denoted by
Bh(H), and the cone of all positive operators by B+(H). The space of all
sequences T = (Tn)n∈Z+ with Tn ∈ Bh(H) for all n is denoted Bh(H)Z+ .

An operator-valued charge (OVC) is a mapping E : B(R) → B(H) (B(R)
denote the Borel σ-algebra on R) which satisfies the condition that for all
x, y ∈ H, the function Ex,y(·) := 〈E(·)x, y〉 is a complex Borel measure on R.
Furthermore:

• E is an operator-valued measure (OVM) if Ex(·) := 〈E(·)x, x〉 is a pos-
itive measure for all x ∈ H;

• E is a semi-spectral measure if it is an OVM and E(R) = IH;

• E is a spectral measure if it is semi-spectral and E(B(R)) is a subset of
the set of all orthogonal projections defined on H.

The following result describes the relationship between OVMs and spectral
measures.

Theorem 1.1. (Naimark’s Dilation Theorem [13, Theorem 4])
Let E : B(R) → B+(H) be an operator-valued measure. Then there exist a
Hilbert space K, a bounded linear operator V : H → K, and a spectral mea-
sure F : B(R)→ B+(K) such that

E(·) = V ∗F (·)V.

Moreover, if E is a semi-spectral measure, then H ⊆ K and E(·) = PHF (·) on
H, where PH is the orthogonal projection of K onto H.

A recent criterion to determine when a semi-spectral measure is spectral
has been obtained by P. Pietrzycki and J. Stochel in [16, Theorem 4.2] and
[17]. According to Naimark’s Theorem, the integration theory for OVMs can
be represented as an extension of spectral measures.
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Consider an operator-valued charge (OVC) E, we define the support of E
as the smallest closed subset A of R such that E(R \B) = 0H for every Borel
set B ⊇ A. (For a related definition, see [18, p. 69] or [1, Definition 16], in
which the author designates the support of E as the co-spectrum of E.

An OVC with finite support is said to be finitely atomic. This is a very
interesting class of operator-valued charges. It will be represented in the
following form:

E =
r∑

k=1

Skδλk , (1.5)

where supp(E) = {λ1, λ2, . . . , λr} ⊆ R, and S1, S2, . . . , Sr ∈ B(H). It is clear
that a finitely atomic measure of the form (1.5) is an OVM if and only if
S1, S2, . . . , Sr ∈ B+(H).

Let E be an OVC supported on a closed subset K of R. For n ∈ Z+,

the integral of the monomial tn with respect to dE(t), denoted

∫
K
tndE(t) ∈

B(H), is defined by:〈∫
K
tndE(t)x, y

〉
H

=

∫
K
tn〈dE(t)x, y〉H for all x, y ∈ H,

provided all integrals on the right-hand side converge. This is called the nth

operator moment of E.
In the case where E is finitely atomic, given by (1.5), the nth operator

moment is:

Tn =

∫
K
tndE(t) =

r∑
k=1

λnkSk.

In the literature, for a sequence T = (Tn)n∈Z+ ∈ Bh(H)Z+ , the term
“operator moment sequence on K” typically refers to the existence of integral
representations in the operator moment form (1.6) below, as in the following
definition.

Definition 1.2. A sequence T = (Tn)n∈Z+ ∈ Bh(H)Z+ is called an oper-
ator K–moment sequence, where K ⊆ R is closed, if there exists an operator-
valued measure E supported on K, such that

Tn =

∫
K
tndE(t). (1.6)

In this case, E is a representing operator-valued measure for the operator
moment sequence T .
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In what follows, we present a Binet-type formulation for linear recurrence
relations in the algebra of bounded operators on a complex Hilbert space
H, and apply it to solve the truncated operator moment problem on a finite
subset of R.

Problem 1.3. (Operator moment problem) Let T = (Tn)n∈Z+ ∈
Bh(H)Z+ and let K be a closed subset of R. Find necessary and sufficient
conditions to ensure that T is an operator K–moment sequence.

We refer to [3] for a comprehensive discussion of the operator moment
problem.

Problem 1.4. (Binet’s Formula for Operator-Valued Recur-
rences) Let H be a Hilbert space and B(H) the algebra of bounded linear
operators on H.

Consider a sequence (Tn)n≥0 ⊂ B(H) satisfying a linear recurrence relation
of order r:

Tn+r = Ar−1Tn+r−1 + · · ·+A0Tn,

where Ai ∈ B(H).

Does there exist an explicit Binet-type formula expressing Tn in terms of
the spectral properties of the operator coefficients {Ai}?

In the first section, we provide an overview of essential concepts and prop-
erties that form the foundation of our theory. This includes a detailed dis-
cussion of operator-valued sequences, their definitions, and the frameworks
required to understand the implications of Binet-type formulas.

In the second section, we extend the classical Binet formula to accom-
modate operator-valued sequences defined by linear recurrence relations.
Through this generalization, we construct an explicit representation that not
only mimics the traditional Binet formula for scalar sequences but also
adapts it to the context of bounded operators on Hilbert spaces.

Finally, in the third section, we leverage the generalized Binet formula to
characterize specific operator moment sequences. By applying this formula,
we explore various properties of the sequences, ultimately contributing to
the understanding of the operator moment problem. This section highlights
examples and applications, showcasing the relevance of our findings in relation
to both theoretical and practical scenarios within the field.
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2. Main results

2.1. Binet formula for a linear recursive operator-valued se-
quence with scalar coefficients. We begin by considering the algebra
endomorphism τ on B(H)Z+ defined by

τ
(
(Tn)n∈Z+

)
:= (Tn+1)n∈Z+ .

For each k ∈ Z+, its kth iterate is

τk
(
(Tn)n∈Z+

)
= (Tn+k)n∈Z+ .

Given a polynomial P (X) =
r∑

k=0

akX
k ∈ R[X], we define P (τ) by

P (τ)
(
(Tn)n∈Z+

)
:=

(
r∑

k=0

akTn+k

)
n∈Z+

.

We now introduce an alternative method for defining recursive operator-
valued sequences, see [3].

Definition 2.1. A sequence T = (Tn)n∈Z+ ∈ B(H)Z+ is called a linear
recursive sequence (LRS) if there exists a non-zero polynomial P ∈ R[X] such
that P (τ)(T ) = (0H)n∈Z+ . Such a polynomial P is called a characteristic
polynomial associated with T .

By convention, the zero polynomial is a characteristic polynomial of every
operator sequence.

Let T be a linear recursive sequence and define the algebra homomorphism

ΨT : R[X] −→ B(H)Z+ , P 7−→ P (τ)(T ).

The kernel P(T ) := ker ΨT ⊆ R[X] consists of all characteristic polynomials
of T . Since R[X] is a principal ideal domain, P(T ) is generated by a unique
monic polynomial PT of minimal degree. We call:

• PT the minimal characteristic polynomial of T ;

• the equation PT (τ)(T ) = (0H)n∈Z+ the minimal linear recurrence rela-
tion of T ;

• r := deg(PT ) the order of the recursive sequence.
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Now, let x, y ∈ H, and consider the scalar sequence 〈T x, y〉 := (〈Tnx, y〉)n∈N.
This sequence is also a linear recursive sequence, and its minimal characteristic
polynomial P〈T x,y〉 satisfies

PT is a multiple of P〈T x,y〉. (2.1)

Hence, we obtain

PT R[X] =
⋂

x,y∈H
P〈T x,y〉R[X]. (2.2)

Remark 2.2. The set
{
P〈T x,y〉 : x, y ∈ H

}
is finite.

Proposition 2.3. With the above notation, we have:

PT = lcm
{
P〈T x,y〉 : x, y ∈ H

}
,

where lcm denotes the least common multiple.

Proposition 2.4. Let Z(P ) denote the set of complex roots of a polyno-
mial P . Then:

1. Z(PT ) =
⋃

x,y∈H
Z(P〈T x,y〉);

2. PT has only simple roots if and only if P〈T x,y〉 has only simple roots, for
every x, y ∈ H.

For more information, see [3].
Now we can state the Binet Formula for operator-valued sequences.

Theorem 2.5. (Operator - valued Binet Formula) Let T =
(Tn)n∈Z+ ⊂ B(H)Z+ be a linear recursive sequence of bounded operators on
a Hilbert space H, and let P ∈ P(T ) be a characteristic polynomial of T .

Suppose that P has distinct roots λ1, . . . , λs with respective multiplicities
m1, . . . ,ms. Then there exist unique bounded operators{

Si,j ∈ B(H) : 1 ≤ i ≤ s, 0 ≤ j ≤ mi − 1
}

such that for all n ≥ 0,

Tn =
s∑
i=1

mi−1∑
j=0

Si,jn
j

λni .
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Proof. Let T = (Tn)n∈Z+ be a linear recursive sequence of bounded op-
erators, and let P ∈ P(T ) be its characteristic polynomial. For any vectors
x, y ∈ H, the scalar sequence (〈Tnx, y〉)n≥0 also satisfies the linear recurrence
relation determined by P .

By the classical scalar Binet formula (extended to multiple roots), there
exist unique complex numbers βi,j(x, y) for 1 ≤ i ≤ s and 0 ≤ j ≤ mi−1 such
that

〈Tnx, y〉 =
s∑
i=1

mi−1∑
j=0

βi,j(x, y)nj

λni , for all n ≥ 0.

For each fixed pair (i, j), the mapping

(x, y) 7−→ βi,j(x, y)

is a sesquilinear form on H×H. Its continuity follows from the boundedness of
the operators Tn and from the explicit dependence of the βi,j(x, y) on 〈Tnx, y〉
via an invertible Vandermonde-type system determined by the roots λi and
their multiplicities. Hence, each βi,j is bounded.

By the Riesz representation theorem, there exists a unique bounded oper-
ator Si,j ∈ B(H) such that

βi,j(x, y) = 〈Si,jx, y〉, for all x, y ∈ H.

Substituting back, we get

〈Tnx, y〉 =

〈
s∑
i=1

mi−1∑
j=0

Si,jn
j

λni x, y

〉
,

and since this holds for all x, y, we conclude

Tn =
s∑
i=1

mi−1∑
j=0

Si,jn
j

λni , for all n ≥ 0.

Remark 2.6. Let (xm)m and (ym)m be sequences in H such that xm → x
and ym → y in H. Then, by continuity of the operators Tn, we have

〈Tnx, y〉 = lim
m→∞

〈Tnxm, ym〉.
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Using the Binet formula for scalars on 〈Tnxm, ym〉, we get

〈Tnxm, ym〉 =
s∑
i=1

mi−1∑
j=0

βi,j(xm, ym)nj

λni .

Taking the limit as m→∞,

〈Tnx, y〉 =

s∑
i=1

mi−1∑
j=0

lim
m→∞

βi,j(xm, ym)nj

λni .

By the uniqueness of the scalar Binet representation, it follows that

lim
m→∞

βi,j(xm, ym) = βi,j(x, y).

Hence, each sesquilinear form βi,j is continuous.

2.2. Operator-Valued Binet Formula and Representing Mea-
sure As a consequence of the Binet formula for a linear recurrence sequence
(LRS) T = (Tn)n∈Z+ , we establish in Theorem 2.7 the existence of a repre-
senting finitely atomic operator-valued charge as a solution for the moment
problem associated to T = (Tn)n∈Z+ . Additionally, we prove in Theorem 2.13
that this charge is an operator-valued measure if the associated sequence is
positive type.

Theorem 2.7. Let T = (Tn)n∈Z+ ∈ Bh(H)Z+ be a linear recursive se-
quence (LRS) of self-adjoint operators. Then the following statements are
equivalent:

(1) The minimal polynomial PT has only simple roots.

(2) The sequence T admits a finitely atomic representing charge.

In particular, if Z(PT ) = {λ1, λ2, . . . , λr}, then there exist unique self-adjoint
operators S1, S2, . . . , Sr ∈ Bh(H) such that

Tn =
r∑

k=1

Skλ
n
k , for every n ∈ N.

That is, the finitely atomic representing charge has the form

E =
r∑

k=1

Skδλk .
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Proof. (1)⇒ (2) Assume that PT (X) =
r∏

k=1

(X − λk). Then, according

to the kernel lemma with τ0 = id, we have:

kerPT (τ) = ker(τ − λ1id)⊕ ker(τ − λ2id)⊕ · · · ⊕ ker(τ − λrid). (2.3)

Since T = (Tn)n∈Z+ ∈ kerPT (τ), it follows from (2.3) that there exist unique

sequences T (k) = (T
(k)
n )n∈Z+ ∈ ker(τ − λkid) for k = 1, . . . , r, such that:

T = T (1) ⊕ · · · ⊕ T (r) ⇐⇒ Tn = T (1)
n + · · ·+ T (r)

n for all n ∈ Z+.

Now, for each k = 1, . . . , r, we have:

T (k) ∈ ker(τ − λkid) ⇐⇒ T
(k)
n+1 = λkT

(k)
n for all n ∈ Z+,

⇐⇒ T
(k)
n = λnkT

(k)
0 for all n ∈ N.

Define Sk := T
(k)
0 ∈ Bh(H). Then:

Tn = λn1S1 + λn2S2 + · · ·+ λnrSr, for every n ∈ Z+.

(2)⇒ (1) Assume that there exist operators S1, . . . , Sr ∈ Bh(H) such that

Tn = λn1S1 + λn2S2 + · · ·+ λnrSr for all n ∈ Z+.

Let P (X) :=

r∏
k=1

(X − λk) =

r∑
k=0

akX
k. Then:

P (τ)(T ) =

(
r∑

k=0

akTn+k

)
n∈N

=

 r∑
k=0

ak

r∑
j=1

λn+k
j Sj


n∈N

=

 r∑
j=1

(
r∑

k=0

akλ
k
j

)
λnj Sj


n∈N

=

 r∑
j=1

P (λj)λ
n
j Sj


n∈N

= (0H)n∈N,

since P (λj) = 0 for all j = 1, . . . , r. Thus, P ∈ P(T ), and hence PT divides
P . Therefore, the minimal polynomial PT has only simple roots.

Remark 2.8. The implication (1)⇒(2) is a direct corollary of Theorem 2.5.
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In the sequel, let T = (Tn)n∈Z+ ∈ Bh(H)Z+ be an LRS with minimal
polynomial PT of degree r. For every non-zero x ∈ H and n ∈ Z+, we asso-
ciate the local infinite and finite-type Hankel matrices, which are respectively
defined as follows:

H(x) =
(
〈Ti+jx, x〉H

)
i,j∈Z+

and Hn(x) =
(
〈Ti+jx, x〉H

)
0≤i,j≤n.

By identifying the polynomial P (X) =

n∑
k=0

akX
k with the column vector

P̂ =t (a0, . . . , an, 0, 0, . . . ), we derive the following trivial lemma.

Lemma 2.9. Using the above notation, we have P ∈ P(T ) ⇐⇒ H(x)P̂ =

0̂ for every x ∈ H. In particular, H(x)P̂T = 0̂ for every x ∈ H.

We also have the following conditions for positivity:

H(x) ≥ 0 ⇐⇒ Hn(x) ≥ 0 for every n ∈ Z+

⇐⇒ tP̂H(x)P̂ ≥ 0 for every P ∈ R[X].

We derive the following crucial proposition.

Proposition 2.10. Let T be a LRS of order r and x ∈ H be a non-zero
vector. The following statements are equivalent.

1. H(x) ≥ 0;

2. Hr−1(x) ≥ 0.

Proof. The direct implication is clear. To show the converse, let x 6= 0, be
such that Hr−1(x) ≥ 0. For every P ∈ R[X], we use the Euclidean division
algorithm to write P as P = QPT +R with deg(R) ≤ r − 1. It follows that

tP̂H(x)P̂ =t R̂Hr−1(x)R̂ ≥ 0.

Finally, H(x) ≥ 0.

Lemma 2.11. Under the above notations, for all polynomials A,B,C ∈
R[X], the following statements hold:

1. For every non-zero x ∈ H, we have tÂH(x) B̂C = tÂB H(∞) Ĉ.
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2. If H(x) ≥ 0 (in the sense of positive semidefinite Hermitian operators),
and there exists an integer n ∈ N such that An ∈ P(T ), then A ∈ P(T ).

Proof. For A,B,C ∈ R[X], we write A(X) =
∑
i

aiX
i, B(X) =

∑
j

bjX
j ,

and C(X) =
∑
k

ckX
k. We have:

1. tÂH(x)B̂C =
∑

i,j,k aibjck〈Ti+j+kx, x〉 = tÂBH(x)Ĉ,

2. If H(x)Ân = 0̂ ⇒ H(x)Â = 0̂. Indeed, the property is true for n = 1.

For n ≥ 2, using (1), we have tÂn−1H(x)Ân−1 = tÂn−2H(x)Ân = 0.

Then, the positivity of H(x) gives us H(x)Ân−1 = 0̂. We conclude that

H(x)Ân = 0̂ ⇒ H(x)Ân−1 = 0̂ ⇒ H(x)Ân−2 = 0̂ ⇒ · · · ⇒ H(x)Â = 0̂.
So from Lemma 2.9, An ∈ P(T ), then A ∈ P(T ).

Lemma 2.12. Under the previous notations, if H(x) ≥ 0 for every non-
zero x ∈ H, then the minimal polynomial PT has simple (i.e., distinct) roots.

Proof. Let PT (X) =
s∏
i=1

(X − λi)
mi , and define n = max

1≤i≤s
mi (note

that s ≤ r).

Define Q(X) =

s∏
i=1

(X − λi). Then,

Qn(X) =

s∏
i=1

(X − λi)n =

(
s∏
i=1

(X − λi)n−mi

)
PT (X).

Hence, Qn ∈ PT . From Lemma 2.9, it follows that

H(x)Q̂n = 0̂.

By Lemma 2.11, we then deduce that Q ∈ P(T ).
Since PT is the minimal polynomial of T , it must divide Q. But Q already

divides PT , and both are monic polynomials. Therefore, PT = Q, and thus
all the roots of PT are simple.

Theorem 2.13. Let T = (Tn)n∈Z+ ∈ Bh(H)Z+ be a linear recurrence
sequence (LRS) with minimal polynomial PT of degree r. Then the following
statements are equivalent:
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(1) T is an operator moment sequence on Z(PT );

(2) for every non-zero x ∈ H, we have Hr−1(x) ≥ 0;

(3) for every non-zero x ∈ H, we have 〈T x, x〉 is an scalar moment sequence
on Z(PT ).

More precisely, if
Z(PT ) = {λ1, λ2, . . . , λr}.

Consequently, the representing operator-valued measure associated with T
admits the expression

E =
r∑

k=1

Skδλk , where S1, . . . , Sr ∈ B(H)+.

Proof. Clearly, (1)⇒ (2). It remains to show that (2)⇒ (1).
Suppose Hr−1(x) ≥ 0 for every non-zero x ∈ H. By Lemma 2.12, the set

Z(PT ) = {λ1, λ2, . . . , λr}

consists of simple roots.
According to Theorem 2.7, there exists a finitely atomic operator-valued

charge

E =

r∑
k=1

Skδλk

such that

Tn = λn1S1 + λn2S2 + · · ·+ λnrSr, for all n ∈ Z+.

For i = 1, . . . , r, we now prove that Si ≥ 0. Indeed, using the Lagrange
interpolation polynomial

Li(X) =

r∏
j=1
j 6=i

X − λj
λi − λj

,

we obtain
tL̂iHr−1(x)L̂i = 〈Six, x〉H ≥ 0

for every non-zero x ∈ H. This shows that Si ∈ B(H)+.
(2) ⇐⇒ (3) follows from Proposition 2.10 and the solvability of the scalar

moment problem, which completes the proof.
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2.3. Two particular cases: Recursive sequences of order r = 1 or
r = 2.

Example 2.14. r = 1: Let T = (Tn)n∈Z+ ∈ Bh(H)Z+ , such that Tn+1 =
λTn for every n ∈ Z+. Then, T is an operator moment sequence if and only
if T0 ≥ 0.

In this case, the associated representing OVM is given by: E = T0δλ.

Using [19, Proposition 4.1] together with Theorem 2.13, we derive the
following result.

Corollary 2.15. r = 2: Let T = (Tn)n∈Z+ ∈ Bh(H)Z+ be an LRS
satisfying

Tn+2 = (λ1 + λ2)Tn+1 − λ1λ2Tn with λ1 < λ2.

Then the following statements are equivalent:

1. T is an operator moment sequence;

2. 〈T0x, x〉 ≥ 0 and 〈T1x, x〉2 − (λ1 + λ2)〈T1x, x〉+ λ1λ2 ≤ 0;

3. for every x ∈ H,

(
〈T0x, x〉 〈T1x, x〉
〈T1x, x〉 〈T2x, x〉

)
≥ 0;

4. T0 ≥ 0, T2 ≥ 0 and for every x ∈ H, we have

〈T1x, x〉2 ≤ 〈T2x, x〉〈T0x, x〉.

Moreover, the associated representing OVM is given by

E =
1

λ1 − λ2
(T1 − λ2T0)δλ1 +

1

λ2 − λ1
(T1 − λ1T0)δλ2 .

Remark 2.16. To see that E is an OVM, it suffices to show that
λ1T0 ≤ T1 ≤ λ2T0. Indeed, from 3 in Corollary 2.15, we get for every x ∈ H,(

〈T1x, x〉 − λ1〈T0x, x〉
)(
〈T1x, x〉 − λ2〈T0x, x〉

)
= 〈T1x, x〉2 − 〈T2x, x〉〈T0x, x〉 ≤ 0.
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