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universidad de extremadura

EXTRACTA MATHEMATICAE

Vol. 40, Num. 2 (2025), 235 – 252

doi:10.17398/2605-5686.40.2.235

Available online November 28, 2025

Cohomology of Tanabe algebras

Andrew Fisher 1, Daniel Graves 2,@

1 School of Mathematical and Physical Sciences
University of Sheffield, Hounsfield Road, S3 7RH, UK

2 Lifelong Learning Centre, University of Leeds
Woodhouse, Leeds, LS2 9JT, UK

afisher1@sheffield.ac.uk , dan.graves92@gmail.com

Received April 23, 2025 Presented by M. Saoŕın
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Abstract : In this paper we study the (co)homology of Tanabe algebras, which are a family of
subalgebras of the partition algebras exhibiting a Schur–Weyl duality with certain complex reflection

groups. The homology of the partition algebras has been shown to be related to the homology of
the symmetric groups by Boyd–Hepworth–Patzt and the results they obtain depend on a parameter.

In all known results, the homology of a diagram algebra is dependent on one of two things: the

invertibility of a parameter in the ground ring or the parity of the positive integer indexing the
number of pairs of vertices. We show that the (co)homology of Tanabe algebras is isomorphic to

the (co)homology of the symmetric groups and that this is independent of both the parameter and

the parity of the index. To the best of our knowledge, this is the first example of a result of this
sort. Along the way we will also study the (co)homology of uniform block permutation algebras and

totally propagating partition algebras as well collecting cohomological analogues of known results

for the homology of partition algebras and Jones annular algebras.
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1. Introduction

The homology of diagram algebras is an emerging area of study. Dia-
gram algebras are examples of augmented algebras and their homology and
cohomology can be defined in terms of certain Tor and Ext groups following
[1, Definition 2.4.4]. Examples of algebras that have been studied include the
Temperley–Lieb algebras [2, 19], the Brauer algebras [3], the partition algebras
[4, 5], the Jones annular algebras [5], the rook algebras and the rook-Brauer
algebras [6].

The partition algebras, Pn(δ) (where n is a positive integer and δ is a pa-
rameter in a unital, commutative ground ring), were introduced independently
by Martin [15] and Jones [10] to study the Potts model. Jones showed that the
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partition algebras exhibit a Schur–Weyl duality with the symmetric groups,
so called because it takes a similar form to the classical statement of Schur–
Weyl duality between the symmetric groups and the general linear groups. We
note below that other diagram algebras exhibit similar Schur–Weyl dualities.

Loosely speaking, a partition n-diagram is an undirected graph on two
columns of vertices, where the connected components determine and are de-
termined by a partition of the vertices. The algebra Pn(δ) is spanned linearly
by such diagrams with a product given by composing partitions (recalled in
Section 2 below).

The homology of partition algebras has been studied by Boyd, Hepworth
and Patzt [4]. Their results split into two cases, which depend on the parame-
ter δ. They show that if the parameter δ is invertible in the ground ring, then
the homology of the partition algebras is globally isomorphic to the homology
of the symmetric groups. However, if δ is not invertible then the homology
of the partition algebras is only known to be isomorphic to the homology of
the symmetric groups in a range. This is a recurring phenomenon in this very
young field. The homology of the Temperley–Lieb algebras [2] and the ho-
mology of the Brauer algebras [3] both exhibit similar parameter-dependent
behaviour. The homology of some diagram algebras also exhibit different be-
haviours depending on the parity of the index n, which counts the number
of pairs of vertices in a basis element. Such results exist for the homology of
Temperley–Lieb algebras (see [19, Theorem A]) and the Brauer algebras (see
[6, Theorem 1.3]).

We will study the homology and cohomology of three subalgebras of the
partition algebra: the Tanabe algebras, the uniform block partition algebras
and the totally propagating partition algebras.

Tanabe [20] introduced a family of subalgebras, Tn(δ, r), of the partition al-
gebra. For each positive integer r, Tn(δ, r) is spanned by partition n-diagrams
where, for each connected component, the difference between the number of
vertices in each column is zero modulo r. Tanabe demonstrated that these sub-
algebras exhibit a Schur–Weyl duality with certain complex reflection groups.
Our treatment of the Tanabe algebras will follow that of Orellana [17].

We note that for any r > n, this condition is the same. It dictates that
every connected component must have the same number of vertices in each
column. In this way we obtain the uniform block permutation algebra, Un,
originally studied by Kosuda under the name party algebra [13, 14]. The
name uniform block permutations was coined by FitzGerald [7].
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The totally propagating partition algebras, TPPn, are spanned linearly by
partition n-diagrams such that every connected component contains vertices
from each column in the graph. Kudryavtseva and Mazorchuk [12] have shown
that the totally propagating partition algebras exhibit a Schur–Weyl duality
with the rook algebras (see [9] for further details of the rook algebra).

Our main result is as follows.

Theorem A. Let δ ∈ k. Let r > 2. There exist isomorphisms of graded
k-modules

1. Tor
Tn(δ,r)
? (1,1) ∼= H?(Σn,1) and Ext?Tn(δ,r) (1,1) ∼= H?(Σn,1);

2. TorUn
? (1,1) ∼= H?(Σn,1) and Ext?Un

(1,1) ∼= H?(Σn,1);

3. TorTPPn
? (1,1) ∼= H?(Σn,1) and Ext?TPPn

(1,1) ∼= H?(Σn,1).

In particular, we obtain isomorphisms which are independent of both the
parameter δ and the index n, showing that the (co)homology of these subal-
gebras behaves differently to the (co)homology of the partition algebra.

Theorem A follows from a technical lemma about subalgebras of the parti-
tion algebra (Lemma 5.2) and the following theorem (of which the homological
part is [5, Theorem 1.7], whilst the cohomological part follows from Proposi-
tion 3.4 below).

Theorem B. Let A be an augmented k-algebra with trivial module 1.
Let I be a two-sided ideal of A which is free as a k-module and which acts as
multiplication by 0 ∈ k on 1. Suppose that there exists a k-free idempotent
left cover of I of height h and width w. There are natural isomorphisms of
k-modules

TorAq (1,1) ∼= TorA/Iq (1,1) and ExtqA(1,1) ∼= ExtqA/I(1,1)

for q 6 h. Furthermore, the natural maps

TorAh+1(1,1) −→ Tor
A/I
h+1(1,1) and Exth+1

A/I (1,1) −→ Exth+1
A (1,1)

are a surjection and an injection respectively.

Finally, if h = w, then we have natural isomorphisms of graded k-modules

TorA? (1,1) ∼= Tor
A/I
? (1,1) and Ext?A(1,1) ∼= Ext?A/I(1,1).
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We will use techniques which were developed in [5] to study the homology
of partition algebras and Jones annular algebras. These techniques were them-
selves inspired by work of Sroka [19]. Let A be a Tanabe algebra, a uniform
block permutation algebra or a totally propagating partition algebra. Let I
be the two-sided ideal spanned k-linearly by non-permutation diagrams and
observe that in each case there is an isomorphism of k-algebras A/I ∼= k[Σn].
We will define a family of left ideals Li,j which cover the ideal I and such
that any intersection of these ideals is either zero or is principal and gener-
ated by an idempotent. Such a family of ideals is called a k-free idempotent
left cover with height equal to its width, in the terminology of [5]. With this
in place, Theorem A follows directly from Theorem B. The key step is that
a k-free idempotent left cover allows us to define a chain complex called the
Mayer–Vietoris complex. In the case of the partition algebras, Boyde shows
that this is a partial resolution of k[Σn] by Pn(δ)-modules to obtain isomor-
phisms between the homology of the partition algebras and the homology of
the symmetric groups in a range. In our case, we can use the Mayer–Vietoris
complex to construct a genuine projective resolution of k[Σn] by A-modules.

These techniques will also allow us to deduce cohomological versions of
Boyde’s results for the Jones annular algebras and the partition algebras. In
particular, we deduce a cohomological stability result for the partition algebras
after the fashion of [4, Corollary C].

The paper is structured as follows. In Section 2, we recall the definitions
of partition algebras, Tanabe algebras, uniform block permutation algebras
and totally propagating partition algebras. In Section 3 we will recall Boyde’s
notion of k-free idempotent left cover and the Mayer–Vietoris complex. We
use these to prove Theorem B. In Section 4 we use Theorem B to prove the
cohomological analogues of Boyde’s results for the partition algebras and Jones
annular algebras. Finally, in Section 5 we prove Theorem A.

Conventions: Throughout, unless otherwise stated, k will be a unital,
commutative ring and n will be a positive integer. We will write n for the set
{1, . . . , n}.

2. An aggregation of algebras

In this section we collect the definitions of the algebras that we will consider
in this paper, namely the partition algebras, the Tanabe algebras, the uniform
block permutation algebras and the totally propagating partition algebras.
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2.1. Partition algebras

Definition 2.1. A partition n-diagram is an undirected graph on two
columns of n vertices where each edge is incident to two distinct vertices and
there is at most one edge between any two vertices. By convention, the vertices
down the left-hand column will be labelled by 1, . . . , n in ascending order from
top to bottom and the vertices down the right-hand column will be labelled
by 1, . . . , n in ascending order from top to bottom.

These diagrams are called partition n-diagrams because the connected
components of the graph determine and are determined by a partition of the
set

{
1, 1, . . . , n, n

}
. We say two partition n-diagrams are equivalent if they

determine and are determined by the same partition of the set
{

1, 1, . . . , n, n
}

.
Henceforth, when referring to a diagram, we will mean its equivalence class.

Definition 2.2. We collect some important terminology for graphs that
will be used throughout the rest of the paper.

1. An edge that connects the left-hand column of vertices to the right-hand
column of vertices will be called a propagating edge.

2. A connected component which contains vertices in both columns (that
is, a connected component containing a propagating edge) will be called
a propagating component.

3. An edge that connects two vertices in the same column will be called a
non-propagating edge.

4. A vertex not connected to any other by an edge will be called an isolated
vertex.

5. We will refer to the number of vertices in a connected component of a
partition n-diagram as the cardinality of the connected component.

6. Any diagram having precisely n propagating components will be called
a permutation diagram. All other diagrams will be referred to as non-
permutation diagrams.

Definition 2.3. Let δ ∈ k. The partition algebra, Pn(δ), is the k-algebra
with basis consisting of all partition n-diagrams with the multiplication de-
fined by the k-linear extension of the following product of diagrams. Let d1

and d2 be partition n-diagrams. The product d1d2 is obtained by the following
procedure:
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• Place the diagram d2 to the right of the diagram d1 and identify the
vertices 1, . . . , n in d1 with the vertices 1, . . . , n in d2. Call this diagram
with three columns of vertices d1 ∗d2. We drop the labels of the vertices
in the middle column and we preserve the labels of the left-hand column
and right-hand column.

• Count the number of connected components that lie entirely within the
middle column of the new diagram d1 ∗ d2. Call this number α.

• Make a new partition n-diagram, d3, as follows. Given distinct vertices
x and y in the set

{
1, 1, . . . , n, n

}
, d3 has an edge between x and y if

there is a path from x to y in d1 ∗ d2.

• We define the composite d1d2 = δαd3.

We note that this product is associative and well-defined up to equivalence
of partition n-diagrams (see [15, Proposition 1] for instance). The identity
element consists of the diagram with n horizontal edges.

Example 2.4. Here is an example of the composition defined above.
Suppose we have diagrams

d1 =

4

3

2

1

4

3

2

1

d2 =

4

3

2

1

4

3

2

1

in P4(δ). In this case we have

d1 ∗ d2 =

4

3

2

1

4

3

2

1

and d1d2 = δ2

4

3

2

1

4

3

2

1

We refer the reader to [10, 4] for some more examples of composing par-
tition diagrams. (We note that some authors work with two rows of vertices
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rather than two columns and compose diagrams vertically rather than hori-
zontally.)

2.2. Subalgebras

We now recall the subalgebras which will be our main focus.

Definition 2.5. Fix a positive integer r. The Tanabe algebra, Tn(δ, r),
is defined as the subalgebra of the partition algebra Pn(δ) spanned k-linearly
by those partition n-diagrams such that, for each connected component, the
difference between the number of vertices in the left and right columns is
congruent to zero modulo r.

Remark 2.6. If we take r = 1, we recover the partition algebra, Pn(δ).
The algebras Tn(δ, 2) are sometimes called the even partition algebras or the
parity matching algebras (see [18] for instance).

Definition 2.7. The uniform block permutation algebra, Un, is the sub-
algebra of Pn(δ) spanned k-linearly by the partition n-diagrams such that
each connected component has the same number of vertices in the left-hand
column as it does in the right-hand column.

Definition 2.8. The totally propagating partition algebra, TPPn, is the
subalgebra of Pn(δ) spanned k-linearly by the partition n-diagrams such that
every connected component is propagating.

Remark 2.9. For uniform block permutation algebras and totally propa-
gating partition algebras, we note that in the procedure for composing two
n-diagrams d1 and d2, the diagram d1 ∗d2 can have no connected components
that lie entirely within the middle column so we drop the parameter δ from
the notation.

2.3. Augmentations

Recall that a k-algebra is said to be augmented if it comes equipped with
a k-algebra map ε : A→ k, which is called the augmentation.

Recall from [4, Section 1] that the partition algebras Pn(δ) can be equipped
with an augmentation that sends the permutation diagrams to 1 ∈ k and all
non-permutation diagrams to 0 ∈ k and that we define the trivial module 1
to be a copy of k where Pn(δ) acts via the augmentation.
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We see immediately that the Tanabe algebras, uniform block permutation
algebras and totally propagating partition algebras are augmented by restrict-
ing the augmentation of Pn(δ) along the subalgebra inclusion maps. We can
therefore define trivial modules for these three families of algebras similarly.

3. Cohomology of algebras: proving Theorem B

We recall the definitions of k-free idempotent left cover and the Mayer–
Vietoris complex from [5] and prove the cohomological analogue of Theorem
1.7 in loc. cit.

3.1. Idempotent left covers and the Mayer–Vietoris complex

The material in this subsection comes from [5, Section 1 and Section 2].

Definition 3.1. Let A be a k-algebra. Let I be a two-sided ideal of A.
Let w > h > 1. An idempotent left cover of I of height h and width w is a
collection of left ideals J1, . . . , Jw in A such that

• J1 + · · ·+ Jw = I;

• for S ⊂ w with |S| 6 h, the intersection⋂
i∈S

Ji

is either zero or is a principal left ideal generated by an idempotent.

If I is free as a k-module, then an idempotent left cover is said to be k-free
if there is a choice of k-basis for I such that each Ji is free on a subset of
this basis.

Definition 3.2. Let A be a k-algebra. Let I ⊂ A be a two-sided ideal.
Let J1, . . . , Jw be an idempotent left cover of I. The Mayer–Vietoris complex
associated to the idempotent left cover, C?, is the chain complex of left A-
modules defined as follows. We set

Cp =
⊕
S⊂w
|S|=p

⋂
i∈S

Ji
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for 1 6 p 6 w. We set C0 = A, C−1 = A/I and so Cn = 0 for n > w and
n < −1.

The differential C0 → C−1 is the projection mapA→ A/I. The differential
C1 → C0 is the direct sum of the inclusion of the left ideals Ji → A. For p > 2,
the differential Cp → Cp−1 is defined on the summand ∩i∈SJi by

x 7−→
∑
j∈S

(−1)#(S,j)i(S,j)(x)

where #(S, j) is the number of elements of S that are less than j and i(S,j) is
the inclusion ⋂

i∈S
Ji −→

⋂
i∈S\{j}

Ji.

Recall that for a left A-module M , a partial projective resolution of length
h of M by left A-modules is an exact sequence

Ph −→ Ph−1 −→ · · · −→ P0 −→M −→ 0

where each Pi is a projective left A-module.
The Mayer–Vietoris complex satisfies the following important property ([5,

Proposition 2.4]).

Proposition 3.3. Let A be a k-algebra. Let I be a two-sided ideal of A.
Let J1, . . . , Jw be a k-free idempotent left cover of I of height h.

The truncation, C6h
? of the Mayer–Vietoris complex associated to the

idempotent left cover is a length h partial projective resolution of A/I by
left A-modules with C0 = A. The partial projective resolution has the ad-
ditional property that X ⊗A C6h

p = 0 for p > 1 for any right A-module X

on which I acts as multiplication by 0 ∈ k. If h = w then C6h
? = C? is a

projective resolution of A/I by left A-modules.

3.2. A stable isomorphism on cohomology

We now prove the proposition from which we can deduce Theorem B.

Proposition 3.4. LetM andN be right A-modules. Let I be a two-sided
ideal that acts as multiplication by 0 ∈ k on M and N .

Suppose that there exists a partial projective resolution of length h, C6h
? ,

of A/I by left A-modules such that C6h
0 = A and such that X⊗AC6h

p = 0 for
p > 1 for any right A-module X on which I acts as multiplication by 0 ∈ k.
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There is a natural isomorphism of k-modules

ExtqA(M,N) ∼= ExtqA/I(M,N)

for q 6 h. Furthermore, the natural map

Exth+1
A/I (M,N) −→ Exth+1

A (M,N)

is an injection.

Proof. We follow a similar argument to [5, Theorem 2.7] throughout.
When q 6 h, we will show that ExtqA(M,N) and ExtqA/I(M,N) are the coho-
mology of the same cochain complex.

Let F? be a free resolution of M by right A-modules. We know that
Ext?A(M,N) is the cohomology of the cochain complex HomA(F?, N).

Since I acts as multiplication by 0 ∈ k on N , we have an isomorphism of
cochain complexes

HomA(F?, N) ∼= HomA/I (F? ⊗A (A/I), N)

by extension and restriction of scalars.
We observe that since each Fi is free as an A-module, each Fi⊗A (A/I) is

free as an A/I-module.
In order to deduce the isomorphisms for q 6 h, it suffices to show that the

homology of F? ⊗A (A/I) is isomorphic to M in degree zero and 0 in degrees
0 < q 6 h.

By assumption, C6h
? is a partial projective resolution of A/I by left A-

modules with the property that X ⊗A C6h
p = 0 for p > 1 for any right A-

module X on which I acts as multiplication by 0 ∈ k. Furthermore, C6h
0 = A.

Therefore, by [5, Proposition 2.6] for example, we have

Hq(F? ⊗A (A/I)) = TorAq (M,A/I) = 0

for 0 < q 6 h and

H0(F? ⊗A (A/I)) = TorA0 (M,A/I) = M ⊗A (A/I)

= M ⊗A C6h
0 = M ⊗A A ∼= M.

This yields the necessary isomorphisms for q 6 h.
We now turn our attention to the injection Exth+1

A/I (M,N)→ Exth+1
A (M,N).
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Consider our chain complex F? ⊗A (A/I). We can take the direct sum of
Fh+2 ⊗A (A/I) with a free right A/I-module X such that

(Fh+2 ⊗A (A/I))⊕X −→ Fh+1 ⊗A (A/I) −→ Fh ⊗A (A/I)

is exact (by killing off the kernel of the second map). Call this new complex
(F? ⊗A (A/I))⊕X(h+2).

By construction, the homology of this new complex is isomorphic to M in
degree zero and is 0 in degrees 0 < q 6 h+ 1.

Furthermore, we have a short exact sequence of chain complexes of right
(A/I)-modules

0 −→ F? ⊗A (A/I) −→ (F? ⊗A (A/I))⊕X(h+2) −→ X(h+2) −→ 0,

where X(h+2) is the complex given by X concentrated in degree h+ 2.

Applying HomA/I(−, N) to this short exact sequence and taking the long
exact sequence in cohomology we recover the isomorphisms in degrees q 6 h.
Furthermore,

• the cohomology of X(h+2) is zero in degree h + 1 and is X in degree
h+ 2;

• the cohomology group in degree h+ 1 of

HomA/I((F? ⊗A (A/I))⊕X(h+2), N)

is Exth+1
A/I (M,N);

• the cohomology group in degree h + 1 of HomA/I(F? ⊗A (A/I), N) is

Exth+1
A (M,N) by the isomorphism of chain complexes given by the ex-

tension and restriction of scalars.

Thus the long exact sequence in cohomology yields an exact sequence

0 −→ Exth+1
A/I (M,N) −→ Exth+1

A (M,N) −→ X,

from which it follows that Exth+1
A/I (M,N)→ Exth+1

A (M,N) is an injection.

Proof of Theorem B. Theorem B follows from Proposition 3.4 and Propo-
sition 3.3 by taking M = N = 1.
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4. Cohomology of partition algebras
and Jones annular algebras

In this section we show that for any δ ∈ k, the cohomology of the partition
algebras is stably isomorphic to the group cohomology of the symmetric groups
using Theorem B. As a corollary, we deduce that the partition algebras exhibit
cohomological stability. Furthermore we show that if δ is invertible, then
the cohomology of the partition algebras is globally isomorphic to the group
cohomology of the symmetric groups. We also use Theorem B to deduce the
cohomological version of Boyde’s result on the Jones annular algebras.

4.1. Partition algebras

We begin by showing that the cohomology of the partition algebras is
stably isomorphic to the cohomology of the symmetric groups.

Let In−1 be the two-sided ideal of Pn(δ) spanned k-linearly by the non-
permutation diagrams. One can see that this is a two-sided ideal by checking
that the composite of two diagrams with i propagating components and j
propagating components respectively is a scalar multiple of a diagram with at
most min(i, j) propagating components.

Definition 4.1. For i ∈ n, let Ki denote the left ideal in Pn(δ) spanned
k-linearly by the diagrams where the vertex i is an isolated vertex. For distinct
i and j in n with i < j, we let Li,j denote the left ideal in Pn(δ) spanned k-
linearly by the diagrams where i and j are in the same connected component.

Theorem 4.2. There is a natural isomorphism of k-modules

ExtqPn(δ)(1,1) ∼= Hq(Σn,1)

for q 6 n− 1.

Proof. There is an isomorphism of k-algebras Pn(δ)/In−1
∼= k[Σn].

Boyde ([5, Section 3]) shows that the left ideals Ki and Li,j form a k-free
idempotent left cover of In−1 of height n− 1. The theorem now follows from
Theorem B.

As a corollary, we can deduce the cohomological analogue of [4,
Corollary C].
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Corollary 4.3. The inclusion map Pn−1(δ) → Pn(δ) induces a map on
cohomology

ExtqPn(δ)(1,1) −→ ExtqPn−1(δ)(1,1)

which is an isomorphism in degrees n > 2q+ 1, and this stable range is sharp.
Furthermore,

lim
n→∞

Ext?Pn(δ)(1,1) ∼= lim
n→∞

H? (Σn,1) .

Proof. This follows from Theorem 4.2 and Nakaoka’s result on the coho-
mological stability of the symmetric groups [16].

We now turn our attention to the case where δ is invertible.

Lemma 4.4. When δ is invertible in k, Boyde’s k-free idempotent cover
of In−1 ⊂ Pn(δ) has height equal to its width.

Proof. As noted, Boyde shows that the left ideals Ki and Li,j form a k-
free idempotent left cover of In−1 of height n − 1. In fact, the only non-zero
intersection of these ideals which is not, in general, principal and generated
by an idempotent is the intersection

J =

n⋂
i=1

Ki.

This ideal is spanned k-linearly by all partition n-diagrams such that every
vertex in the right-hand column is isolated.

Let e be the partition n-diagram such that all 2n vertices are isolated.
Since δ is invertible we may consider δ−ne ∈ Pn(δ). It is immediate that
this is idempotent since e2 = δne. Furthermore, right multiplication by δ−ne
yields a map Pn(δ) → J since, on basis diagrams, right multiplication by e
yields diagrams whose right-hand column consists of isolated vertices. This
map is the identity when restricted to J . Let d ∈ J be a basis diagram, so
the right-hand column consists only of isolated vertices. Then

d · (δ−ne) = δ−n(d · e) = δ−n(δnd) = d.

In other words, when δ is invertible, J is principal and generated by idempo-
tent.

Corollary 4.5. Suppose δ ∈ k is invertible. There exist isomorphisms
of graded k-modules

Tor
Pn(δ)
? (1,1) ∼= H? (Σn,1) and Ext?Pn(δ) (1,1) ∼= H? (Σn,1) .
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Proof. Lemma 4.4 tells us that when δ is invertible, the ideals Ki and Li,j
form a k-free idempotent cover of In−1 with height equal to the width. The
isomorphisms of graded k-modules now follow from Theorem B.

Remark 4.6. We note that the homological statement recovers [4,
Theorem A].

4.2. Jones annular algebras

Boyde uses his theorem to prove results about the homology of Jones
annular algebras, Jn(δ). The Jones annular algebras can be defined as the k-
linear span of partition n-diagrams such that each connected component has
size two and the diagram can be represented as a planar graph on an annulus
(see [11, 8, 5] for precise definitions).

The Jones annular algebras are augmented by sending the diagrams that
represent cyclic permutations to 1 ∈ k and all other diagrams to 0 ∈ k. In
particular, recalling the two-sided ideal In−1 ⊂ Pn(δ), we have an isomorphism
of k-algebras Jn(δ)/(Jn(δ) ∩ In−1) ∼= k[Cn], where Cn is the cyclic group
of order n.

Theorem 4.7. Let δ ∈ k. Let Cn denote the cyclic group of order n.
There is a natural isomorphism

ExtqJn(δ) (1,1) ∼= Hq(Cn,1)

for q 6 n
2 − 1.

Furthermore, if n is odd or if δ is invertible, the isomorphism holds
for all q.

Proof. For 1 6 i 6 n − 1, let Ji denote the left ideal of Jn(δ) spanned
k-linearly by basis diagrams such that the vertices i and i+ 1 are connected.
Let Jn denote the left ideal of Jn(δ) spanned k-linearly by basis diagrams
such that the vertices n and 1 are connected. Boyde ([5, Section 4]) shows
that the ideals Ji for 1 6 i 6 n form a k-free idempotent left cover of the
two-sided ideal Jn(δ)∩In−1 ⊂ Jn(δ) with height n

2 −1. Boyde also shows that
when δ is invertible or when n is odd, the cover has height equal to the width.
Combining Boyde’s work with Theorem B yields the result.
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5. (Co)homology of Tanabe algebras, totally propagating
partition algebras and the uniform block algebras

Recall that In−1 ⊂ Pn(δ) is the two-sided ideal spanned k-linearly by the
non-permutation diagrams.

Furthermore, recall that Li,j ⊂ Pn(δ) is the left ideal spanned k-linearly by
partition n-diagrams such that i and j are in the same connected component.

Definition 5.1. Let νa,b ∈ Pn(δ) be the partition n-diagram whose con-
nected components are {a, b, a, b} and {i, i} for i ∈ n \ {a, b}.

Lemma 5.2. Let A be a subalgebra of Pn(δ) such that

• A is spanned k-linearly by a basis of diagrams;

• A contains no diagrams with isolated vertices;

• A contains all the elements of the form νa,b.

Then the left ideals A ∩ Li,j form a k-free idempotent cover of the two-sided
ideal A ∩ In−1 whose height is equal to its width.

Proof. We begin by showing that the left ideals A∩Li,j cover the two-sided
ideal A ∩ In−1.

If a basis diagram lies in A ∩ Li,j , it contains a connected component
with at least two vertices in the right-hand column and so can have at most
n− 1 propagating components. Therefore, the basis diagram lies in A∩ In−1.
Conversely, a basis diagram in A ∩ In−1 contains at most n − 1 propagat-
ing components. Since we cannot have isolated vertices, this means that at
least two vertices in the right-hand column must be in the same connected
component. Hence the diagram must lie in some A ∩ Li,j .

We now show that any intersection of ideals A ∩ Li,j must be zero or
principal and generated by an idempotent. We break this up into parts.

1. Let n2
< be the set of indices (i, j) with 1 6 i < j 6 n. Let T ⊂ n2

<. Let

J =
⋂

(i,j)∈T

A ∩ Li,j .

We claim that J · νa,b ⊂ (A ∩ La,b) ∩ J . We begin by noting that all
diagrams of the form νa,b are in A by assumption.
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2. Let ρ be a basis diagram in J . We must show that ρνa,b ∈ (A∩La,b)∩J .
Since ρ ∈ J , for each (i, j) ∈ T , the vertices i and j are connected in ρ.
The vertices i and i are connected in νa,b, as are j and j. Therefore, we
see that i and j are connected in the composite ρνa,b so ρνa,b ∈ J . Since
A∩La,b is a left ideal and νa,b ∈ A∩La,b by assumption, the composite
ρνa,b ∈ A ∩ La,b.

3. We observe that right multiplication by νa,b gives a retraction of the
inclusion map (A ∩ La,b) ∩ J → J . Right multiplication by νa,b acts
on an n-diagram, d, by merging the component of d containing a with
the component containing b, whilst preserving all other connected com-
ponents of d. For any ρ ∈ (A ∩ La,b), a and b already lie in the same
connected component and so ρνa,b = ρ.

4. By repeatedly applying the argument of the previous two points, we see
that the composite

J ↪→ A
Π−−→ J,

where Π is right multiplication by the product of all νi,j for (i, j) ∈ T , is
the identity map. Since J is a left A-module retract of A itself, it then
follows that J is principal and generated by an idempotent

Therefore, the family of left ideals A ∩ Li,j forms an idempotent left cover of
A ∩ In−1 whose height is equal to its width.

We now prove Theorem A.

Proof of Theorem A. We observe that we have isomorphisms of k-algebras

• Tn(δ, r)/(Tn(δ, r) ∩ In−1) ∼= k[Σn];

• Un/(Un ∩ In−1) ∼= k[Σn];

• TPPn/(TPPn ∩ In−1) ∼= k[Σn].

By definition, the basis diagrams in Tn(δ, r), TPPn and Un cannot contain any
isolated vertices. We also note that all three algebras contain all the elements
of the form νa,b, since all connected components of each νa,b are propagating,
with an equal number of vertices in each column. Theorem A now follows
from Lemma 5.2 and Theorem B.
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