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1. INTRODUCTION

The cluster value problem deals with the limit behavior at each adherence
point of the domain of a bounded holomorphic function on the ball of a Banach
space, where such limit is taken with respect to the weak-star topology as we
embed such ball in the ball of its second dual. The cluster value problem
has been studied in connection to the famous Corona problem, where the
latter studies conditions that guarantee the density of a chosen domain in the
spectrum of a Banach algebra of functions on such domain.

In this work we focus on the Banach algebras of analytic functions on
the open unit ball By of a Banach space X denoted by H*(Bx), A (Bx)
and A, (Bx), that we describe below. We also consider H,(X ), which is a well
known Fréchet algebra that we also describe below. Here H*°(By ) denotes the
Banach algebra of bounded analytic functions on Bx, A (Bx) denotes the
Banach algebra of bounded analytic functions on Bx that extend continuously
to the boundary of Bx, A,(Bx) is the Banach algebra of uniformly continuous
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analytic functions on Bx and Hp(X) consists of the entire functions on X that
are bounded on bounded sets of X.

We will also use the notion of an ¢;-sum of spaces: Given a family of
Banach spaces (X, )acr, its £1-sum (D> X, )1 is given by

<2Xa>1 - {(xa)ael < Hael Xa Zael lzall < OO}’

and it is known to be a Banach space since each X, is so.

The polynomial cluster value problem only differs of the original cluster
value problem in that we replace the weak-star topology with the polynomial
star topology. The polynomial cluster value problem for the Banach alge-
bra H*(Bx) was first introduced in [10] under the name ”the cluster value
problem for H*°(B) over A,(B)” and such problem was studied for spaces
of continuous functions, as in such case it was easier to work with this prob-
lem than the original one. Later on, the polynomial cluster value problem
was studied in [14] and its relevance was argued in depth; moreover, solutions
were provided in some cases, including at boundary points of the ball of /5.

In this article, we show a reduction of the polynomial cluster value problem
of H*(Bx) for Banach spaces X to the polynomial cluster value problem on
the ball of those spaces which are ¢;-sums of finite dimensional spaces, as it
was done in [9] but for the original cluster value problem. Hence, it remains
essential to solve the polynomial cluster value problem in spaces such as /¢
and the finite dimensional ¢} with n € N, whose balls have been shown to be
strongly pseudoconvex [I3], leading us to conjecture that a polynomial cluster
value theorem holds true for those spaces since the polynomial cluster value
problem for strongly pseudoconvex domains in C™ and sufficiently smooth
boundary has a positive answer [11].

Let us recall that the polynomial cluster value problem is posed as fol-
lows. Given an algebra H of bounded analytic functions on the ball Bx of a
Banach space X such that H contains A, which is the algebra of uniformly
continuous analytic functions, and given a point x** € B3, where B¥ is the
closed unit ball of the second dual X**, we define, for f € H, the polynomial
cluster set Cl5(f,z**) to be all the limit values of f(x4) over all nets (z,) in
Bx converging to £** in the polynomial-star topology, which is the topology
generated by the Aron-Berner extensions of all polynomials on X to X**. In
a finite dimensional space X the (polynomial) cluster set simply recovers the
boundary behavior of a bounded analytic function defined on its ball, since
at each interior point it is a singleton. We now define the polynomial fiber
MZ..(H(Bx)) as the non-zero multiplicative linear functionals on H that,
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when restricted to A,, coincide with the evaluation at x**. The polynomial
cluster value problem asks if C15(f, 2**) D MZ..(H(Bx))(f). The other in-
clusion always holds as shown in [I4]. Moreover, the polynomial cluster value
problem has been argued to be just as valid as the original cluster value prob-
lem [I4], where it would not be surprising if the original cluster value problem
always had a positive answer.

We reduce the polynomial cluster value problem for Banach spaces to £;-
sums of finite dimensional spaces for the algebra H* of all bounded analytic
functions. We start with the separable case, proving a couple of lemmas for
that end, see Lemma [2.1] and Lemma herein. Lemma [2.1] is proven and
posed slightly differently in [9, Lemma 2.1] while Lemma is an adaptation
of [9, Lemma 2.2] using instead that the Aron-Berner extension of a bounded
holomorphic function on the ball of a Banach space which is an [;-sum of
finite dimensional spaces is again bounded and holomorphic on the ball of
its second dual. We also work the nonseparable case. Moreover, we see that
the method for H = H* does not apply to H = A, since the Aron-Berner
extension of a function holomorphic on the ball of a Banach space that is also
continuous on the closed ball results again holomorphic but is not necessarily
continuous on the closed ball of the second dual. Indeed, by James’ theorem
there is a functional on a nonseparable Banach space X that does not reach
its norm on the closed ball and we compose it with an appropriate Blaschke
product to obtain an holomorphic function on A (Bx) such that its Aron-
Berner extension is not in As(Bx+). Finally, we pose the polynomial cluster
value problem for Hy(X) and we find it has a trivial positive answer.

The reader may consult the following references on infinite dimensional
holomorphy to have a better understanding of the topic. The definition of
a polynomial on a Banach space can be found in [I2]. The reader can take
a look at [7] to learn about the polynomial-star topology. The Aron-Berner
extension was defined in [I] and several properties were established in [§].
Basic results related to the polynomial cluster value problem appear in [14].

2. REDUCTION OF THE POLYNOMIAL CLUSTER VALUE PROBLEM FOR H®°°
TO ¢1-SUMS OF FINITE DIMENSIONAL SPACES: SEPARABLE CASE

In order to show the desired reduction of the polynomial cluster value
problem, we will need the next two lemmas. The first is a reformulation of
what is shown in [9 Lemma 2.1] while the second lemma is an adaptation of
[9, Lemma 2.2] to suit our needs in this work. Here, for Z a Banach space
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and f € H*®(By), f denotes its Aron-Berner extension and if S : Z7 — Z5 is
a bounded operator, S* denotes its adjoint.

LEMMA 2.1. Let Y be a separable Banach space and Y1 C Yo C Y3 C ---
an increasing sequence of finite dimensional subspaces whose union is dense
inY. Set X = (> Y,)1. Then the isometric quotient map @ : X — Y defined

by

Q(zn)n = Z Zn
n=1

induces the isometric algebra homomorphism Q% : H*(By) — H*(Bx)
given by
Q(f)=roQ,  forall f€H*(By),

and it satisfies that Q7 (A, (By)) C Au(Bx).

DEFINITION 2.2. For Y and X as in Lemma[2.1] let us define S : X* — Y*
densely as in [9]: for y € |J, Y% let S, (y) = (zi); € X be given by

{y ift=nandyeY,,
Z; =

0 otherwise,

and if U is a free ultrafilter over N we consider for x* € X™,

S(@%)(y) = lim 2™ (Sn(y)).
nel
In this way we obtain that Sz* is a bounded linear functional that extends to
Y, and in turn S is a bounded operator with norm bounded by 1.

LEMMA 2.3. Under the assumptions of Lemma(2.1] and for S the bounded
operator constructed above, the function T : H*(Bx) — H*(By) given by

T(f)=foS"y

is a norm one algebra homomorphism such that T(X*) C Y*, T(AU(BX))
C Au(By) and T o Q# = IHoo(By).

Proof. Clearly T is a well defined homomorphism with norm bounded
by 1 since the Aron-Berner extension is a norm one homomorphism and

1S* |y [F < [15™] = [IS]] < 1.
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Since for every z* € X*, T(z*) = x* 0 S*|y = j(z*) 0 $*|y is a bounded
linear functional from Y to C we have that T'(X™*) C Y™*.

Also, it is well known that the Aron-Berner extension of a uniformly contin-
uous analytic function is still uniformly continuous and since S*|y is obviously
uniformly continuous, we obtain T'(A,(Bx)) C Au(By).

Now, given f € H>*(By),

ToQ#(f)=foQoSy.

CLAM 1. For all f € H®(By), foQ = f o Q*".

This follows from the fact that whenever A € L(™Y) and some nets

(Zéi)aiefi C X satisfy that z}h et e X (i=1,...,m),
AoQ(2*, ..., 25 )= lim -~ lim A(Qz},,...,Qz1),
ar€lh am€lm
where Qz, L Q™ (2*) s0 Ao Q27 ..., 25) = A(Q™ 2, ..., Q™ 25), and

—~

Claim [1] follows from using the Taylor series expansion of f o Q.
Therefore, T o Q7 (f) = f o Q™ 0 S*|y, for f € H®(By).

CLAIM 2. Q" 08" = [y+=.
This holds since for y** € Y** and y* € Y'*,

Q™ (S )W) = [Q7 (Y™ 0 S)(y")
— y** OSOQ*(y*) — y** oS(y* OQ)7

where for y € J, Yi,
Sy oQ)(y) = lim y* o Q(Shy) =y (y),

so indeed S(y* o Q) = y* and hence Q**(S*y**) = y**, as we wanted.
As a consequence it becomes clear that To Q% =T Ho<(By) and thus

1T = ITIQ"| = IT o Q7| =1

so T is a norm one algebra homomorphism. N



164 I.H. MUNIVE LIMA, S. ORTEGA CASTILLO

THEOREM 2.4. Let Y be a separable Banach space and Y1 CYoCY3 C ...
an increasing sequence of finite dimensional subspaces whose union is dense
inY. Set X = (3 Yy)1. If H®(Bx) satisfies the polynomial cluster value
theorem at every x** € Bxs then H*(By) satisfies the polynomial cluster
value theorem at every y** € By=x.

Proof. We know that (MZE.(H>®(Bx)))(f) C Clgx(f, x**) for all
f € H*®(Bx) and z** € Bx=«+. Let us show that

(M2 (H*(By)))(9) € Clp, (9,5™)

for all g € H*(Bx) and y** € By.

Let y** € By«s, T € M;ﬁ*(HOO(By)) and ¢ € H*(By). Let T be the
algebra homomorphism from H*°(Bx) to H*>°(By) defined in Lemma
From now on, 2 = §*(y*) € Bxer, f = Q#(g) € H¥(By) and g = 70T,
which is clearly a non-zero multiplicative linear functional on H*(Byx).

CraIM 3. For all h € Ay(Bx), Th =ho S*.

This follows from the density of By in By+« in the polynomial-star topol-
ogy. Indeed, if (yo) C By converges to y** in the polynomial-star topology,
then as we did in Claim [I] we can assume that h is an m-homogeneous poly-
nomial so h o S* is also an m-homogeneous polynomial, hence,

Th(y™) =UmTh(ya)
= limh o S*(ya) = ho S*(y*).
Then we see that ¢ € M. (H®(Bx)) since for all h € A,(Bx),

¢(h) = 7(Th) = Th(y™)
= ho S*(y™*) = h(z™)

Moreover, due to Lemma we have that T o Q% = Iy (By), SO
7(9) = 7(T o Q% g) = p(Q%g) = ¢(f). (2.1)

CLAM 4. CIEX (goQ,z™) C CIEY (g, Q" x*).
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This follows from having that whenever (z,,) converges in the polynomial-
star topology to x**, Q(z,) converges in the polynomial-star topology to
Q**x** since, as seen in Claim ]3_;6 = P o Q™ whenever P is an m-
homogeneous polynomial on Y.

CLAIM 5. Q" z** = y**.

This equality follows from having Q** o S* = Iy« as shown in Claim
indeed

Q**(.%'**) _ Q** o S*(y**) _ Z/**~

It becomes now clear that

7(9) = ¢(f) € Clp, (f,z™) (2.2)
- CIEX (go@Q,z™) C Clgy (9, Q" ™) = Clgy (9,9™").

3. REDUCTION OF THE POLYNOMIAL CLUSTER VALUE PROBLEM FOR H°°
TO ¢1-SUMS OF FINITE DIMENSIONAL SPACES: NONSEPARABLE CASE

As mentioned in [9], the reduction of the polynomial cluster value problem
for H* on the ball of a nonseparable Banach space to the same problem but
for spaces that are £1-sums of finite dimensional spaces is a straightforward
generalization of the separable case. Yet, for the sake of completeness and for
the convenience of the reader, we present here the construction and properties
of S corresponding to Definition for the nonseparable case. After that, all
that is left to show is Claim [§]in which we show a property of S corresponding
to Claim [2] for the nonseparable case. All the other constructions and proofs
necessary to obtain the desired reduction in the nonseparable case are proved
in the exact same fashion as in the separable case.

THEOREM 3.1. LetY be a Banach space with Hamel basis B, let I = {A C
B :|A| < oo} and, for each A € I, let Y4 =span A. Set X = (3 4oy Ya)1. If

H>(Bx) satisfies the polynomial cluster value theorem at every x** € By«
then H*(By) satisfies the polynomial cluster value theorem at every y** €

BY** .
Proof. Notice that Y = (J.; Ya. For each A € I, we define

CAZ{AIGI:AQA/}.
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It is not difficult to show that the set
of = {C C I : there exists A € Isuch that C D C’A}

is a filter. We let & be an ultrafilter over I that contains 7.
Now, let S : X* — Y™ be defined as follows. For y € Y and x* € X*, we
set

Sar(y) = (z4) aer € X,
where
Y if ye Yy and A=A,
ZA =
0 otherwise.

We define .
fory: I — DO, [z*|]ly]) € C
A — z*(Sa(y)),

since |2*(Sa(y))| < [|lz*|||ly||. We then have that
S(a)(y) =i foe (31)
0

exists and it is unique by the ultrafilter convergence theorem. Now, let us
consider a well-order on I, and we denote by minC, for C C I, the mini-
mum with respect to this well-order. Let @ be partially ordered by reverse
inclusion. We define a net by

Yoy — C
C — .T*(Sminc(y)).
* Ceay *
CrLAM 6. We have that 2% Y(C) —— S(z*)(y).
Let Uy« C C be a neighborhood of S(z*)(y). Then, by (3.1)
Cp := x_*l’y(Ur*,y) € g, e, x"(Sa(y)) € Upey for every A € Cp.
Therefore, if C' C Cp, then minC' € C C Cp, and hence we get
m*(SminC'(y)) S Uz*,y-
CrAamM 7. We have that

lim 2" #152(C) = pu lim 2" (C) + lim 27%2(C),
CEJZ(O CELQfO CEJZ(O

for every u € C,y1,y2 € Y and z* € X*.
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Indeed, if we set
Ay, =(WAE€T:y€Ya}, i=12,

we get that if A € CAyluAy2 = CAm N C’Ay2 € 4, then we also have A €
Ca Therefore,

py1+yo ©
Sa(pyr +y2) = pSa(yr) + Sa(y2). (3.2)

Let € > 0. By Claim [6] there exists C. € & such that if C' C C-,

g
3lul+17

2" (Sminc (1)) — S(@*) (y2)] < =,

2% (Sminc(y1)) = S(@7)(y1)] <

‘x*(sminC(/J’yl + yQ)) - S(‘T*)(Nyl + y2)| <

Wl M W

Then, if C € 4 satisfies that C C C. N Ca,,ua

we get that minC' €
C C Ca,,ua,, so by (3.2)

Yo !

x*(SminC’(:uyl + y?)) = M$*(Smin0(y1)) + x*(sminC(y2))‘
and since also C' C C,, we have that
|S(") (1 + y2) =[S (") (y1) + S(2*) (y2)]]
< |S(@") (py1 + y2) — 2" (Sminc(L1y1 + y2))|

+ [pa” (Smin e (y1)) — S (2") (1)
+ 2" (Smin o (y2)) — S(2") (y2)]

<t )+s<e
3 HMA\G+1) T3S E
Given that € > 0 was arbitrary, we get that S(z*)(uy1 + y2) = uS(z*)(y1) +

S(27) (y2)-
Therefore, S(x*) is linear, and since

IS@E) W < ll2"[[llyll,  for every y €Y, (3-3)

we obtain S(z*) € X*.
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Moreover, we also have that S is linear. Indeed, let A € C, 27,25 € X*
and y € Y, then

SOt + 23)(y) = Cliergio(/\xf + 23)(Sminc(¥))
= Jim, Az} (Sminc (1) + 5 (Sminc(y))
= AS(x7)(y) + S(23)(y)-

By (3.3)), we also get that ||.S(z*)| < ||=*||, i.e., S is an operator with norm
bounded by 1.

CLAIM 8. Q™ 0.5 = [y+=.

Indeed, if y* € Y* and y € Y,
* =1i *0 = li * min .
S(y* o Q)(y) i fyroqy = Jim y 0 Q(Sminc(y))

Now, if C C Cy, then min C € Cy,, i.e., ¥ € Yiinc, then Sninc(y) = (24) Acr
where

{y if A=minC,
ZA =

0 otherwise,

$0 Q(Sminc(y)) = y, obtaining that y* o Q(Sminc(y)) = y*(y). Therefore,
S(y* o Q)(y) = y*(y) for every y € Y, in other words

Sy oQ) =y". (3.4)
In consequence, for y** € Y** and y* € Y™,
QTS )(y") = [Q7 (¥ o 9)](y")
— y** o SO Q*(y*)
=y oSy oQ)=y"(y") (by (3.4)).

Hence, Q**(S*y**) = y** for every y™* € Y** in other words, Q** o S* =
Iy-<. 1



POLYNOMIAL CVP FOR BANACH SPACES 169

4. THE POLYNOMIAL CLUSTER VALUE PROBLEM FOR Ao (Bx) AND Hy(X)

An attempt to reduce the polynomial cluster value problem for A, (Bx)
as we did in the previous section turns out unfruitful because the Aron-Berner
extension of a function in A (Bx), for X a non-reflexive space such as an
f1-sum of finite dimensional spaces, is not necessarily again a function that
extends continuously to the boundary of Bx. Let us prove this assertion via
a construction based on [2, Theorem 12.2] and [4], §2].

PROPOSITION 4.1. If X is not reflexive then there exists f € Ax(Bx)
such that its Aron-Berner extension f is not an element of Ao (Bx#).

Proof. Let X be a non-reflexive Banach space. Due to James’ theorem,
there exists L € X* such that ||L|| = 1 but |L(z)| < 1 for all z € By.
Meanwhile, L** € X*** is w*-continuous and since B x++ is w*-compact by
the Banach-Alaoglu theorem we get that L**(Bx-+) is compact, in particular
closed, so there exists xj* € Bx« such that L**(x}§*) = | L**|| = ||L|| = 1.
Note that for B a Blaschke product of the type

BE¢) =] W(f" Ei) with » (1—1[¢a]) <ocoand 1> [y >0 (4.1)
n=1 >" T 5n

n=1
it holds that [B(¢)| < 1 when |¢| < 1 and we define B(e%) = lim, ~; B(re')
when it exists (this is well-defined for almost every 6 due to a theorem of F.
Riesz [15]).

Let us take £ = {L**(z§*) = 1}. Using [6, Theorem 1] and proceeding as in
the proof of [6, Theorem 2] in the sense that we use [5, p. 10], we have that the

sequence ((,)n given by <(1 - 1/22”)ei/2"> satisfies that ¢, — L**(z{*) and

B(L**(x§*)) is well-defined and has modulus one for B the Blaschke product
induced by (¢,) as in (4.1)).

Let f = BoL € H*(Bx). Let us see that f € Ay (Bx) but its Aron-
Berner extension f is not in Ae(Bx«).

Indeed, f € Ax(Bx) since whenever € By we have that |L(z)] < 1 — 6,
for some 6, > 0, so that |L(y)| < 1 when y € X and ||y — z|| < d,. Therefore
f extends to be holomorphic and bounded in a neighborhood of Bx so in
particular f € A (Bx).

Let us now prove that f = Bo L**:

Let B({) = > p2 o @nC™ be the Taylor series expansion of B around zero,
that converges uniformly on each rD for 0 < r < 1. Then, since ||L|| = 1, for
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each r € (0,1) and for all € > 0 there exists N € N such that, when z € rBy,

< € when m > N,

Mum—z%@mw
n=0

ie.,

< €.

pm—i%mw
n=0

Then, since the Aron-Berner extension is an isometric algebra homomor-
phism, we have that, when z** € rBxx«,

<€ < 2e,

']E(SL'**) o Zan(L**(x**))n
n=0

i.e.,
5 (e.@)
F= 3 anlt ) = Bor,
n=0

Now, take nonnegative reals r,, 1 and let A, = r, = r, L™ (a§*) for
each n € N. Then |\, — (,| — 0 while |B(\,) — B(¢x)| = |B(Ay)| — 1. And
Yn = A\p2g" and z, = (" are elements of Bx«« that converge to xj* yet

[ F(yn) = f(z0)| = 1B)| = 1,

S0 .]Fgé Aco(Bxs<). 1

Let us conclude this section introducing the polynomial cluster value prob-
lem for Hy(X) and proving that we clearly have a polynomial cluster value
theorem for Hy(X) for every Banach space X.

Comparing with the definition of the cluster value problem at the end of
[3] for the algebra of analytic functions that are bounded on bounded sets, let
us define for 7 > 0, f € Hp(X) and 2z € rBy+~, the polynomial r-cluster set
of f at z as

that T 2 z, f(za) = A

CiP(f,2) = { AeC - there exists (z4) C rBx such }

where P denotes the polynomial-star topology on X**, which may be also

denoted by o(X**, P(X)).
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Also, given z € X** and r > 0, let us define the polynomial r-fiber of
M(Hy(X)) over z as

ML ={pe M(Hy(X)):7(p) =2,¢ <rBx}

where 7 : M(Hy(X)) — P(X)* is given by 7(p) = ¢|p(x) while ¢ < rBx
means that |o(f)| < || fllrBy for every f € Hy(X).

We will say that there is a polynomial cluster value theorem for Hy(X)
if CIP(f,2) = fA(Mfr) for every r > 0, f € Hp(X) and z € rBx+, where
f: M(Hy(X)) — C denotes the Gelfand transform of f given by f(¢) = ¢(f).

Note that, whenever f € Hy(X) and r > 0, we have that f € H>®((r +
€)Bx) for any € > 0, so f € A,(rBx) due to Schwarz’ lemma [I2], Theorem
7.19] and the convexity of (r 4+ €)Bx. Now, if 2 € rBxs«, (zo) C 7Bx and
To T z, then f(24) —a f(2) since f is the uniform limit of polynomials on
rByx. Consequently, CIP(f,z) = {f(2)}.

Meanwhile, if f € Hp(X), due to [I2] Theorem 7.13] we have that the
radius of convergence of the Taylor series of f at 0 is oo, so for every x € X,

fle) =Y P"f(0)(x), (4.2)
m=0

with uniform convergence in rBx for every r > 0, where P™f(0) is an m-
homogeneous polynomial on X. Then, if also r > 0 and z € rBx«« are fixed,

we have that f(/\/lfT) = {f(2)} since the partial sums in ([#.2) belong to P(X)
P

2z,

and converge to f uniformly on rBx so for ¢ € M

So, indeed CIP(f,z) = f(MET) for every » > 0, f € Hp(X) and z €
rBx++. Actually we proved that such sets are trivial, equal to { f (2)}. Let us
state what we proved:

ProrosiTION 4.2. If X is a Banach space, there is a polynomial clus-
ter value theorem for Hy(X). Moreover, for every f € Hy(X), r > 0 and
A TEXM,
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