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Abstract: We investigate quasi-Einstein structures on four-dimensional non-reductive homogeneous
spaces. We show that contrary to the Ricci solitons structures, quasi-Einstein structures display a
strong rigidity in the sense that every such a structure is necessarily Einstein.
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1. INTRODUCTION AND MAIN RESULT

A pseudo-Riemannian homogeneous manifold (M, g) is said to be reductive
if it can be realized as a coset space M = G/H, such that the Lie algebra g can
be decomposed into a direct sum g = m @ b, where m is an Ad(H )-invariant
subspace of g, and it is said to be non-reductive if it does not admit such
a decomposition. It is well known that Riemannian homogeneous spaces are
reductive and two- and three-dimensional pseudo-Riemannian homogeneous
spaces are reductive. While for the four-dimensional pseudo-Riemannian case,
there exist non-reductive homogeneous spaces which were classified in [§]. The
geometry of these spaces has been investigated in many papers showing very
interesting results (cf. [1], [3], [2], [4]).

On the other hand, a Lorentzian manifold (M, g) is said to be a quasi-
Einstein manifold if there exists a constant A € R and a vector field X € X(M)
such that

1 1
Ric(g) + =Lxg— —X"® X° = )Ag,
2 m
where m is a non-zero real constant, Ric is the Ricci tensor of g, Lx denotes

the Lie derivative with respect to X and X’ the one-form dual to X with
respect to g.
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Quasi-Einstein manifolds reduce to
e Einstein manifolds, when X = 0,
e Ricci solitons for m = oo,

e gradient quasi-Einstein manifolds when X = Vf is a gradient vector
field, for some smooth function f € C°°(M), in that case the quasi-
Einstein equation becomes Ric;” = Ag, where Ric}" := Ric+ Hess(f) —

%df ® df is the meakrnymery Ricci tensor.

This last case is of particular interest, since the Hawking—Penrose singularity
theorem and the timelike splitting theorem, which hold under some energy
conditions, can be generalized to some positivity assumptions on the Bakry—
mery Ricci tensor (cf. [6, 9]).

Quasi-Einstein equations also characterize Levi-Civita connections which
are projectively equivalent to affine connections with skew-symmetric Ricci
tensor, for m =1 —n and A = 0, where n = dim M.

In [4], the authors provided a complete classification of Ricci solitons and
Yamabe solitons on four-dimensional non-reductive homogeneous spaces. In
[1], a classification was obtained for homogeneous generalized Ricci solitons,
namely those generalized Ricci solitons for which the vector field X is invari-
ant.

In the present work, we extend this line of investigation by classifying
quasi-Einstein structures on four-dimensional non-reductive homogeneous
pseudo-Riemannian spaces. Our main result can be stated as follows:

MAIN THEOREM 1.1. Let (M,g) be a 4-dimensional non-reductive
pseudo-Riemannian homogeneous space. Then (M,g) is a quasi-Einstein
manifold if, and only if, (M,g) is an Einstein manifold.

2. 4-DIMENSIONAL NON-REDUCTIVE HOMOGENEOUS SPACES

We recall that four-dimensional non-reductive pseudo-Riemannian spaces
are described by the Table 1| on page [3| (cf. [4]).

In local coordinates, 4-dimensional non-reductive homogeneous pseudo-
Riemannian spaces are described as follows:



QUASI-EINSTEIN NON-REDUCTIVE

HOMOGENEOUS 4-SPACES

Non-reductive pair (g, ) Commutation relations h-invariant metrics
€1 ] €3 €4 €5
ey 0 2en —2eg 0 0 a 0 7% 0
Al - eo . 0 el 0 0 0 b c a
e3 0 0 0 -3 c d 0
g =sl(2,R) & s(2) eq 0 eq 0 a 0 0
b =R ©s 0 Lorentzian if a(a — 4d) < 0
h = Span(es + e4), neutral if a(a — 4d) > 0
g = Span(e1, ez, e5,e3 — e4)
el eo e3 eq es
ey 0 0 0 0 (a+1)er 0 0O —a O
A2 - eg . 0 0 el aeg 0 a 0 0
es . . 0 eo (ax —1)es —a 0 b c
g= As530, « €ER ey . . . 0 ey 0 0 c d
b=R ©s 0 Lorentzian if ad > 0
h = Span(ey), neutral if ad < 0
g = Spa“(ela €2, €3, 65)
€1 e2 €3 €4 €5
A3 - el 0 0 0 2e1 0 0 0 0 0
. eg . 0 el e —ee3 0 a 0 0
Ag g7, ife =1 es . . 0 es eo 0o o0 b ¢
g= ’ . ey . . . 0 0 a O c d
A5,36’ ife =—1 es 0
h~R Lorentzian if ab > 0
h = Span(es), neutral if ab < 0
g = Span(ey, e2, €4, €5)
el eo es3 eq es eg
eq 0 2eg —2e3 eyq —es 0
eg . 0 el 0 eq 0 a 0 0 0
A4 e3 . . 0 es 0 0 0 b a O
_ . eq . . . 0 e 0 0 a 0 0
g = sl(2,R) x n(3) cr A o 0o 0 o0 s
b=R €6 0 .
Lorentzian, a # 0
h = Span(e2 + eg, e5),
g = Span(e1, ez, e3 — eq, €4)
€1 ] €3 €4 €5 €6 er
e1 0 2eg —2e3 0 —es eg 0
eo . 0 ey 0 eg 0 0 a 0 0 0
A5 - es3 . . 0 0 0 es 0 0 0 a 0
eq 0 0 0 2eq 0 a 8 0
g=sl(2,R) x A] o, es 0 eq es o & 4 a
h = BianchiV €6 0 €6 8
er 0 Lorentzian, a # 0
h = Span(e; + e7,e3 —eq,€5),
g = Span(e; — ez, e2,€e3 + eq, €6)
e eo €3 ey es
el 0 2eo —2e3 eq —es 0 0 a 0
B1: eo . 0 el 0 eq 0 b ¢ a
' . . 5
g = sl(2,R) x R2, :Z 0 ¢ 8 o a g 8
h =R es 0
neutral, a # 0
h = Span(eg), g = Span(ey,e2,e4,es5)
e eo es3 ey es eg
el 0 2eq —2es3 eq —es 0
eo . 0 ey 0 eq 0 a 0 O 0
B2: e3 . . 0 es 0 0 0 b a 0
g = sl(2,R) x n(3), al : : 0 ° 8 8 ¢ 8 _0%
h =~ R? e 0
neutral, a # 0
h = Span(es — eg, e5),
g = Span(ei1, ez, €3 + eg, €4)
e eo e3 €4 es eg
e1 0 —eq eq 0 0 0 0 0 a 0
B3 : e . 0 —2e3 —eq —eq 2eq 0 0 0 @
es3 . . 0 0 eq e
g = (sI(2,R) x R?) X R, I . . . 0 0 —e1 e 0 b 0
- 0 a O 0
h =~ R2 es 0 0
€6 0 neutral, a # 0
h = Span(es, eg), g = Span(e1, ez, e3, e4)

Table 1: 4-dimensional non-reductive homogeneous pseudo-Riemannian spaces
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THEOREM 2.1. ([3]) Let M be a simply connected non-reductive pseudo-
Riemannian homogeneous four-manifold. If M is not of type A5, then (M, g)
is isometric to (R4(a:1, X9, X3,T4), g) where g is described in term of some real
constants a, b, ¢ and d as follows:

Al: g= (4bx§ + a)da:% + 4bxodridrs — (daxexy — dexs + a)dxidrs
+ daxodridry + bdx% —2(axy — ¢)dxodrs + 2adzodry + d.dﬂ?%,
on the whole of R*, whenever a(a — 4d) # 0.
A2: g = —2ae**idx drs + ae2ax4d$% + be2(a*1)z4dx§
+ 2ce VT dpaday + d.da?,

on the whole of R*, whenever ad # 0.

A3: g = 2ae*™dxidry + ae®™s cos(xq)?dx3 + bdari + 2cdrsdry + d.dxl,
if e =1, on the open subset where cos(z4) # 0, whenever ab # 0,

A3: g = 2ae*dxydxy + ae®®3 cosh(xy)?dx3 + bda? + 2cdrsdry + d.da?,

ife = —1, on the whole R*, whenever ab # 0.
a
2

+ a(l + 2x2x3)x4dm1daz4 + bdx%

Ad: g = (2] +4ba3 + a)da? + dbaodridrs + ave(4 + 27)dv1dr;
+ g(ll + $Z)d$2d$3 + axsradrodry + gdwi,

on the whole R*, whenever a # 0.
Bl: g= (d(azg + 4xox3wy + 4a323) + dewoxs + Scadry + 2axs + 4bx%)dw%

+ 2(d(m’3x4 + 2@3:?1) + 4cxoxy + cry + 2bx2)dm’1da:2

+ Q(d(azg + 2x9m4) + 2cx9 + a)d:z:ldasg + dazodridza

+ (d.x3 + 2cxy + b)dx3 + 2(d.xyg + c)dxodrs + 2adredry + d.dx,
on the whole R*, whenever a # 0.

B2: g=(a-— g:zi + 4bx%)dx% + 4brodriday — axs (23 — 4)dridrs
— a(l + 2x9x3)xsdr1das + bd:z:%

- g(xﬁ — 4)dxodrs — axsredrodry — gdaci,
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on the open dense subset of R? where x4 # +2, whenever a # 0.

B3: g= —2ae "x3dridre + 2ae” 2 x3dr1drs + 2(2()x§ — am)da@%
— 4bxsdxodrs + 2adrodry + bdw%,
on the whole of R*, whenever a # 0. If M is of type A5, then there exists a

real constant a # 0, such that M is locally isometric to (R?\ {(0,0)}) x R?,
and the invariant metric on A5 takes the form

a(2 + 27174 + 23)
83

A5 g= —%dxldxg + galyclda:4 + dx%
4xo 4

axrs axry a 2
— ——dxodry — —dxad —d
Ay TodTs 1y Todly4 + 3 3,

on the open subset where x5 # 0.

Remark 2.2. For Al, A2 and A3 the metric g has either a neutral or a
Lorentzian signature, for A4 and A5 it has a Lorentzian signature, while for
B1, B2 and B3 it is always neutral.

We deduce, from Main Theorem [1.1|and [2], the following characterization
of 4-dimensional quasi-Einstein non-reductive homogeneous spaces (cf. also

M, Bl):

PROPOSITION 2.3. An invariant metric g of a non-reductive homogeneous
four-manifold M = G/H is a quasi-Einstein metric if, and only if, one of the
following conditions hold

(i) M is of type A2 and either a = 2/3 or g satisfies b = 0;
(ii) M is of type A3 and g satisfies d = —eb;

(iii) M is of type A4 and g satisfies b = 0;

(v) M is of type Bl and g satisfies bd = c?;

)
)
)

(iv) M is of type A5;
)

(vi) M is of type B2 and g satisfies b = 0;
)

(vii) M is of type B3.
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3. PROOF OF MAIN THEOREM

Let g be an invariant pseudo-Riemannian metric of a non-reductive homo-
geneous pseudo-Riemannian manifold, X = . X;0; € X(M) be a vector field
over M and let (Lxg);j denote (Lxg):j := (Lxg)(0;, ;). We shall discuss the
eight classes from Table

Al: The Lie derivative of g with respect to X is described by

( (Lxg)11 = 2[(4bx3 + a)01 X1 + 2bzo(01 X2 + 2X9) + 2ax901 Xy
—(2azxoxy — 2cx9 + %)81X3],

(ﬁxg)lg = 2bx901 X1 + b0 Xo— (am4 — C)ang + a1 X4 —}—(4().%% + a)82X1
+2bx902 X0 — (2ax2x4 — 2cxo + %)éng + 2ax90: X4 + 20X,

(ﬁXg)lg = (2&.%'2.%4 — 2cxo + %)(ale - (93X3) — (a:n4 - c)(81X2 + 2X2)
+doh X3 + (4b$% + a)63X1 + 2bx903 X9 + 2&.’E2(83X4 — X4),

(ﬁxg)14 = 2@1‘2(81)(1 + 64X4) + a81X2 + (41)1‘% + a)84X1 + 21)1‘284)(2
—(2awoxy — 2cx2 + §)04. X3 + 2aXo,

(,ng)gz =2 [begagXl + b0 X9 — (CL.CU4 — C)@QXg + a82X4],

(EXg)Qg = —(2&.%2%4 — 2cxo + %)82)(1 — aXy + 2bxo03X1
—(aa:4 — C)(82X2 + (93X3) + b83X2 + d62X3 + a83X4,

(ﬁxg)24 = 202909 X1 + a09X9 + 04X 4 + 2b22004 X1
‘H)84X2 — (a:r4 — 6)84X3,

(,ng)gg = —(4a952x4 —dcxo + a)agXl + 2(@564 — C)@gXQ + 2d03 X3,

(Exg)34 = 2ax903X1 + ad3 Xy — (2@1’21‘4 — 2cxo + %)84)(1
—(aa:4 — 6)64X2 + d84X3,

(,ng)44 = 4dax904.X1 + 2004 X5.
The Ricci tensor of Al is described by (cf. [4])

8b(a + 12d) db(a+12d) 1
AT A 2 o T, Z 4 4
a(a — 4d) x5 a(a — 1d) To a( azoxy — 4cxo + a) X
4b(a + 12d) 2b(a + 12d) 2
. i b i Z(azy — )
Ric = ala —4d) a(a — 4d) gl =¢)
1 2 1
~(4 —4 (az — = 0
a( axroTy cro + a) a(ax4 c) 5
—4xo -2 0 0
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Hence the quasi-Einstein equations for (M, g, X) are given as follows:
2m(dabx? + 48dbx3 — a® + 4ad) — mAa(a — 4d)(4bx3 + a)

+am(a — 4d) [2am281X4 + (4bx2 4 )01 X1 + 2bz2(01 X2 + 2X5)
—(2axoxy — 2cx9 + %)81X3] —a(a — 4d) [(4bx% + a) X7 + 2bzo Xo
—(4awoxy — 2cx0 + §) X3+ 2ax2X4}2 =0,

4bmxo[2(a + 12d) — Aa(a — 4d)] + am(a — 4d)[2bx201 X1 + bO1 X2
—(axg — )01 X3 + a0 X4 + (4bx§ + a)02 X1 + 2x9(b02 X2 4+ ad2Xy)
—(2@1’2:1?4 — 2cxo + %)82)(3 + QbXQ] — a(a - 4d) [2b$2X1 + bXo
—(axg — ) X3+ aX4] [4x2(aX4 + bX5)

—(4amory — 4cxg + a) X3 + 2(4bx3 + a)Xﬂ =0,

m(2 + a\)(daxory — dexo + a) + am[(2ax2x4 —2cx2 + §)(01 X1 — 03X3)
+dd1 X3 — (aa:4 — c)(81X2 + 2X2> + (4[)%% -+ a)83X1 + 2am2(83X4 — X4)
+2bx283X2] + 2a[(4bx% + a) X + 229(bX2 + aXy) — (2axoz4

—2cx9 + %)Xg] [(am — )Xo + (2axowy — 2cx2 + §) X1 — ng] =0
dmao(2 + aX) — m[Zax2(81X1 + 04 Xy) + adh Xo + (4bx3 + a)0, X4
+2bx284X2} + 2a[(4bx% + CL)Xl + beQXg

—(2axox4 — 2cx2 + §) X3 + 2aa:2X4] [2:U2X1 + Xg} =0,

2mb(a + 12d) + ma(a — 4d) [2[)%282)(1 + b0 X9 — (CLCC4— 6)82X3 + a82X4]
—a(a — 4d)[2bz2 X1 + bXs — (azq — ¢) X3 + aX4]2 —am(a — 4d)\b = 0,
2m(2 + aX)(axy — c) + am[(2am2x4 — 2cx9 + %)GgXl + a(Xy — BXy)
—2bx903 X1 + (CLCL‘4 — C) (82X2 + 83X3) — b03 Xy — dang] + CL[QbaTQXl
+bXo — (axg — ) X3 + aX4] [(4@3}2534 — 4exg + a) Xy

+2(azy — )Xy — 2dX3] =0,

—2m(2 + )\a) + m[2a$2(a82X1 + b84X1) 4+ a0y X9 + b04 X2

—(CLI4 — 6)84X3 + a84X4]

—2a [2b$2X1 +bX9 — (ax4 — C)X3 + CLX4] [2x2X1 + XQ] =0,

m(l + 2/\d) + m[(4ax2$4 — 4cxo + a)f)gXl + 2(&])4 - C)ang - 2d83X3]
+2[(2azows — 2ca2 + $) X1 + (aws — ) Xz — ng,]2 =0,

m[ZaxgagXl + a03Xy — (2aw2wy — 2c22 + §)04 X1

—(axy — )04 X9 + d84X3] + a[(4a3:2x4 —4exy + a) Xy

+2((1.%'4 — C)XQ — Qng] [2.%'2X1 + XQ] =0,

m[2x284X1 + 84X2] — a[QxQXl + X2]2 =0.
(3.1)
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The last equation implies that either 2zoX; + X3 = 0, or

29 X7 + X9 = m

mFy(x1, 19, 73) — avy’

for a smooth function Fj. But the function 229X; + X5 has to be defined on
the whole R*, which implies that 220X; + X5 = 0. Then (3.1)) becomes

am(a — 4d) [a@le +4bxo X9 — (2ax0w4 — 2cw2 + §)01 X3 + 2aa:281X4}
—a(a — 4d) [aXl — (4axary — 2cx0 4 §) X3 + 2a332X4]2

+2m(dabz3 + 48dbx3 — a? + 4ad) — mAa(a — 4d)(4bz3 + a) = 0,
8bmaz(a + 12d) — 4mAa(a — 4d)bxa + am(a — 4d) [ad1 X4 + ad2 X1
—(axy — )01 X3 — (2aw224 — 2cx2 + §5)02X3 + 200200 X4 + 2bX2]
—a(a — 4d) [aX1 + (4azozy — dcxs + a) X3

+ax2X4] [(am —0) X3 — aX4] =0,

m(2 + aX)(dazgzy — dexs + a) + am[2(01X1) — 2(azy — ¢)Xo
—(2awaxy — 2cx2 + §)03X3 + d01 X3 + ad3 X1 + 2ax2(03 X4 — X4)]

+a [aXl + 2awe Xy — (2ax9wy — 229 + %)Xg] [aXl — 2dX3] =0,

—4(2 + a)\).%'g + 2a1904 X4 + a01 X9 + 2bx204Xs = 0,

2bm(a + 12d) — am(a — 4d) [(azs — ¢)02 X3 — a2 X4
—a(a — 4d)[(azy — ) X3 — aX4]2 —am(a — 4d)\b = 0,

2m(2 + a)\)(ax4 — C) +am [%82)(1 + a(X4 — 83X4) — d0y X3
—I—(ax4 - C)(82X2 + 83X3)] + a[ — (am4 — C)Xg + CLX4] [aXl — Qng] =0,

—2(2 + a)\) + a0s Xy — (aac4 — 0)84X3 =0,

2m(1 + 2Md) + 2m [ads X1 — 2d03X3] + [aX; — 2dX3]° = 0,

a84X1 — 2d84X3 =0.

Combining the fourth, fifth, seventh, eighth and last equations, we get 01 X1 =
04X1 =0, X4 = %(2+a)\)x4—|—F2(:E1, x9,x3), for a smooth function F» and X3
is a constant equals X3 = %(2 + a)). Then the first equation of (3.1]) implies
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24 aX =0, hence X3 =0, 9,X4 = 0 and (3.1) is equivalent to

2am(a — 4d)x2 [ — 4bzo X1 + a81X4] —a(a —4d) [aX1 + 2ax2X4] 2
+8bma3(a + 12d) — 4mAab(a — 4d)z3 = 0,

8mbxa(a + 12d) + ma(a — 4d)[ady X4 + ad2 X1 + 2a2902 Xy — 4bxo X1 ]
—4ma(a — 4d)bzs + a®(a — 4d) (X1 + x2X4)X4 =0,

m[4:c2(aa:4 — ) X1 + a0 X1 + 2ax2(03 X4 — X4)]

+a?[ X1 + 229X4] X1 =0,

20m(a + 12d) + a®>m(a — 4d) 02 X4 — a®(a — 4d) X2 — abm(a — 4d))\ = 0,
m[%azXl + a(X4 - 63X4) — 2%2(&.%4 — C)aQXl] + a2X4X1 =0

2m(1 + 2Xd) + 2amd3 X7 + a®X? = 0.

Since the functions X; are independents of x4 and a # 0, then the third
equation implies X; = 0. We deduce from the last equation that a — 4d = 0,
which is impossible.

A2: The quasi-Einstein equations for (M, g, X') are given by:
mo1 X3 + ae%‘“Xg =0,

m(81X2 — 82X3) + 2a62am4X2X3 =0,

md[ —ath X1 + b€72x481X3 —a03X3 + 067(a+1)x481X4 — 2aozX4]
+2am(3a? + Ad) + 2ad X3 ( — a1 X,
+hela—Dza x4 206(0‘_1)9”4X4) =0,

m[ce(a_l)“ang +doh X4 — ae%‘“&LXg]
+2ae2%4 X5 (ce("‘_l)’”“Xg + dX4) =0,

m(3a? + Ad) — md(2X2 + aX4) + ade?*™+ X3 = 0,

m[a(ang — (92X1) + b€72x432X3 + Cef(a+1)x482X4]
—2aX2( — e X + be2(e—DTa X5 4 ce(o‘*l)“’”4X4) =0,

m [ce(o‘_l)“@ng + d0r X4 + ae?ara (84X2)]
—2qe2ara X, (206(0‘_1)“}(3 + dX4) =0,
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md[ — ae?"195 X1 + b3 X5 + ce~ (DT X, + 2(a — 1)bX4]
—mb(3a? — 3a + 2+ \d)
_d( — ae(a+1)x4X1 _.l_ be(a_1)$4X3 _.I_ CX4)2 e O7

md [083X3 + de(l=®219, X, — elot1)za (a01 X1 + cO1X4)
+bel D19, X3 + (a — 1)eXy]

—2me(3a? + \d) — Qd(ce(afl)x4X3 + dX4)(_a€(a+1)x4X1
+bele™ DT X3 + ¢Xy) = 0,

m(3a? + Ad) —m [Ce(o‘_l)“&;Xg
+dDs X4 + (ce@ VX5 4+ dXy)? = 0.

Integrating the first, second, fourth and fifth equations, we find
Xo = F3(x2,73,24), X3 =0,

1
Xi=-— [ade®*™4 F3d — dmda Fs + m(3a® + Ad)],

for a smooth function F3. Then the system (3.2]) becomes
d(81X1 + 204X4) — 2(30[2 + )\d) =0,
m(3a? + Ad) — md(02 X + aXy) + ade?**41 X3 = 0,

m[a(@;;Xz — 82X1) + Ce_(a+l)x462X4]
72aX2( — ae?*"1 X + ce(o‘_l)“le) =0,

m[d82X4 + a62a$484X2] — 2ade®**1 X, X, = 0,
md[ — ae?"195 X + ce~ (DT X, + 2(a — l)bX4]
—mb(3a2 — 3a + 2 + Ad) — d( — a1 X, 4 eXy)? =0,

md [de(lfa)z483X4 — et DT (0 X1 + 04 Xy) + (o — 1)CX4]
—2me(3a? + M) — 2d> X4 (—aelTD7 X, 4 ¢Xy) =0,

m(3a? + \d) — mdo, X4 + d?X? = 0.

(3.2)
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We deduce from the first equation that

2
X, = E(3a2 + Ad — adXy)x1 + Fy(x2, x3,14),

for a smooth function Fy. Then the fifth equation of (3.3]) implies 3o 4+ \d —
adXy = 0. Thus 01 X1 = 0 and either o = 0, or a # 0 and X4 = £(3a2+)\d).

1. If @ # 0 and X4 # 0, then (3.3)) is equivalent to

m(9aX2) — ae?¥*1 X3 = 0,

m(05Xe — 0 X1) + 2Xo (aego‘“Xl — ce(o‘_l)“le) =0,
ma84X2 — 2(30(2 + /\d)XQ = 0,

dm[2(a — 1)bX, — ae®™(05X1)]

(3.4)
—bm(3a(a — 1) +2 4 Ad) — d(ae@tr X, — cX,)* =0,

dm[(a —1)cXy — etV (a0, X4 )]
—2em(3a? + Ad) + 2d2 Xy (ae@tV? X — cXy) =0,

(m+3)a? + \d = 0.
The first and third equations imply that Xs = 0. Then

(92X, =0,
md[2(c — 1)bXy — ae**4(93X1)]
—mb(3a(a — 1) + 2 + Ad) — d(aeletDr X, — cXy)? = 0,

md[(a — 1)cXy — etV (a0, X1 )]
—2me(3a? + M) 4 2d> Xy (ael@ TV X — ¢Xy) =0,

(m +3)a? + Ad = 0.
The last system has a non-zero solution if, and only if,

X = _XEMN —(a+1)zs
ad

However in that case, the third equation implies X4 = 0, which is a
contradiction.
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2. If X4 =0, then (3.3)) is equivalent to

mos Xo — aer"”“XQ2 =0,

m(83X2 — 62X1) + 2ane2a‘”4X1 = 0,

04 X2 =0, (3.5)
adme?*193 X1 + bm(—3a + 2) + a2d62(0‘+1)$4X12 =0,
\ 84X1 = 07

then X1 = X2 = 0.

3. If = 0, then A = 0 and since X5 has to be defined everywhere, the
first equation of (3.3) implies Xo = 0 and the last one entails X, = 0.
Hence (3.3)) is equivalent to

0 X1 = 04 X1 = 0,
(3.6)

adme®*1 93X + 2mb + (:dee2m4X12 =0,

which implies b = 0 and X; = 0.

A3 : We denote f(z4) = cos(zyq) for € = 1 and f(z4) = cosh(z4) for
¢ = —1. Then the quasi-Einstein equations are described as follows:

m81X4 - a62x3X4 = 0,
m|[f(24)201 X2 + 02X4] — 2ae®2 f(24)? X2 X4 = 0,
m[b@ng +coh X4 + a62x383X4] — 2ae%*3 X4(bX3 + cX4) = 0,

2ame?®3 (3 + bA) + bm [ae2m3(81X1 + 04 X4) + 2ae®3 X3 + O X3 + d81X4]
—2abe2x3X4 [ae2‘”3X1 +cX3 + dX4] =0,

m(3 + bA) f(z4) — 2bm [ f(24) (02 X2 + X3)
—h(x4)X4] + ab62x3f($4)3X22 =0,

m[bang + 09Xy + a62”3f(x4)283X2] — 2ae2’”3f(a:4)2X2(bX3 + CX4) =0,

m [a62’53(‘92X1 + dos X4 + a€2x3f($4)264X2 + C82X3]
—2ae%"3 f(14)% Xo(ae®3 X1 + cX3 + dX4) = 0,
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m(3 +bX\) — m[bd3 X5 + cds Xa] + 2(bX3 + cXy)? = 0,

—20m(3 + b)\) + mb [a€2z383X1 + 03 X3 + do3 X4 + 004 X3 + Ca4X4]
—2b(bX3 + CX4)(CL€2‘T3X1 +cX3+dXy) =0,

m(eb — 2d — Abd) + bm [aez"f3 04 X1 + cOs X3 + d84X4]
—b(a€2x3X1 + cX3 + dX4)2 =0,

where h(x4) = sin(z4) for e = 1 and h(z4) = sinh(zy) for e = —1.
Integrating the first, third and eighth equations, we find X4 = 0 and
01 X3 = 0. Then the system becomes

01 Xo =0,

2(3 + bA) — b[&1 X + 2X3] =0,

2m(3 + bA) — 2mb(02 X2 + X3) + abe®®s f(z4)? X3 = 0,
m[bang + aesz(x4)283X2] — 2abe?®3 f(14)? X2 X3 = 0,

m[ae2x382X1 + ae®®3 f(24)%20, X0 + C82X3]
—2ae%*3 f(14)? Xo(ae?*3 X1 + c¢X3) = 0,

—2me(3 + bA\) + mb [a62$333X1 + O3 X3 + b84X3}
—2b2X3(a62$3X1 + CX3) = 0,

[ m(eb—2d — Abd) + mb [ae®™30, X1 + c04X3] — b(ae*™* X + cX3)* = 0.

We deduce from the second equation of the last system that

2
X1 = 3 [b(X — X3) + 3|zt + F5(x2, 3, 24),
for a smooth function F5. Since 01 X3 = 0, then the last equation of the
system implies bA + 3 — bX3 = 0, which implies X3 = 0 and bA + 3 = 0, then
X1 =Xo=0and d= —e¢b.

A4 : Since the function 229 X7 + X5 has to be defined on the whole R?,
the (33)-component implies 229 X7 + X9 = 0 and the quasi-Einstein equations
are given as:
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2am [2 (1'421 + CL) "Xy + axs (4 + xi)ang + a(l + 2%21‘3)81){4

+axs X4 + 8bx2X2] — 2m(3ax? + 6a + 64bx3) — 2amA (ami + 8bxd + 2a)
—a3 [(2 + xi)Xl + 562(4 + .Ti)Xg + (1 + 2$2$3)$4X4]2 = 0,

—16mbxa(8 + aX) + am[a(4 + z3) (2220 X3 + 01 X3) + 2ax33401 X4
+8bX2 + 2a(220w4 + 1)x402 Xy + 2a (2] + 2)02X1] — a*[(2] + 2) X3
+1‘2(4 + xi)Xg + (1 + 21’2.%'3)1'4] [(4 + xi)Xg + 2$31’4X4] =0,

—2x9 (2% +4) (3 + a) + a[(4 + 23) (2205 X5 + X5)

+ (23 +2)93X1 + (1 + 220w3) 3403 X4 + 20224 X4] =0,

—2m(3 4+ aX)z4 (1 + 2x2w3) + m[azg(01X1 + 04X4) + ad X4 + 2ax324 X5
+a(azi + 2) (04X1) + 2aw2704 X3 + axo(4 + 13)04 X3 + 2(2z9w3 + 1)X4]
—a?[ (2] +2) X1 + wo(4 + 23) X3 + (1 4 2z923)24] (24 X1 + X4) =0,
4bm(8 + aX) — am[a(4 + 23) 02 X3 + 2ax37402X4]

+a? [(4 +22) X5 + 2933954X4]2 =0,

2(3 + a)\) (4 + IL’Z) - a(4 + xi)ang — 2ax31403X4 — 2ax9X4 = 0,

—am [2.%'3&34(32)(1 + 84X4) + 2(82X4) + (4 + .’L‘Z)84X3 + 4z, X3 + 23}3X4]
+4m(3 + al)z3zy + a? [(4 + 23) X3 + 2aac3x4X4] (:1:4X1 + X4) =0,

2x403X1 + (33‘?1 + 4)63X4 =0,

—2m(3 4 aX) + 2am [:U484X1 + 84X4] —a? (1‘4X1 + X4)2 = 0.
(3.7)

Integrating the sixth, eighth and ninth equations, we find 03.X; = 03 X4 = 0.
Then the third and sixth equations of (3.7]) become, respectively,
23+ a)) (4 +23) — a(4 + 27)(93X3) — 2a(4 + 27) X1 — 2aw4 X4 = 0,
2(3 + CL)\) (4 + .CC?;) — a(4 + 1)121)(83)(3) —2ax4X4=0.
Taking the difference of these two equations, we find X; = 0 and, consequently,
X9 = 0. Hence
2x473
4+ 23

for a smooth function Fg.

2
X4+ (3 + a)\):cg + Fs(x1, 2, 24),

a

X3 =
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The coefficient of x§ in the fifth equation implies A = —3/a, and since Xy
has to be defined everywhere, then the last equation of entails X4 = 0.
Then the coefficient of x3 in the second equation of implies X3 = 0.
Thus X = 0 and A4 is necessarily an Einstein manifold.

Ab5: Locally the quasi-Einstein equations for (M, g, X) are described by
8maa (2201 Xy — 2401 X2) — a(z4 X2 — x2X4)2 o,

8m:c§a;4(12 + a>\) + 4am [37%82)(4 — x2x381X3 — .%1.73281X4 + x2x481X1
+2212401 Xo + 2301 Xo — 200402 Xo + 24 X0 — 12Xy + 201 X2] — a® (24 Xo
—29Xy) (22w X1 — a(2 + 22174 + 23) Xo + 2223 X3 + 2122X4] =0,

dmxo [$283X4 + 2901 X3 — 1301 X9 — $483X2]
—a(a?4X2 — x2X4) (ngQ - HTQXg) = 0,

damxs [$2(34X4 + 81X1) — 2101 X9 — $404X2]
+a? (ac4X2 — x2X4) (CL‘QXl — xng) — 8maa(12 4+ a)) =0,

—96771(3:1311:4 + 2+ x%)x% — 8amxy [x%(x182X4 + 517382X3) — 221297402X 9
—1’21‘:2;’82)(2 + .’B%.Z‘482X1 + (23}1%4 + x%)XQ — x129Xy — xoxa X1

—xox3X3 — 20905 X0 + QXQ]

—a2 [1‘2(1‘4X1 + iL‘3X3 + .%'1X4) — (2 + 2x174 + .CI}%)XQ]Q

—8aAm(2 + 2x174 + 23)73 = 0,

96mx3x§ + 32am)\x§:z3 — damzy [x1x283X4 + z32903 X3 — xgang
—(2z124 + 23 + 2)03 X2 + 22w30 X2 + 2ow403 X1 — 23 X2 + X3

—a? [mo(xa X1 4 23X3 + 21X4) — (24 22124 + 23) Xo| (23 X2 — 22X3) =0,
96mx1x% — a)\mq:%:cg — 4amxo [x1x284X4 + 201304 X3 — :C%@QXl
202404 X1 + 212909 X0 — 20120404 X9 — x§84X2 — 21 X9 +x0X7 — 284X2]
+a [$4x2X1 — (24 22174 + 23) X2

+x302X3 + x1x2X4] (:E2X1 — xng) =0,

12maxe — am(x203X3 — x303X5) — a(ngg — :U2X3)2 + admxzy =0,

dmxo [$2(84X3 + 83X1) — 2103X9 — $384X2}
+2a(x3X2 — x2X3) (.TQXl — xng) = 0,

L 8mx2(x184X2 — .1‘2(94X1) + CL(ZEQXl — x1X2)2 =0.
(3.8)
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The last equation implies x9X; — 1 X9 = 0, then substituting into the first
equation of (3.8]), we find that necessarily zo Xy — 24X = 0. Consequently,
the fourth equation implies 12+ aX = 0 and the eighth gives 9 X5 —x3X2 = 0.

Then ({3.8) becomes

61X2 = 83X2 = 04X2 = O,
4m.’L'Q [82X2 - XQ] - CLX22 =0.

0 etxg

4me*?
me ; dt and

Then either X9 =0 or Xo = ———, where F'(x2) =
2 2 aF(x2) + 4cim (x2) /1
c1 is a real constant, but this function is not defined when xo takes positive

values. Hence X9 = 0 and consequently X = 0 and A5 is an Finstein manifold.

B1: The (44)-component implies
m(2x2(04X1) + 04 X2) — a(2x2X7 + X2)2 =0,

and since 229X + Xo = 0 is defined on the whole R*, then 2z2X; + X5 = 0.
Hence the structure (M, g, X) is quasi-Einstein if, and only if, the following
system is satisfied

3m[d*(xz3 + 2xowa)? + d((24b + 8cza)x3 + Acwozs + 2axs) — 20c%23]
—2Xa*m(d(2} + dzozszy + 4a323) + dexoxs + 8cadwy + 2axs + 4ba3)
+m [2am261X4 + (2dxowy + 2¢x9 + drs + a)h X3 + (dm4 + c)$381X2
—|—(4d:c2x4 + cxo + dzs + 2a)x381X1 + 2(2:U2(d:v4 +c)+drs+ a)Xg
+4(2dzoa] + dcwowy + daswy + 2bxg + cas) Xo

+4x9 (ng(d:m +c)+ d;vg)X4] — 2a2 [(dl‘g + 2dxoxy + 2¢x9 + Za) r3X1
—I—(d:c3 + 2dxoxry + 2cx0 + a)X3 + 2ax2X4]2 =0,

m(3d — 2a)\) (4cx2x4 + dz3wy + 2dTo73 + 03:3)

—|—3m(12bdx2 — 1062:1@2) — 4a’bmzy

—|—a2m[2a1‘282X4 4+ ad Xy + (23:2((1:1:4 +c)+dxs + a)82X3

+(dxg +¢)01 X3 + (2d$2$4 + 2cx9 + dxs + 2a)$382X1 + (dx4 + c):cgﬁle]
—a? [(d(xg + 2x914) + 2cx9 + 2a)x3X1 + (d((L‘g + 2x9m4) + 229 + CL)X3
+2a:c2X4} [(d:p4 +¢)(x3 X1 + X3) + aX4] =0,
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(3d — 2a*mM\)(dx3 + 2dxozs + 2c20 + @) + an[(2d:1:2:c4 + 2cxo + dxs
-l-a) (05X3) + 202903 X4 + doy X3 + (2d$2:1:4 + 2cxo + dx3 + 2a)x383X1
—i—(dxg + a)81X1 +2(dzy + )Xo + d X3 + 2dx2X4] — 2a? [(d(azg + 2x91y4)
+2(cxg + a))$3X1 + (d(a?3 + 2x914) + 2cx9 + a)Xg

—|—2ax2X4] [(dxg +a)X1 + ng] =0,

2(3d — 2a%\)xy + a [2@362(84X4) + (2dx2x4 + 2cxo + dx3 + a) 01X 3
+(2dx2:n4 + 2cxo + dxs + 2@) 1304X71 + 2aX2] =0,

3(d2xi + 2cdxy — 5c® + 6bd) + 2a2m[82X4 + (dzg + )02 X3
+(d:C4 + C) (1’382X1 + X4)] — 4a? [(dCL‘4 + C) ($3X1 + Xg) + CLX4] 2
—2a*mA(dx3 + 2cxry +b) = 0,

m(3d — 2a)\) (dx4 + c) + a2m[a83X4 + d0r X3 + (da:4 + c)(x383X1
+83X3) +dX4 + (d$4 + a)82X1] — 2a? [(d1‘4 + C)l‘gXng

+aX4] [(dxg + a)X1 + dX3] =0,

3d — 2\a? + a[a84X4 + (dl’4 + C) ($384X1 + 34X3)] =0,

d(3d — 2a*\) + 24 [d03 X3 + (dzs + a)03X

—[(dzx3 + a) X1 + dX3]° =0,

d0s X3 + (d$3 + a)84X1 =0.
(3.9)

Integrating the seventh, eighth and ninth equations, we find that necessarily
04 X1 = 04X3 = 0. Then the fourth and seventh equations of (3.9) become,
respectively,

3d — 2a°\ + a?(04X4) — 2a® X1 = 0,
3d — 2%\ + a264X4 =0.

Hence X1 = X3 =0 and 0, X4 = a—12(2a2/\ — 3d), thus (3.9) is equivalent to



18 M.T.K. ABBASSI, K. BOULAGOUAZ

3[d? (x5 + 2xow4)? + d((24b + 8cwa)23 + dewows + 2axs) — 202z
—2a®X\(d(23 + dwowzzy + 42323) + dcwoxs + 8cajay + 2axs + 4bx3)
—2a? [(d($3 + 2x9m4) + 2cx9 + a)Xg + 2ax2X4]2

+2a*m [2aw2(01X4) + (2dxoxy + 229 + das + a)(01X3)
+2(222(dza + ¢) + das + a) X3 + 422 (222(dzs + ¢) + dxs) X4] =0,

3(4cdxga:4 + d?x314 + 2d2$2xi + edxg + 12bdzy — 10023:2)
+a*m[2ax2(02X4) + a(01X4) + (2z2(dzy + ¢) + ds + a) (82 X3)
+(dzs + ¢)(01X3)] — a?[(d(zs + 222m4) + 22 + a) X3
+2a:r2X4] [(du +c) X3+ aX4]

—2a’mA|d(z374 + 27222) + 4dcwoxy + cx3 + 2bxo] = 0,

(3d — 2a®mM\)(dx3 + 2dxoxwy + 2cx9 + @) + a’m [ng

+(2d:1:2:c4 + 2cxo + dxg + CL) (03X3) + d(01X3) + 2x9(d X4 + a33X4)]
—2a2d[(d(m3 + 2x914) + 2cx9 + a)Xg + 2ax2X4] X3 =0,

3(d2m?1 + 2cdxy — 5c® + de) + 2a°m [82X4 + (dzg + ¢)02 X3

+(dzs + ) X4] — 40 [(dwg + ¢) X3 + aX4}2 = 2a’m\(dx? + 2cz4 + b),
m(3d — 2a*\) (dzs + ¢) + a®m[a(03X4) + d(D2X3)

+(dl‘4 + C)ang + dX4] — 2a2d[(daz4 + C)Xg + CLX4] X3 =0,

d(3d — 2a?X) + 2a%d(93X3) — d>X3 = 0.
Taking the coefficient of x4 in the fifth equation, we obtain
admds X3 — 2d[ad X3 + 2Xa® — 3d] X3 = 0. (3.10)
Substituting into the last equation, we find
dm(3d — 2a*\) + 4ad(2Xa® — 3d) X5 + (4a® — m)d* X3 = 0.

Hence either X3 is a constant and d = 0 or m = 4a? and 3d — 2a®\ = 0.
Suppose d = 0, then the third and fifth equations of the last system be-
come, respectively,

2(2cxo + a) — (20302 + a) (03X3) — 2ax2(03X4) =0,
2¢cA — a03Xy — c03X3 =0,

that implies ¢ = 0, which is a contradiction, hence d # 0.
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Let us assume that m = 4a® and 3d — 2a®\ = 0, then 9,X4 = 0. Since
X3 has to be defined everywhere, then the last equation implies X3 = 0.
Consequently, the fifth equation implies X4 = 0, hence (M, g) is Einstein.

Suppose now that X3 is a constant, then, comparing the last equation of
the system and (3.10]), we find X3 = 0, hence 3d — 2a?)\ = 0. Then we obtain
the same result as the previous case.

B2: Since the function 2x9 X7 + X5 has to be everywhere defined, then the
(33)-component implies 2z2 X1 + X2 = 0, and consequently the quasi-Einstein
equations are given as follows

;

2m(3ax] — 6a — 64bx3) — 2am[a(2zows + 1)2401 Xy + aza (2] — 4)01 X3
- (2a - axi)&;Xl - 16bx2X1 + ax4X4] — 2amA (2a — a,xﬁ + be%)
—a3 [(2 — 334)X1 — 1:2(:134 )Xg - (1 + 2.732373).%4)(4] = 0,

—16bx2(8 + a)\) + ma[ — 2&(1 + 21:2.%3)13482)(4 — 2ax31401 X4
—a(mﬁ — 4)(21‘282)(3 + 81X3) (4a — 2&1'421 + 161)1‘%)82)(1
+8bxo01 X1 + SbXQ] + a? [2&(2 — .%'4)X1 — 2@:(}2(1‘4 )Xg
—2(1 + 2x2x3)x4] [(wi — 4)X3 + $3$4X4] =0,

4za(2] — 4)(3 4+ aX) — [2a(1 + 2z9x3)405 Xy

+a(x?1 — 4)(2$283X3 + 03 X1 + XQ) + 4ax2x4X4] =0,

2m(1 + 23321‘3).7)4(3 + a)\) + m[ — a81X4 — a1‘2($4 )84X3
+(2a — ax4)('34X1 —a(l + 2x9x3) (2404 X4 + X4) — axg01 X1
—2ax4(x3X2 + :Ung)] + a? [(2 - :L‘Z)Xl — (22 — 4)12 X3
—(1 + 2332.T3)3L‘4X4] (x4X1 + X4) =0,

4mbry(8 + a)) + ma? [2953$4(92X4 + (2% - 4)82X3]

“+a [( 4)X3 + :E31‘4X4] = 0,

6m(zf —4) — am [2x32405 X4 + (2] — 4)03X3 + 224 X4]
—4dmAa(l + 2zex3) =0,

—am [2I‘3$464X4 + 20, X4 + (xi - 4)84X3 + 22409 X1 + 224 X3 + $3X4]
+4mars3zy(3 + a)) — 2a? [(azi —4)X35+ x3x4X4] (:c4X1 + X4) =0,
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03 X4+ 2403X1 =0, (3.11)
2m(3 4+ aX) — 2am [84X4 + x4(94X1] — a2 (JJ4X1 + X4)2 =0.
Combining the fifth, eighth and ninth equations of the last system, we find
03X1 = 03Xy = 0.
Hence the third and sixth equations become, respectively,
{ 2(x2 —4)(3 + a)) — a(x? — 4)(03X3) + a(x? — 4) X1 — 2ax4X4 =0,

6(x7 —4) — a(z — 4)(03X3) — 2ax4 X4 — 4Aa(1 + 2z923) = 0.
(3.12)

Comparing these two equations, we find A = 0 and X; = Xs = 0. Then by
substituting into the first equation we find

a(z? —4)X3 = [6(:):3 —4) — 2ax4 X423 + F (21, 32, 24),
which gives a contradiction with the first equation of .
B3: The quasi-Einstein equations for (M, g, X) are given as follows
m (2301 Xy — 01 X3) + ae™ 2 (z3Xs — X3)2 =0,

m[a81X4 + ae P20, X3 — 2bx301 X3 — axze *20, X9 — axze 201 X4
+axse "2 X9 + 4bx§81X2 +ae" "2 X3 + 2ax481X2]

+2ae~ "2 (;1:3X2 — X3) [ —axze "2 Xy

—|—2(2bz§ —axy) Xy — 2bx3 X3 + aX4] + 2amAxze”*2 = 0,

m[ae_m(?ng + 001 X3 — axze *203 X9 + ae~ 201 X1 — ae™*2 X,
—2b:c381X2] + 2ae™"2 (333X2 - X3) [ae_@Xl
—2bx3 X9 + ng] —alme "2 =,

m[ —axze P20, X + e P20, X3 + 81X2] + 2a%e™ 2 (a:gXQ — X3)X2 =0,

m[2a82X4 — 4bx30r X3 + 8b$§82X2 — 2arze 205 X1 — 4axs02 X9
+8bx3 X3 — 2aX4] — Z[axge_le — 2(2bm§ —axy) Xy + 2bx3 X3 — aX4]2
—2mA(2bx3 — axy) = 0,
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m[a83X4 — 2bx3(03 X3 + 02X2) + b0 X3 + 2(2bx§ —ax4)03Xs
—ae” "2 (a:383X1 — 82X1) — 2bX3] —2 [axge_”Xl — 2(2b$§ — ax4)X2
+2br3 X3 — aX4] [ae‘zQXl — 2bx3 X9 + ng] + 2bmAxzs = 0,

4bdmxs +m [a84X4 — 2bx304 X3 + 4():6%84)(2 —axze 20, X1
—2am484X2 + aang] — 2[&1’36712)(1 — 2(21)1‘% — aa:4)X2
+2bxrg X3 — a,X4] [ae’xQXl — 2bxg X9 + ng] =0,

m [2[)83X3 — 4bx303X9 + 20,673‘"283)(1]
—2[ae X1 — 2bw3 Xa + bX3]° — 2bmA = 0,

m [b84X3 — 2bx304 X9 + ae" 20, X1 + aang]
—2a [ae*”Xl — 2bxg X9 + ng] X4 =0,

m84X2 — a2X22 =0.
(3.13)

The last equation of (3.13) implies Xy = 0, and since X3 has to be defined
on the whole R*, then the first equation implies X3 = 0. Consequently (3.13)
becomes

7

"Xy + Arge™2 =0,

N"hX1—A=0,

am [82X4 — 236720, X1 — X4] — a(xge_“‘?Xl - X4)2
—mA(2bz3 — azg) =0,

am [83X4 —e 7?2 ($383X1 — 62X1)] — 2a2e_“”2X1 [:L‘ge_le — X4]
+2bmAzs = 0,

am [84X4 - xge*“&;Xl] — 2ae7 72X, [aasge*”Xl - aX4] + 4bdmx3 = 0,
ame™ 203X, — a?e” 22 X} — bmA = 0,

m84X1 - 2CLX1X4 = 0.
(3.14)

But that system does not admit any solution unless A = 0 and X; = Xy = 0.
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Remark 3.1. The fact that the homogeneous spaces A5 and B3 are
Einstein manifolds has already been established (see Proposition . For
completeness, we provided a direct proof of this result in the course of the
proof of the Main Theorem.

CONCLUSION AND PERSPECTIVES

In this work, we have established that the quasi-Einstein condition on four-
dimensional non-reductive homogeneous spaces is equivalent to the Einstein
condition. This result highlights a rigidity phenomenon: within this class
of manifolds, the generalization from Einstein to quasi-Einstein structures
introduces no genuinely new solutions.

Our findings resonate with other known instances where quasi-Einstein
metrics reduce to Einstein metrics. For example, in certain warped product
settings [7] or under curvature restrictions [I1], [10], the quasi-Einstein equa-
tion similarly collapses to the Einstein one. By situating our result within
this broader context, we reinforce the emerging picture that quasi-Einstein
geometry often exhibits strong rigidity, depending on the underlying geomet-
ric structure.

Beyond its intrinsic interest, this equivalence has implications for related
areas. Since quasi-Finstein metrics naturally appear as fixed points of weighted
Ricci flows, our result shows that, in this setting, the low admits no new fixed
points beyond the Einstein case (cf. [12]). Likewise, the characterization of
quasi-Einstein metrics as bases of Einstein warped products implies that no
new warped product structures arise from four-dimensional non-reductive ho-
mogeneous spaces.

There remain, however, natural directions for future research. One may
ask whether similar rigidity persists in higher-dimensional non-reductive ho-
mogeneous spaces, or whether new phenomena appear in the quasi-Einstein
framework. Another avenue would be to explore related Einstein-type gener-
alizations, such as generalized Ricci solitons, and to test whether comparable
equivalences occur. Investigating these questions could further clarify the
landscape of rigidity phenomena in geometric analysis and provide deeper in-
sight into the interplay between Einstein-type metrics, warped products, and
geometric flows.
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