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Abstract: Let ¢ be a holomorphic self-map of the unit disc. We study the relationship

between the generalized Nevanlinna counting function associated with ¢ and the norms of
n

™ in the Dirichlet spaces. We give examples of Hilbert-Schmidt composition operators on
the Dirichlet spaces.
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1. INTRODUCTION

Let D be the unit disk and T = 9D be the unit circle. We denote by
dA(z) = dzdy/m the normalized Lebesgue measure, and for 0 < a < 1, we
set

dAa(2) == (14 a)(1 — [2*)" dA(z) .

In this paper we are concerned with composition operators on the Dirichlet
spaces;

= O N 2 = 2 ! zZ 2 zZ oo .
Da—{fGHI(D) 1112 = 15O+ [ 1P dAu(e) < }
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By [6, p. 14] this norm is comparable to

(e 9]

A2 = S+ m)=e | Fm) .

n=0

Hence D is the usual Hardy space H2, and Dy is the classical Dirichlet
space D.

Let ¢ : D — D be a holomorphic function. The composition operator on
D, with symbol ¢ is defined as

C@(f)::fogov fGDa.

In this paper we study some operator-theoretic properties of C, such as
boundedness, compactness and Hilbert-Schmidt class membership. Recall
that C, is always well-defined on H 2 but not on D, for 0 < a < 1, we refer
the reader to the papers [1, 2, 5, 10, 7, 14].

The generalized Nevanlinna counting function associated to ¢, 0 < a <1,
is given by

Ncp,a(z) = Z (1 - ’w|)a7 zeD,
z=p(w),weD

where each preimage w is counted according to its multiplicity. For a@ = 1,
N, 1 is comparable with the classical Nevanlinna counting function

Np(z) = Npa() = Y log(1/|wl), 2 €D\ {(0)}.

z=p(w),weD

By the Littlewood subordination principle [12, 13], the composition operator
C, is bounded on H?. It is also true that sup,cp Ny (2)/(1—|2]) < co. In [12]
Shapiro gave the following complete characterization of compact composition
operators on H?:

N
C, is compact on H ! = lim ﬁ =
2] —1- 1 — ||

The generalized Nevanlinna counting function plays also a key role in the
study of composition operators on the weighted spaces D, see Theorem 2.3.
Generally speaking, it is difficult to give an estimate of N, ,. In this
work we establish an estimate of the generalized Nevanlinna counting function

Ny« in terms of the norms (||¢™[|o)n of the sequence (¢™),. This allows us to
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construct some examples of bounded and compact operators on D,. Precisely,
putting

Daf) = [ 1P dAa(e).
We shall show that, for 0 < a < 1,
Nyo(1=1/n) S Dale"t), n>1. (1.1)
Now, to each ¢ we associate the counting function
ne(z) = card{w : ¢(w) = 2}, zeD.

This is the number of roots of the equation ¢(w) — z = 0. We mention also
that N, 0 = n,.

We shall establish an estimate of n, in terms of the norm on Dy of the
powers of . More precisely, we show that

inf ny(2) < Do) . (1.2)
1-|z|<%

s

The paper is organized as follows: In the next section we prove (1.1). In

Section 3, we give the proof of (1.2). Section 4 provides some examples of
estimates of N, , and some examples of Hilbert-Schmidt class membership.

Throughout the paper, the notation A < B means that there is an absolute
constant C' such that A < CB. We write A < B if both A < B and B < A.

2. THE RELATIONSHIP BETWEEN N, o AND Dq(¢")

In the sequel we need some basic results. The first lemma gives the
change of variable formula in terms of generalizes Nevanlinna counting func-
tion, see [13].

LEMMA 2.1. Let 0 < a < 1, ¢ be a holomorphic self-map of D and let f
be a measurable function on D. Then

/ (f o )N ()P ddalz) = (1 + a) / F(2)Npa(2) dA(2)
D D

For o > 0, the function N, , satisfies the mean value inequality (see [9]).
More precisely, we have:
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LEMMA 2.2. Let o € (0,1]. If ¢ is a holomorphic self-map of D, then
2
Nealz) < Ne,o(w) dA(w)
™ JD(z,r)

for every disk D(z,r) of radius r centered at z with D(z,r) C D\D(0,1/2).

We need also the following Theorem due to Kellay and Lefévre [9]

THEOREM 2.3. If ¢ is a holomorphic self-map of D, then, for 0 < o <1,
(i) Cy is bounded on Dy <= Nyo=O0((1—-|z2)?), |[z] = 1-.
(ii) C, is compact on Dy <= Ny o =o0((1—[2])*), |2] = 1-.

We can now state the main result of this section.

THEOREM 2.4. Let ¢ : D — D be a holomorphic function and let
a € (0,1]. Then there exists ng € N such that for n > ng we have

1
<1l—|z|<——.
n—1

8et
N%a(z) <

D n+1
“1+a a(()@ )7

S

Proof. Let nq € N be large enough so that if n > nq, then
D(1-1/(n—1),1/2(n+1)) Cc D\D(0,1/2).

Let n > n; and suppose that 1/n <1 — |z| < 1/n— 1. Then by Lemma 2.2,
it follows that

Npal(2) < 2 x 4(n+1)° / N, o (w) dA(w)
D(,1/2(n+1))

|w‘2n

=8(n+1)> / Ny o(w) —5- dA(w)
D(2,1/2(n+1)) |w|

< 8(n+1)?

sup ]w\_Q”] / Ny o(w)|w*™ dA(w) .
D(z,1/2(n+1)) D(2,1/2(n+1))

Now, it is easy to see that there exists ng > n; large enough so that for each
n > ny
sup lw| 72" < e
D(z,1/2(n+1))
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Therefore,

Nya(2) < 8et(n+ 1)2/ Ny o(w)|w*™ dA(w)
D(2,1/2(n+1))

< sel(n+ 1)2/ Ny o () o] dA(w)
D
On the other hand, by Lemma 2.1 it follows that

[ Noatwlol datw) = 1= [ 100 PletP" dau).

Thus
1
<1l—Jz] < ——.
n—1

Re?
N, <
®, (Z)_1+a

SRS

Do ("),
The proof now is complete. 1

As a consequence of this we obtain

COROLLARY 2.5. Let ¢ : D — I be an holomorphic function and let
€ (0,1], then

(i) If Dol¢™) = O(1/n%) then Cy, is bounded on D,,.
(ii) If Da(e™) = o(1/n*) then Cy, is compact on Dg.

Proof. The proof follows from Theorem 2.4 and Theorem 2.3. 1

Next, we give another proof which is similar to that given by El-Fallah,
Kellay, Shabankhah and Youssfi [5], for the Dirichlet space (i.e., (a = 0)), see
Corollary 3.4. We consider the test function given by

1—|A\2) 2
FA(Z):((I|—|/\)z)’ AzeD,

and we recall the following lemma ([5]).
LEMMA 2.6. Let ¢ € D, such that ¢(D) C D and 0 < o < 1. Thus

(i) C, is bounded on Dy <= supycp ||[F) 0 ¢lla < 00.

(ii) Cy, is compact on Dy <= lim|y1- [[Fxo@lla =0.
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Second proof of Corollary 2.5. We assume that ¢(0) = 0. If D, (") =
o(1/n%) then

Da(C,(Fy)) = /D | (Fa(p(w)) 2 dAq(w)
e [ )P .
<= )" [ R s Me(e)

Se(1-P2)" Y0+ n)?’IAIQ”/D [ (w) P p(w) " d A (w)

n>0

<es(1— AP ST+ ) AP Do)
n>0

<ey(1- \/\2)2“"[ > (1+n)1_a|>\|2"+0< Z(1+n)1_°‘|)\|2”)]

0<n<N n>N

=o(l), |N—=1-.

where c1, c2, c3 and ¢4 are positives constants. Thus C, is compact. A similar
proof can be given for the boundedness.

3. THE RELATIONSHIP BETWEEN n, AND D(¢")

We need the following lemma

LEMMA 3.1. Let ¢ : D — D be a holomorphic function. Then

e4

ne(2)dA(z) < ———— Do (™) | m>2.
[ a6 < Do) >
Proof. Since N, = n,, by Lemma 2.1 we have
Do(™ ) = (m +1)2 / ()L™ () dA(2)
_ (m+1)2/n¢(w)]w|2mdA(w)
D

> (m+1)2/1_ ey ()27 A A(w)
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> (m+1)*(1 - %)Qm /1_1<| <1 np(w) d(w)
—4 2
>e Y(m+1) /1—;L§|z§1 ne(w) dA(w) , m>2,

and this completes the proof.

We obtain the following result which is the main theorem in this sec-
tion and gives a relationship between the mean behavior of n, and the norm
of ™.

THEOREM 3.2. Let ¢ : D — D be a holomorphic function. Then

e4

inf ne(z) <

1 1
1_;§|Z‘§1_ m—+1

7D0((pm+1) ) m>2.
m

Proof. This follows from Lemma 3.1 and the following inequality

T
ny,(2)dA(z) > ——— inf ney(2) .
/1—1§|z|§1 o(2) dA() (m+1)? 1—-<z|<1- 1 o(2) .
The Carleson window is defined as
W((8)={z€D: |z >1-4, |arg((z)] <4}, CeT.

For ( € T and ¢ € (0,1), set

N(¢,0) = / ne(w) dA(w) .

W(¢,9)
We shall make use of the following lemma due to Zorboska [14, 9]

LEMMA 3.3. Let ¢ be a holomorphic self-map of D. Then

(i) Cy is bounded on D <= superN(¢,0) = O(6%) 6 —0.
(ii) Cy is compact on D <= sup;cr N((,8) = 0(6?) 6 = 0.

From Lemma 3.2 and Lemma 3.3 we obtain the following result which was
first proved by El-Fallah-Kellay-Shabankah-Youssfi [5].
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COROLLARY 3.4. Let ¢ be a holomorphic self-map of D. Then

(i) If Dy(¢™) = O(1) then Cy, is bounded on D.
(i) If Do(")

o(1) then C, is compact on D.

Proof. Suppose that (i) holds. Let 6 > 0 and let m > 1 such that 1/(m +
1) <6 <1/m. By Lemma 3.2 we have

sup NGO < [ ngl2)da) = 0(1/(1+ mp?) = 0()
CeT 1- 2 <[zI<1

and Lemma 3.3 gives the result. A similar proof can be given for the com-
pactness. |

Li—Queffélec-Rodriguez—Piazza have shown that this result is essentially
optimal [11].

4. EXAMPLES
Recall that for f € H?, the radial limit f* of f is given by
f* (eit) — Tl_igl_ f(reit).

By Fatou’s Theorem, the radial limit f* exists almost everywhere on T. Note
that log |f*| € LY(T). The function f is said to be outer if

jd¢|

2

log [£(0)] = /T log |£*(0)]

In this case the function has the following integral representation

| d(]
o’

¢+=

=2 zeD.
7 —

log | f*(€)

f(z) = exp
Let K be a closed set of T, and let € C1([0.27]), such that Q(0) = 0 and
[ a mlac < oe.
The distance function corresponding to €2, K is the outer function o x sat-

isfying
loa.k(C)] = e~ 2(d(GK)) a.e. on T. (4.1)
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Hence
z+C

z2=C

aacEnl e,

ok (z) = exp /
D

If Q) satisfies Dini’s condition
/ i M dt < oo
o U ’

then the function g x belongs to the Disk algebra [8, pp. 105—-106]. In this
case we have |¢(z)| < 1 and the set of the contact points of ¢q x on the circle
coincides with K, this means that

lpa x| =1 on K.

We recall here the construction of the generalized Cantor set on T. Let
Koy = T and ¢y = 2m. Let (an)n>1 be a positive decreasing sequence with
a; < 1/2. We remove an interval of length a; from the middle of Kj. Denote
the union of two remaining intervals by Kj, and denote the length of each
interval in K1 by ¢1. Then we remove two intervals, each of length ao, from
the middle of intervals in K. Let K5 denote the union of the resulting four
pairwise disjoint intervals of equal length ¢5. After n steps, we obtain a
compact set K, which is union of 2" closed intervals of length ¢,. Note
that 20, + a, = ¢,—1. The compact K = (), K, is called the generalized
Cantor set. It is easy to see that K has Lebesgue measure zero if and only if
S>>0, 2" ta, = 27 The classical Cantor set corresponds to £, = (1/3)™.

Let € > 0. For a closed subset K of T, the e—neighborhood of K is given
by

K.={CeT: d((,K) <e}.

Let K be the generalized Cantor set associated to a sequence (ay)n. If

An+1 1
AK =su < =, 4.2
K nzrl) Gnp, 2 ( )
then
| K| = O(eHK) e—0, (4.3)

where pux = 1—log2/|log Ak| (see [4]). The classical Cantor set K corresponds
to pux =1 —log2/log3.

We have the following formula which allows us to calculate explicitly the
norm for the outer function g .
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LEMMA 4.1. Let o € [0,1]. Let K be a generalized Cantor set associated
to a sequence (ay,)y, satisfying (4.2), and let Q : [0,27] — R™ be an increasing
function such that t — Q(t7) is concave for some v > 2/(1 — «).Then

27
Dolvar) < c/ Q' ()% 2O K| de
0

where c is a positive constant.

Proof. For the proof we refer to [4, Theorem 3.2] and [3, Theorem 4.1]. §

4.1. EXAMPLES OF ESTIMATES OF GENERALIZED NEVANLINNA COUNT-
ING FUNCTION. Here we gives some estimate of generalized Nevanlinna
counting function associated to distance function given by (4.1). This al-
lows to give some examples of bounded and compact composition operators
on the Dirichlet spaces by Corollary 2.5.

We begin with the case of the Hardy space (o = 1).

LEMMA 4.2. Let K be a closet set of T and let Q : [0,27] — R™ be an
increasing function such that Q(0) = 0. Let ¢ = ¢q i, then

Q(e)
N, <'f{K *2?4} 1.
go(z)wgo |Kc|+e , 2| <

Proof. Let ¢ > 0. By Lemma 2.4 and for 1/n <1—|2| <1/(n—1),n > 2,
we have

No(2) < / o—2ntn0(a(c.K)) [ 9¢]
T

~ 2w

_ / o—2nre(acrn 4 / o2k [ 4¢]
CEKE 271' CET\Ks 271'

< |K€| + e—2(n+1)§2(5)‘

THEOREM 4.3. Let K be a generalized Cantor set associated to a sequence
(an)n satisfying (4.2) and let Q(t) = t” such that § > ug, then

Ny(2) = O((1 = [z /F(og 1/(1 = [2))“</7),  |s| > 1~
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Proof. By (4.3) and Lemma 4.2, we get

QEH
Ny(z) < inf {s“K +e I-F }, |z| < 1.
e>0

It suffice to choose e” = (1 — |2|)(log1/(1 — |z|)”K/f6). [

Now we consider the Dirichlet space D, where 0 < a < 1.

THEOREM 4.4. Let 0 < a < 1. Let K be a generalized Cantor set associ-
ated to a sequence (ay,), satisfying (4.2) such that o+ pux > 1. Let Q(t) = t°
such that f < min{(1 — «)/2,a + pux — 1}. Let ¢ = ¢q K, then

Noa(z) = O((1 = [0/} (2 1-).

Proof. Since < (1 — «)/2, there exists v > 2/(1 — «) such that Q(¢7) is
concave. Note that

Da(@?),K) = Da(@nQ,K) .
Thus, by Lemma 4.1 and (4.2)

Da(@?),K) = Da(SOnQ,K)
2
< ern? / Q' ()% Ky|e 2" gt
0

2
_ ontB
:c1n2/ (28—2+atpc =2t gy
0

1
< ch2/ wBrotux=1)/8,—nu 4,
0
The proof now follows from the Theorem 2.4. |

4.2. EXAMPLES OF HILBERT-SCHMIDT COMPOSITION OPERATORS. Now
we shall give some examples of operators in the Hilbert Schmidt class. Let
H be a Hilbert space. We denote by Sa2(H) the class of Hilbert Schmidt
operators.

We need the following lemma.
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LEMMA 4.5. Let 0 < o < 1 and let ¢ be a holomorphic self-map of D.
The following statements are equivalent:

(i) Cp € 52(Da);

. Da(p"

(ii) ; (1_1_(@11@ < 00;
|2

n)
(i) / (1_’9;8‘2)%@ dAq(2) < 00
(2)
2

z

(iv) /Wdfl( 2) < 00,

Proof. We first prove the equivalence (i) and (ii). Let e,, = 2™/(1 —|—n)177a

Since (en)5e is an orthonormal basis of D, and Cy(en) = /(1 + n)kTa’
then C, € S2(D,) if and only if

= _ |p(0)" — Dal(¥")
nzz:l 1Cs(en)ll2 _;Mn)l‘“ + ;mn)l_a < 0.

Note that

< 00

0 2n 0 2
Z(!w( ) le(0)]

2 tn)e = 1= [po)P)e

Now we prove the equivalence (ii) and (iii). We have

; e /Z (14 1) ()21 (2) d4a(2)
[ PeP
= T )

Finally the equivalence (iii) and (iv) follows from the change of variable
Lemma 2.1.

The following result was obtained in [5] for the Dirichlet space, a = 0.

THEOREM 4.6. Let 0 < a < 1. Let K be a generalized Cantor set sat-
isfying (4.2), and let Q : [0,27] — RT be an increasing function such that
t — Q(t7) is concave for some v > 2/(1 — a). If

1 Q/(t)2
t%| K| dt 4.4
| e il < . (44)
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then Cyq, ;o € S2(Da)-

Proof. By Lemma 4.5 and Lemma 4.1, we have

27
Dalpax) < ¢ / Q' (1)2 220 2| K, dt.
0

Since ¢g, = ¥no K, We obtain

/ |(P/Q,K(z)‘2 Z a(Pna,K)
p (1 - |SDQ,K(Z)‘2)2+Q ni-o

1 0o
< / Q/(t)2 ta|Kt| Z nae—QnQ(t) dt
0

n=1

< /1 '(t)? —arara
0 [1 — e—QQ(t)]
where ¢; and ¢y are positives constants. Noting that
1—e 220 < Q1)
we get the result. |
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