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1. INTRODUCTION

Let A be a complex Banach algebra with the involution z —— z* and
unit e. The spectrum of an element x of A will be denoted by Spz. An element
h of A is called hermitian if h~ = h. The set of all Hermitian elements of A
will be denoted by H(A). We say that the Banach algebra A is Hermitian if
the spectrum of every element of H(A) is real ([9]). For scalars A, we often
write simply A for the element \e of A. Let p €]1,4o00[. We say that w is a
weight on Z if w : Z — [1, +o0[, is a map satisfying

c(w) = Sw(n)TF < foo. (1)

neL

We consider the following weighted space:

A (W) ={f R—C:f(t) =) ane™, an €’ (Z,w)}.

neL

Endowed with the norm |||, defined by:

[ Fllpeo = (D lanlPw(n))”, for every f € AP(w),

nez
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the space AP(w) becomes a Banach space. Moreover, if there exists a constant
v = y(w) > 0 such that

1 1 1
wi-r xwl-r < ywl-p (2)

then (AP(w), ||.|lpw) is closed under pointwise multiplication and it is a com-
mutative semi-simple Banach algebra with unity element € given by é(t) = 1
(t € R) ([4]). For the weight function w on Z satisfying (2) and

w(n +m) <w(n)w(m), for every n,m € Z, (3)

it is also shown in ([4]), that the character space of (AP(w),||.||pw) can be
identified with the closed annulus:

Fu(pr,p2) ={€ € C: p1(w) <[E] < p2(w)},

in such a way that each character has the form f —— > a,&" for some
neZ

¢ € Ty(p1,p2), where f = 3 au™ € AP(w) with u(t) = e, for every t € R.
neZ
For p; and po, they are given by:

p1=¢c¢ %% and py = e !

where

o1 = sup {;; In(w(n)), n > 1} and o9 = inf {nlpln(w(—n)), n > 1} .

The real analytic functional calculus is defined and studied in [1]. To
make the paper self-contained, we recall the fundamental properties of this
calculus. Let U be an open subset of R? and F : U — C be real analytic
function. Then there exists an open subset V, of C?, and an holomorphic
function F : V — C such that

VAR?=U and Fy = F.

For the construction of V, we have V = {J Q,, where €, is an open of C?
zeU
centered at . We denote by Ag(U) the set of all open subset V' described us

above and we consider, in Ay(U), the order given in the following way:

VW WCcV.



REAL ANALYTIC VERSION OF LEVY’S THEOREM 155

For V. e Ag(U), we denote by O(V) the set of holomorphic functions on
V. Now we consider the family (O(V))y ey, @) of algebras and for every
V,W € Ag(U) with V < W, let

TW,V : O(V) — O(W) P — F|W

The family of algebras (O(V))yep )y With the maps my,y is an inductive
system of algebras and it is denoted by (O(V), mw,v). Let lim (OWV), mwv)
its inductive limit. We shall denote this simply by limO(V') and we have:

limO(V) = |J O)

VeAo(U)

In the sequel, we denote by A(U) the algebra of real analytic functions on U.
By lemma 2.1.1 of [1], the map

U AU) — imO(V) = f — (f)

is an isomorphism algebra. Now let A be a commutative and unital Hermitian
Banach algebra (with continuous involution) and a € A. Then a = h+ik with
h, k € H(A). Put a’ = (h,k) and Spaa’ the joint spectrum of (h,k). We
denote by O, the map that defined the holomorphic functional calculus for
a’. One has Spa(h,k) C Spah x Spak C R%. By the identification R? ~ C,
via the map (z,y) — = + iy, we can consider that

Spaa =~ Spa(h, k)

and this motivates the following definition:

DEFINITION 1.1. ([1], DEFINITION 2.1.2) Let A be a commutative and
unital Hermitian Banach with continuous involution, a € A, U an open subset,
of R, containing Spaa and f € A(U). We denote by f(a) the element of A
defined by:

fla) = O ((f)) = ¥(f) (b, k),
where a = h + ik and o’ = (h, k) with h,k € H(A).

The fundamental properties of this functional calculus are contained in the
following result:
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ProposITION 1.2. ([1]) 1. The mapping f — f(a) is a homomorphism
of A(U) into A that extends the involutive homomorphism from h(U) into A,
where h(U) is the set of all harmonic functions on U.

2. “Spectral mapping theorem":
Spaf(a) = f(Spaa), for every f € A(U).

Let f(t) = 3 ane™ be a periodic function such that > |a,| < +oo. If F
neZ neL
is an holomorphic function defined on an open set containing the image of f,

then F(f) can be developed in trigonometric series F'(f) (t) = 3 ¢,e™™ such
nez
that > |en| < +oo. This result due to P. Lévy ([7]) generalizes the famous
neZ
theorem of N. Wiener ([10]) which states that the reciprocal of a nowhere

vanishing absolutely convergent trigonometric series is also an absolutely con-
vergent trigonometric series. In this paper, we consider the general case of a
weight w on Z which satisfies (2), (3) and

. 1
lim  (w(nl)* = 1. (4)
[n|—4o00
We then consider f € AP(w) and F' an analytic function in two real variables
on a neighborhood U of Spf. In this case, we obtain a weighted analogues

of Lévy’s theorem which states that F'(f) can be developed in trigonometric

series F(f) (t) = Y. cpe™ such that
neZ

3 leal? win) < +oo.
nel

To proceed, we consider the Banach algebra (AP(w), ||.||pw) endowed with the
involution f —— f* defined by:

) = Zﬁemt, for every f € AP(w).

neL

We prove that (AP(w), ||.||pw) is Hermitian. In the particular case where F' is
a harmonic function in a neighborhood of f(R), we prove that the expression
of F(f) is also given by the Poisson integral formula ([1]).

2. REAL ANALYTIC VERSION OF LEVY’S THEOREM

Now we are ready to generalize Levy’s theorem for real analytic functions.
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THEOREM 2.1. (REAL ANALYTIC VERSION OF LEVY’S THEOREM) Let p
€]1,4+o00] and w be a weight on Z satisfying (2),(3) and (4). Let f(t) =

3" a,e™ be a periodic function such
nez

Z|an|pw(n) < +00.
nez

Let F' be an analytic function in two real variables on an open U containing the
image of f, then the function F(f) also can be developed in a trigonometric

series F'(f) (t) = 3 cn,e™ such that
nez

3 lenl? w(n) < +oo.
neL

Proof. We consider the Banach algebra (AP(w), ||.||pw) endowed with the
involution f —— f* defined by:

) = Za_nemt, for every f € AP(w).

nez

One can prove that the map f +—— f* is an algebra involution on
(AP(w), |I.llpw)- Moreover, it is continuous for the algebra is semi-simple. By
the real analytic functional calculus given by Definition 1.1, the proof will be

completed by proving that the last involution is hermitian in (AP(w), ||.||p.w)-
1

By hypothesis, | |lim (w(|n]))» = 1. Then the character space M(AP(w)) of
n|——+oo
(AP(w), ||-lpw) can be identified with [0, 27] in such a way that each character

is an evaluation at some tg € [0, 27]. This implies that
Spf ={f(t):tel0,2n]}, for every f € AP(w).

Now, it is clear, that f(t) = 3 ane™, t € R, is a hermitian element of AP (w)
nez
if and only, if

G_p = G, for every n € Z

and so Sp(f) C R. Whence (AP(w),||.||pw) is Hermitian with continuous
involution. This completes the proof. |

Remark 2.2. Actually, the reader can prove that the algebra (AP(w),
|-lpw) is Hermitian if and only if  lim (w(\n|))% = 1. Indeed if the al-
|n|—+o00 .
gebra (AP(w), ||.|[pw) is Hermitian. Let f : ¢ — 3 a,e™ be a hermitian
nez
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element of (AP(w), ||.||pw). Then Sp(f) C R. Hence

(I)C(f) = q)C( )7 for every C € Fw(p17102)7

where

(/) = YanC and B = Y auC 7, for every ¢ € Tulpi, po).

nez nel

It follows that
(| =1, for every ¢ € T'y(p1, p2)-

This yields p1 = p2 = 1, and one obtains that

lim  (w(|n]))" = 1.

[n|—+o0

Harmonic functions are particular real analytic functions. In this case, we
have the following:

COROLLARY 2.3. (HARMONIC VERSION OF LEVY’S THEOREM) Let p €
|1, +oo] and w be a weight on Z satisfying (2), (3) and (4). Let f(t) = Y a,e™
neZ

be a periodic function such

S JanlPeo(n) < +oc.
ne”

Let U be an open subset of C, zg € U such that D(zp,7) C U (r > 0) and
F(R) C D(z,7). If F € h(U), then

1

T or

|2

r

R =gz [ FERAG+]=220)( = )7

can be developed in a trigonometric series F(f) (t) = Y. cpe™™ such that
nez

S Jenl? w(n) < +oc.
neL
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